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ABSTRACT. We characterize the structure of maximum-size sum-free subsets of a random
subset of an abelian group G. In particular, we determine the threshold p. =~ \/logn/n
above which, with high probability as |G| — oo, each such subset is contained in a
maximum-size sum-free subset of G, whenever ¢ divides |G| for some (fixed) prime ¢ with
g =2 (mod 3). Moreover, in the special case G = Zs,,, we determine a sharp threshold for
the above property. The proof uses recent ‘transference’ theorems of Conlon and Gowers,
together with stability theorems for sum-free sets of abelian groups.

1. INTRODUCTION

One of the most important developments in Combinatorics over the past twenty years
has been the introduction and proof of various ‘random analogues’ of well-known theorems
in Extremal Graph Theory, Ramsey Theory, and Additive Combinatorics. These questions
were first introduced for graphs by Babai, Simonovits, and Spencer [5], and for additive
structures by Kohayakawa, Luczak, and Rodl [28], and there has since been a tremendous
interest in such problems (see for example [21, 23, 32, 33, 34]). This extensive study has
recently culminated in the remarkable results of Conlon and Gowers [14] and Schacht [36]
(see also Friedgut, R6dl, and Schacht [22]) in which a general theory was developed to
attack such questions.

The main theorems in [14] and [36] resolved many long-standing open questions; however,
they provide only asymptotic results. For example, they prove that, with high probability
as n — 00, the largest triangle-free subgraph of the random graph G, , has

(arom)o3)

edges if p > 1/+/n, which is best possible up to a constant. A much more precise question
asks the following: for which functions p = p(n) is, with high probability, the largest
triangle-free subgraph of Gy, ,, bipartite? This was answered (in the affirmative) in the case
p = 1/2 by Erdds, Kleitman, and Rothschild [16], for p > 1/2 — ¢ by Babai, Simonovits,
and Spencer [5], and for p > n~¢ by Brightwell, Panagiotou, and Steger [7], where ¢ and ¢
are small positive constants. As pointed out in [7], the statement is false if p < 1—10\/ logn/n.

In the setting of additive number theory, the first results on such problems were ob-
tained by Kohayakawa, Luczak, and Rodl [28], who proved the following random version of
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Roth’s Theorem [35]. Given an abelian group G, a set B C G is p-random if each element
is chosen independently with probability p. We say that B is d-Roth if every subset A C B
with |A| > §|B| contains a 3-term arithmetic progression. Then, for every 6 > 0, if B is a
p-random subset of Z,, and p > C(d)/y/n, then B is §-Roth with high probability. This
result is again best possible up to the constant C/(J).

Given a sequence of abelian groups (Gp)neny with |G| = n, we say that p. = p.(n)
is a threshold function for a property P if a p-random subset B C G,, has P with high
probability if p = p(n) > p.(n), and B does not have P with high probability if p < p..
Bollobas and Thomason [6] proved that every monotone property has a threshold function.
A threshold function is sharp if moreover the above holds with p > (1+¢)p. and p < (1—¢)p,
for any fixed ¢ > 0. Friedgut and Kalai [20] proved that every monotone graph property
has a sharp threshold, and further results were proved by Friedgut and Bourgain [19]. Non-
monotone properties, such as the one which we shall be studying, are more complicated and
such thresholds do not necessarily exist in general. We shall prove that such a threshold
does exist in the setting described below, and moreover we shall determine it. For Z,, we
shall prove much more: that there exists a sharp threshold.

A set A C @G is said to be sum-free if there is no solution to the equation z +y = 2
with z,y, 2 € A, and such forbidden triples (x,y, ) are called Schur triples. (Note that we
forbid some triples with x = y, and also some with x = z; the results and proofs in the
case that such triples are allowed are identical.) In 1916, Schur [37] proved that, given any
r-colouring of the integers Z, there exists a monochromatic Schur triple. Graham, Rodl,
and Ruciniski [23] studied the random version of Schur’s Theorem, and proved that the
threshold function for the existence of a 2-colouring of a p-random set B C 7Z,, without a
monochromatic Schur triple is 1/y/n. The extremal version of this question was open for
fifteen years, until it was recently resolved by Conlon and Gowers [14] and Schacht [36].

