A NOTE ON THE STRONG DIRECT SUMMAND CONJECTURE

JASON MCCULLOUGH

ABSTRACT. We prove special cases of the strong direct summand conjecture
and the related strong monomial conjecture.

1. INTRODUCTION

In [HH95], Hochster and Huneke formulated the following conjecture.

Conjecture 1.1 (Vanishing Maps of Tor Conjecture(VMTC)). Let R — A — S be
homomorphisms of Noetherian rings such that R and S are reqular and such that
A is module-finite over R. Let M be any R-module. Then the maps

Torf(M, A) — Torf(M, S)
are zero for all i > 1.

They show that the VMTC is a consequence of the existence of weakly functo-
rial big Cohen-Macaulay algebras and, therefore, a theorem in the equicharacter-
istic case. The VMTC also holds in dimension at most 3 by Hochster’s extension
[Hoc02] of Heitmann’s theorem in [Hei02]. They proved similar results previously
in [HH90] and [HH93] using tight closure theory. Ranganathan proved some spe-
cial cases in [Ran00]. The study of this conjecture is motivated by the fact that
the VMTC implies that direct summands of regular rings are Cohen-Macaulay and
that the VMTC implies Hochster’s direct summand conjecture (see [HH90], [HH93],
[HH95]).

Conjecture 1.2 (Direct Summand Conjecture(DSC)). Let R be a regular ring and
let A be a module-finite extension of R. Then R is a direct summand of A as an
R-module.

The DSC first appeared in [Hoc73]. The DSC and its equivalent forms (including
the monomial conjecture (MC), the canonical element conjecture (CEC) and the
improved new intersection conjecture) have been studied by many people. We refer
the reader to REFS. Like the other homological conjectures, the VMTC is still an
open question in the general mixed characteristic case.

In [Ran00], Ranganathan proved that the VMTC is actually equivalent to the
following statement.

Conjecture 1.3 (Strong Direct Summand Conjecture(SDSC)). Let (R,m) be a
regular local Ting and let A be a module-finite extension of R. Then for every
minimal generator x of m and for every height one prime ideal Q of A lying over
TR, we have that xR is a direct summand of Q@ as an R-module.
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By the equivalence, it follows that the SDSC is a theorem in the equicharacteristic
case and in dimension at most three. The equivalence is proved through a number of
reductions and equivalences. See [Hoc07] for a nice summary. As the name suggests,
the SDSC implies direct summand conjecture. Both conjectures reduce easily to
the case where R and A are complete local domains. So it is natural to formulate a
version of the monomial conjecture that implies the SDSC. Ranganathan formulated
the following strong monomial conjecture in [Ran00]:

Conjecture 1.4 (Strong Monomial Conjecture(SMC)). Let A be a local domain
with system of parameters x1,...,xq. Let Q be a height one prime of A containing
x1. Then for allt > 0,

zy(2y - mg) ¢ (3:?'1, e ,x?‘l)Q.

The SMC is one of the main focuses of this paper. Moreover, we extend the
notion of the SMC to the following setting. Let A be a local domain with system of
parameters x = x1,...,24. Let @ be a height one prime of A and let z € Q — xQ.
Then we say the SMC holds for A, @, x and z if for all ¢ > 0

2(xy - -xg)t g (28 2HQ.
Hence the usual SMC is the case where z = x;. The generality introduced is
necessary later in the statement of Theorem 2.5.
We extend results of Dutta [Dut98] and Strooker and Stuckrad [SS93] to prove
the following

Proposition 2.1. Let (A, m) be a complete local domain and let x = x1,...,2q
a system of parameters for A. Let @ a height one prime of A. Let z € @ — xQ
with z ¢ xQ. Let (S,n,k) be a local complete intersection ring with A = S/p,
dim(S) = dim(A) and pSy, = 0. Then for all t > 0,

2(xy-mg)t ¢ (@ 2O
if and only if Tm (HomS(Q, S) =+ Homg(S,S) = S) is not contained in xS. In
particular, the strong monomial conjecture holds if and only if

Im (Homs(Q, S) % Homg(S, S)) ¢ x8.

