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Notation

All rings are Noetherian commutative rings with identity.
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Vanishing of Maps of Tor Conjecture

Conjecture (Hochster-Huneke ’95)

Let R →֒ A → S be maps of Noetherian rings such that R and S

are regular and A is module-finite over R. Let M be any

R-module. Then the maps

Tor
R
i (M,A) → Tor

R
i (M,S)

are zero for i > 1.
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are regular and A is module-finite over R. Let M be any

R-module. Then the maps

Tor
R
i (M,A) → Tor

R
i (M,S)

are zero for i > 1.

True in equicharacteristic. (also in mixed characteristic if
dim(R), dim(S) 6 3.)

Implies that direct summands of regular rings are
Cohen-Macaulay.
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Vanishing of Maps of Tor Conjecture

Conjecture (Hochster-Huneke ’95)

Let R →֒ A → S be maps of Noetherian rings such that R and S

are regular and A is module-finite over R. Let M be any

R-module. Then the maps

Tor
R
i (M,A) → Tor

R
i (M,S)

are zero for i > 1.

True in equicharacteristic. (also in mixed characteristic if
dim(R), dim(S) 6 3.)

Implies that direct summands of regular rings are
Cohen-Macaulay.

Implies the Direct Summand Conjecture.
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Direct Summand Conjecture

Conjecture (Hochster ’73)

Let R →֒ A be a module-finite ring extension where R is regular.

Then R is a direct summand of A.
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Then R is a direct summand of A.

True in equicharacteristic and if dim(R) 6 3. (Hochster,
Heitmann)
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Direct Summand Conjecture

Conjecture (Hochster ’73)

Let R →֒ A be a module-finite ring extension where R is regular.

Then R is a direct summand of A.

True in equicharacteristic and if dim(R) 6 3. (Hochster,
Heitmann)

Equivalent to Hochster’s Monomial Conjecture, the Canonical
Element Conjecture, and the Improved New Intersection
Conjecture (Hochster, Dutta).
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Direct Summand Conjecture

Conjecture (Hochster ’73)

Let R →֒ A be a module-finite ring extension where R is regular.

Then R is a direct summand of A.

True in equicharacteristic and if dim(R) 6 3. (Hochster,
Heitmann)

Equivalent to Hochster’s Monomial Conjecture, the Canonical
Element Conjecture, and the Improved New Intersection
Conjecture (Hochster, Dutta).

Can assume R ,A are complete local domains.
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Strong Direct Summand Conjecture

Conjecture (SDSC - Ranganathan ’00)

Let (R ,m) be a regular local ring and let A be a module finite

extension. Let Q be a height one prime ideal of A containing xR,

where x ∈ m − m
2. Then xR is a direct summand of Q.
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Implies the Direct Summand Conjecture. (Factor as
xR → xA → Q.)
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Strong Direct Summand Conjecture

Conjecture (SDSC - Ranganathan ’00)

Let (R ,m) be a regular local ring and let A be a module finite

extension. Let Q be a height one prime ideal of A containing xR,

where x ∈ m − m
2. Then xR is a direct summand of Q.

Implies the Direct Summand Conjecture. (Factor as
xR → xA → Q.)

Equivalent to the Vanishing of Maps of Tor Conjecture
(Ranganathan).

True in equicharacteristic or if dim(R) 6 3.

Can assume R ,A are complete local domains and that
A = R + Q. (Splitting of xR →֒ Q does not change.)
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Diagram of Implications
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Proposition (-)

Let R ,A, x ,Q be as in SDSC and suppose A is a domain. Then

the following are equivalent:

1 There exist retractions ρ : A → R and η : A/Q → R/xR such

that the following diagram commutes:

A //

ρ

��

A/Q

η

��

R // R/xR .

2 The map xR → Q splits.

R regular local
A module-finite over R

x ∈ m − m
2

Q ⊆ A with ht(Q) = 1.
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Theorem (-)

Let R ,A, x ,Q be as in SDSC. Suppose Hd−1
m

(A) = 0 and

R/xR → A/Q splits. Then xR → Q splits.

Uses that the Direct Summand Conjecture holds when
Hd−1

m
(A) = 0. (Dutta)

R regular local
A module-finite over R

x ∈ m − m
2

Q ⊆ A with ht(Q) = 1.
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Theorem (-)

Let A be a complete local domain of dimension d. Suppose the

DSC holds for rings of dimension d − 1. Then the SDSC holds in

the following cases:

1 A is Cohen-Macaulay.

2 A is an almost complete intersection domain.

3 A is normal and ωA is S3, where ωA denotes the canonical

module of A.

Proof.