Sum-free sets have been extensively studied over the past 40 years (see for example [9,
15, 24, 27, 30, 38]), mostly in the extremal setting. For example, in 1969 Diananda and
Yap [15] determined the extremal density for a sum-free set in every abelian group G such
that |G| has a prime divisor ¢ with ¢ # 1 (mod 3). However, it was more than 30 years
until the classification was completed by Green and Ruzsa [27] (see Theorem 2.1, below).
Another well-studied problem was the Cameron-Erdés Conjecture (see [2, 8, 11, 12, 26, 31]),
which asked for the number of sum-free sets of Z,,, and was finally solved by Green [24] in
2004.

In this paper we shall study the analogue of the Babai-Simonovits-Spencer problem for
sum-free sets. Indeed, let G = Zs,; it was proved in [15] that the maximum-size sum-free
set in (G is the set O,, of odd numbers. We shall prove a probabilistic version of this
statement, and determine the threshold p. for the property that the unique maximum-size
sum-free subset of a p-random subset B of GG is the set BN O,,. In fact, we shall do better:
we shall determine a sharp threshold for this property.

For a set B C G, let SFo(B) denote the collection of maximum-size sum-free subsets of
B. The following theorem is our main result.
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Theorem 1.1. Let n € N, let C = C(n) > logn/n, and let p*n = C'logn. Let G, C Za,
be a random set, with each element chosen independently with probability p. Then

0 if limsupC(n) <1/3
IP<SF0(Gp) ={G,N 02”}> Y1 i liminfC(n) > 1/3

as n — oo. Moreover, if C = 1/3 then P(SFo(G,) = {G, N 0s,}) — 0 as n — oc.

We remark that the threshold for the asymptotic version of this statement (i.e., that
the largest sum-free subset of G, has (1 + o(1))pn elements), determined by Conlon and
Gowers [14] and Schacht [36], is 1/4/n, and so it differs from our threshold by a factor of
Viogn.

We shall also determine the threshold p.(n) for all abelian groups of Type I(q) (see
below), i.e., those for which |G| = n has a (fixed) prime divisor ¢ with ¢ =2 (mod 3). Say
that a set B C G is sum-free good if every maximum-size sum-free subset of B is of the
form BN A for some A € SFy(G).

Theorem 1.2. Let q be a prime number such that ¢ = 2 (mod 3). There exist positive
constants ¢, and C, such that the following holds.

Let G = (Gp)neqn be a sequence of abelian groups, with |G| = n, such that q divides |G|
for every G € G. Let C = C(n) > logn/n, let p>n = Clogn, and let G, be a p-random
subset of G = G,,. Then

0 it C<g

P(Gp is sum-free good> — { L o>,

as n — OoQ.

We remark that the conclusion of the theorem fails to hold when we do not assume that
|G| has a prime divisor ¢ with ¢ =2 (mod 3). Indeed, we shall show (see Proposition 5.1)
that if G = Zs,, where ¢ is prime and ¢ = 1 (mod 3), then the probability that G, is
sum-free good goes to zero (as n = |G| — oo) for all p < (nlogn)~'/3. We shall also prove
the same bound for the group G = Z,, where ¢ = 2 (mod 3) (see Proposition 5.2), which
shows that the condition n > ¢ in Theorem 1.2 is also necessary.

Finally, we note that, perhaps not surprisingly, the constant C' = 1/3 in Theorem 1.1
is not the same for every abelian group G with |G| even. Indeed, we shall show (see
Proposition 5.3) that for the hypercube G = {0,1}*, where |G| = 2n, the threshold p. is
at least y/logn/(2n).

The remainder of the paper is organized as follows. In Section 2, we collect some extremal
results on abelian groups, and the probabilistic tools that will be needed later. In Section 3
we state our main tool, a theorem of Conlon and Gowers [14] (see also Schacht [36]),
which provides an asymptotic version of Theorems 1.1 and 1.2. Theorem 1.2 is proved in
Section 4, and in Section 5 we prove the lower bounds for other abelian groups described
above. Finally, in Section 6, we prove Theorem 1.1.
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2. PRELIMINARIES AND TOOLS

2.1. Extremal results on abelian groups. Let G be a finite abelian group. Given two
subsets A, B C GG, we let

A+ B={axb:ac Aand b e B}.

Note that a subset A of G is sum-free if (A+ A) N A = (). We begin with an important
definition in the study of sum-free subsets of finite abelian groups.