Here Homg(Q, S) —— Homg(S, S) denotes the map induced by applying Homg(—, S)
to the map S — @ sending 1 — z. Using the previous result, we obtain the following
corollary.

Corollary 2.2. The Strong Monomial Conjecture holds for all local rings if and
only if it holds for all local almost complete intersection rings.

Combining with a result from [Dut98], we also prove the following characterization
of the SMC in terms of the length of certain Koszul homology modules. Here S
denotes a complete intersection ring mapping onto A as in Proposition 2.1.

Proposition 2.3. Set J = Im(Homg(Q,S) — Homg(S,S)) C S. Then the
Strong Monomial Conjecture holds for Q, z and x if and only if £(J/xJ) > £(H;(x;S/J)).

Finally we show that under the mild hypothesis that A/n is infinite, where n is the
maximal ideal of A, we may use Samuel’s theory of superficial elements and the
previous result to show the following:
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Theorem 2.5. Suppose the residue field of A is infinite. Let x1,...,x4 be a s.0.p.

Let Q be a height one prime in A. Let z € Q. Finally let J = Im(Homg(Q, S) — Homg(S, S)).
Then there exist y1,...,yi—1 € A such that (x1,...,24) = (Y1,--,Yd—1,%d) and

such that SMC' holds for A, Q, y1,...,Yi—1,24 and z1 for t >> 0.

Note that x1, ..., x4 satisfies the SMC if and only if y1, ..., yq—1, T4 as above do also.
The above results are extensions of results of Dutta on the monomial conjecture in
[Dut98] and use similar methods.

Finally we show that the SDSC is true if one assumes the direct summand
conjecture in lower dimension that H% !(A) = 0 and where d = dim(A). We note
that this case includes rings A that are Cohen-Macaulay, local almost complete
intersection domains, and complete local normal domains with S5 canonical module.

(See [Dut97].)

2. THE STRONG MONOMIAL CONJECTURE

In [Dut98] and [SS93], the monomial conjecture is characterized by certain ideals
of nonzero divisors not being contained in any parameter ideal in a Gorenstein or
complete intersection ring surjecting onto A. We extend those results to the strong
monomial conjecture below.

For this section, let us fix some notation. Let (R, m) denote a regular local ring
with m its unique maximal ideal. Let A denote a module-finite extension of R. Let
d = dim(A) = dim(R). For the purposes of the SDSC and SMC, we may assume
that R and A are complete local domains. We focus on the SMC for most of this
section.

We also make use of the following setup. Let R and A be as above. By mapping
a Cohen ring onto A and modding out by an appropriate regular sequence, one
can construct a complete intersection S surjecting onto A such that A = S/p for a
prime p C S with pS, = (0) and p € Assg(S). See Proposition 1 in [SS93]. For Q
a height one ideal in A and z € Q, we denote by Homg(Q, S) —— Homg(S, S) the
map obtained by applying Homg(—, S) to the map S — @ sending 1 +— 2. Finally
we abbreviate system of parameters by s.o.p.

Proposition 2.1. Let A be a complete local domain and let x = x1,...,xq a 5.0.p.
for A. Let Q a height one prime of A. Let z € Q — xQ with z ¢ xQ. Let (S,n)

be a local complete intersection ring with A = S/p, dim(S) = dim(A) and pS, = 0.
Then for all t > 0,

2(xy - za)' & (x’i"’l, . ,xZ"’l)Q (%)

if and only if Im (Homg(Q, S) = Homg(S, S) = S) is not contained in xS. In

particular, the strong monomial conjecture holds if and only if
Im (Homg(Q, S) % Homg(S, S)) ¢ x8.
Proof. We have the sequence of maps

S — A5 Q.
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Set E = Eg(k) ~ H(S), where Eg(k) is the injective envelope of the residue field
of S. Applying Hd(—) and — ®g5 S/xS we get the following diagram:

/AnnE(x)
S/x8 i HI(S) = E
|
A/xA . HE(A)
J/Z g ) > ~ z
> >t
Q/xQ . H{(Q)
HQ

In this diagram, p%, : M — HZ(M) denotes the direct limit map
(s M/xM — lim M/x"M ~ H{(M).
t

Note that % is injective because S is Cohen-Macaulay and that p% factors through
Anng(x). Also note that the (3) holds if and only if ¢ # 0. Further since
S/xS — A/xA is surjective, ¢ # 0 if and only if ¥ # 0.