Hd−1
m

(A) = 0 in all 3 cases. �

R regular local
A module-finite over R

x ∈ m − m
2

Q ⊆ A with ht(Q) = 1.
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Theorem (-)

Let A be a complete local domain of dimension d. Then xR → Q

splits in the following cases:

1 R + Q is Cohen-Macaulay.

2 R + Q is an almost complete intersection domain.

3 R + Q is normal and ωR+Q is (S3).

Note: When A = R + Q, A/Q ≃ R/xR . Splitting is automatic.
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Monomial Conjecture

Conjecture (Hochster ’73)

If A is a local ring and x1, . . . , xd is a system of parameters for A,

then for all t > 0,

(x1 · · · xd)t /∈ (x t+1
1 , . . . , x t+1

d
).
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Monomial Conjecture

Conjecture (Hochster ’73)

If A is a local ring and x1, . . . , xd is a system of parameters for A,

then for all t > 0,

(x1 · · · xd)t /∈ (x t+1
1 , . . . , x t+1

d
).

Equivalent to the Direct Summand Conjecture.

True in equicharacteristic and dim(A) 6 3.
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Strong Monomial Conjecture

Conjecture (SMC - Ranganathan ’00)

Let A be a local ring with system of parameters x1, . . . , xd . Let Q

be a height one prime of A containing x1. Then

x1(x1 · · · xd)t /∈ (x t+1
1 , . . . , x t+1

d
)Q for all t > 0.
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Let A be a local ring with system of parameters x1, . . . , xd . Let Q

be a height one prime of A containing x1. Then

x1(x1 · · · xd)t /∈ (x t+1
1 , . . . , x t+1

d
)Q for all t > 0.

Implies the Strong Direct Summand Conjecture.

Can assume A is a complete local domain.
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Setup:
A = complete local ring
S ։ A, where S is a complete intersection such that
dim(S) = dim(A).
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Theorem (Strooker-Stückrad ’93)

The Monomial Conjecture is equivalent to the following statement:

Given any complete intersection S and any ideal of zerodivisors

I ⊆ S, then AnnS(I ) is not contained in any parameter ideal.



Introduction Background Strong Direct Summand Conjecture Strong Monomial Conjecture

Proposition (-)

Let A,S ,Q, x = x1, . . . , xd be as in SMC. Set

J = Im(HomS(Q,S)) ⊆ HomS(S ,S) = S induced by S → Q

sending 1 7→ x1. Then

x1(x1 · · · xd)t /∈ (x t+1
1 , . . . , x t+1

d
)Q for all t > 0.

if and only if

J 6⊆ xS .
A = complete local ring
S = complete intersection
S ։ A

dim(S) = dim(A)
x = x1, . . . , xd a s.o.p.
Q ⊆ A with ht(Q) = 1 and x1 ∈ Q
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Theorem (-)

The Strong Monomial Conjecture holds for all local rings if and

only if it holds for all local almost complete intersection rings.
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Theorem (-)

Let A,Q, x = x1, . . . , xd be as in SMC. Suppose the residue field of

A is infinite. Then there exist y1, . . . , yd−1 ∈ A such that

(x1, . . . , xd) = (y1, . . . , yd−1, xd) and such that

“SMC holds for y1, . . . , yd−1, x
s
d

for s ≫ 0.”
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Theorem (-)

Let A,Q, x = x1, . . . , xd be as in SMC. Suppose the residue field of

A is infinite. Then there exist y1, . . . , yd−1 ∈ A such that

(x1, . . . , xd) = (y1, . . . , yd−1, xd) and such that

“SMC holds for y1, . . . , yd−1, x
s
d

for s ≫ 0.”

Proof uses Samuel’s theory of superficial elements and the
following two results:

A = complete local ring
S = complete intersection
S ։ A

dim(S) = dim(A)
x = x1, . . . , xd a s.o.p.
Q ⊆ A with ht(Q) = 1 and x1 ∈ Q
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Proposition (Dutta)

Let x1, . . . , xd be a system of parameters of a local ring A such that

e(x1,...,xd )(A) = e(x2,...,xd )(A/(x1)) = · · · = e(xd )(A/(x1, . . . , xd−1)).

Then Hi (x1, . . . , xd−1;A) is a module of finite length for every

i > 0.
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Proposition (-)

Let A,S ,Q, x be as in the setup and let J = Im(HomS(Q,S)).
Then the Strong Monomial Conjecture holds for A if and only if

ℓ(J/xJ) > ℓ(H1(x;S/J)).

A = complete local ring
S = complete intersection
S ։ A

dim(S) = dim(A)
x = x1, . . . , xd a s.o.p.
Q ⊆ A with ht(Q) = 1 and x1 ∈ Q
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