Let (—)¥ = Homg(—, F) denote the Matlis dual. Applying (—)V to the above
diagram yields the following commutative diagram:

S/xS

T

(S/xS)V Homg(S,S) ~ S

(A/xA)V S~ Homg(A,S) ~ Qa

(Q/xQ)" Hom$(Q., 5)

Since (—)V is a faithful, exact functor, we have that ¢ # 0 if and only if ¥V # 0.
Since Homg(Q, S) injects into S, we see that this is equivalent to J := Im (Homg(Q, S)) ¢
xS. O

As noted in the introduction, the freedom in separating z from x; in the previous
proposition will be used to prove an analog of the SMC later in Theorem 2.5.

We follow the development by Dutta [Dut98] extending results about the mono-
mial conjecture to the SMC. First, we obtain the following reduction of the SMC
using the previous result.

Corollary 2.2. The Strong Monomial Conjecture holds for all local rings if and
only if it holds for all local almost complete intersection rings.

Proof. Let A be a local ring and S a complete intersection ring of equal dimension
with A = S/p and pS, = 0. Let @ be a height one prime of A. Pick A € p —
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U{q € Assg(S),q # p}. Write Q = Q/p for a height one prime Q of S. Now
take q € Assg(S). If ¢ = p, then since pS, = 0, we have q ¢ Suppg(p/AS). If
q # p then q ¢ Suppg(p/AS) by the choice of A\. Hence Assg(Homg(p/AS,S)) =
Suppg(p/AS) N Assg(S) = @ and so Homg(p/AS,S) = 0. Therefore the injection
o from the exact sequence

0 — Homg(Q, S) —% Homg(Q/AS, S) — Homg(p/AS, S)

is actually an isomorphism. Hence the image of Homg(@, S) in S is the same as the
image of Homg(Q/\S, S). The claim follows from the previous proposition. O

In the following result, H;(x; M) denotes the ith Koszul homology of the A-
module M with respect to a list of element x.

Proposition 2.3. Let A be a complete local domain and let S be a complete in-
tersection surjecting onto A as in Proposition 2.1. Let QQ be a height one prime
of A. Set J = Im(Homg(Q, S) — Homg(S,S)) C S. Then the Strong Monomial
Congjecture holds for Q, z and x if and only if £(J/xJ) > £(H1(x;5/J)).

Proof. Consider the short exact sequence
0—-J—>8—S/J—0.
Applying — ®g S/xS we get the exact sequence
0— Hy(x;8/J) — J/xJ — S/xS — S/(J+zS) — 0.

By the previous lemma, the SMC holds if and only if J ¢ xS, which happens if
and only if £(S/xS) > £(S/(J + xS). (Here ¢{(M) denotes the length of M.) Since
length is additive, we have £(J/xJ) > ¢(H1(x;.S/J)), and conversely. O

We will make use of the following result of Dutta, which appears as Proposition
1.4 in [Dut98]. Here e(x1,...,zn; A) denotes the Hilbert multiplicity of A with
respect to a s.0.p. T1,...,Tn.

Proposition 2.4 (Dutta). Let x1,...,x, be a s.0.p. of a local ring A such that
e(x1,...,xn; A) =e(x2,...,xn; AJ/21A) = - = e(an; A/ (21, ..., Tn_1A.
Then H;(x1,...,2,;A) is a module of finite length for every i > 0.

By extending by a faithfully flat extension, we may assume that the residue field
of A is infinite. Recall that this does not change the issue of splitting. So we may
apply Samuel’s theory of superficial elements. We refer the reader to [ZS93] for
background material on superficial elements.

Theorem 2.5. Suppose the residue field of A is infinite. Let x1,...,x4 be a s.0.p.
Let @Q be a height one prime in A. Let z € Q. Then there exist y1,...,yq—1 € A
such that (z1,...,24-1) = (Y1,-.-,Yd—1) and such that the SMC holds for A, Q,
and y1,...,Ya—1,2Y and x1 for t >> 0.

Proof. Lift the system of parameters x1,...,x4 to a system of parameters in S.

(By abuse of notation, write them the same.) Thus by Remark to Theorem VIII-22

of [ZS93], we may choose y1,...,yq—1 in such a way so that each y; is of the form
Yi = ax + -+ NZi + - g%

with A; a unit and a,; € A for alli and j. (Note that (z1,...,2za) = (Y1, .., Yd—1,2Zq)
in S and hence also in A.) Further, we may choose the y; to be superficial
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elements with respect to x. The same is true of their images in S/J, where
J = J = Im(Homg(Q, S) — Homg(S,S)) as above. We have by Proposition
2.4 that £(H1(y1, ..., Yd—1;5/J)) < oc.

Set y =wv1,...,y4—1. Now consider the exact sequence

Hi(y;S/J)
ahHy(y; S/ J)
Since ¢(H,(y; S/J)) < oo, we have z!, Hy (y; A) = 0 for t >> 0. Also £((0: z%)A/y)
is constant for ¢ >> 0. Therefore I[(H1(y1,...,Yi—1,24;S/J)) is constant for ¢ >>

0.
Finally observe that since depth(S) = d, we have dim(J) = d. Thus

— Hy(y1,- - yd—1,25;8/J) — (0: 2))AJy — 0.

t1i>rgo J/(y17 <o Yd—1, xfj)’] = 0C.
It follows then that for ¢ sufficiently large,
0T/, Ya—1, 7)) > L(H1 (Y1, - - Ya—1,24; 5/ T))-

By the previous Proposition, the SMC holds for z, @ and the system of paramters
ylu"'ayd—hxfd' 0

Now we return to the strong direct summand conjecture. In Theorem 2.1 of
[Dut01], Dutta proved that the direct summand conjecture holds when Hd~1(A) =
0. (To be precise, it is shown that the stronger canonical element conjecture holds
for A.) We use this result to show that the SDSC also holds in this case if one
assumes the general direct summand conjecture in lower dimension.

Theorem 2.6. Let R and A be complete local rings such that R is reqular and such
that A is module-finite over R. Suppose HA~1(A) = 0 and that the direct summand
congecture holds in dimension d — 1. Then the strong direct summand conjecture
holds for A.

Proof. Let @ be a height one prime of A lying over x R where x is a regular parame-
ter of R. Note that by [Dut97], since H~1(A) = 0, the direct summand conjecture
holds for A. This is equivalent to saying that the map Hompg(A, R) — Hompg(R, R)
is onto. By local duality, this is equivalent to the map HZ(R) — HZ(A) being in-
jective. Similarly, we have that HI~'(R/xR) — H%1(A/Q) and we must prove
that Hd (zR) — HZ(Q) is injective.

We have the following commutative diagram with exact rows.

0= Hg '(A) —— Hg Y(4/Q) —— HR(Q) —— Hi(A) ——0

T | T

00— HI"Y(R/xR) —— HZ(xR) —— HZ(R) —— 0

As in the previous proof, the maps H "Y(R/zR) — H3"Y(A/Q) and H I Y(R) —
HA(A) are injective. Since HI"1(A) = 0, it follows that Hl(zR) — HZ(Q) is
injective as well. Therefore xR — @ splits. O

Finally we recall two results of Dutta that illuminate special cases of the previous
theorem. The first appears as Lemma 2.1 in [Dut97]. The second is a rewording of
Theorem 2.6 in [Dut97].
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Theorem 2.7 (Dutta). Let A be a complete local almost complete intersection
domain. Then HL1(A) = 0.

Theorem 2.8 (Dutta). Let A be a complete local normal domain such that its
canonical module Q4 is S3. Then HE*(A) = 0.

Corollary 2.9. Let A be a complete local domain of dimension d. Suppose the
DSC holds for rings of dimension d — 1. Then the SDSC holds in the following

cases:

(1) A is Cohen-Macaulay.
(2) A is an almost complete intersection domain.
(3) A is normal and Q4 is Ss, where Q4 denotes the canonical module of A.

Proof. In all three cases, H&™1(A) = 0. The result follows from Theorem 2.6. [
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