Definition. Let G be a finite abelian group. We say that
(1) G is of type I if |G| has at least one prime divisor ¢ with ¢ =2 (mod 3).
(2) G is of type I if |G| has no prime divisors ¢ with ¢ = 2 (mod 3), but |G| is divisible
by 3.
(3) Gyis of type III if every prime divisor ¢ of |G| satisfies ¢ = 1 (mod 3).
Moreover, we say that G is of type I(q) if G is of type I and ¢ is the smallest prime divisor
of |G| with ¢ =2 (mod 3).

Given an abelian group G, let (@) be the density of the largest sum-free subset of G
(so that this subset has u(G)|G| elements). As noted in the Introduction, the problem of
determining p(G) for an arbitrary G has been studied for more than 40 years, but only
recently was it solved completely by Green and Ruzsa [27].

Theorem 2.1 (Diananda and Yap [15], Green and Ruzsa [27]). Let G be an arbitrary finite
abelian group. Then

if G is of type I(q),
if G s of type 11,

1 . .
— 5 if G 1s of type IlI,

where m is the exponent (largest order of any element) of G.

_|_
&l

n(G) =

Ll Wl Wl

Note that it follows immediately from Theorem 2.1 that
2/7 < u(G) < 1/2

for every finite abelian group G.

Recall that SFo(G) denotes the collection of all maximum-size sum-free subsets of G, i.e.,
those that have u(G)|G| elements. As well as determining p(G), Diananda and Yap [15]
described SF(G) for all groups of type I (see also [27, Lemma 5.6]).

Theorem 2.2 (Diananda and Yap [15]). Let G be a group of type 1(q), for some prime
q = 3k+2, and let A € SFo(G). There exists a homomorphism ¢: G — Z, such that
A= ' {k+1,...,2k+1}).

In other words, every A € SFo(G) is a union of cosets of some subgroup H of G of index
q, A/H is an arithmetic progression in G/H, and AU (A+ A) =G.

We shall also need the following well-known bound on the number of homomorphisms
from an arbitrary finite abelian group to a cyclic group of prime order, which follows easily
from Kronecker’s Decomposition Theorem.
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Proposition 2.3. For every prime q, the number of homomorphisms from a finite abelian
group G to the cyclic group Z, is at most |G]|.

Theorem 2.2 and Proposition 2.3 immediately imply the following.
Corollary 2.4. Let G be an arbitrary group of type I. Then |SFy(G)| < |G.

We will also need the following corollary from the classification of maximum-size sum-free
subsets of Zs,, where ¢ is a prime with ¢ =1 (mod 3), due to Yap [39].

Corollary 2.5. If q is a prime with ¢ =1 (mod 3), then | SFo(Z3,)| < 2g.

In the proof of Theorem 1.2, we will use the following two lemmas, which were proved
in [27] and [30] respectively. The first lemma establishes a strong stability property for
large sum-free subsets of groups of type I.

Lemma 2.6 (Green and Ruzsa [27]). Let G be an abelian group of type I(q). If A is a

sum-free subset of G, and
1
Al > G)— ——— | 1G],
41> (46) - - ) 16

then A is contained in some A" € SFy(G).

The second lemma is a rather straightforward corollary of a much stronger result of Lev,
Luczak, and Schoen [30].

Lemma 2.7 (Lev, Luczak, and Schoen [30]). Let € > 0, let G be a finite abelian group,

and let A C G. If
1
41> (3+¢) 16
then one of the following holds:

(a) |[A\ A'| < ¢|G| for some sum-free A" C A.
(b) A contains at least €3|G|*/27 Schur triples.
We remark that a more general statement, the so-called Removal Lemma for groups,

was proved by Green [25] (for abelian groups) and Krél, Serra, and Vena [29] (for arbitrary
groups). Lemmas 2.6 and 2.7 immediately imply the following.

Corollary 2.8. Let G be a group of type 1(q), where ¢ =2 (mod 3), and let 0 < € < 9(]21—+9q.
Let A C G, and suppose that
Al = (u(G) —¢)|G].
Then one of the following holds:
(a) |A\ A'| < ¢|G| for some A" € SFy(G).
(b) A contains at least €3|G|*/27 Schur triples.
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Proof. Suppose first that |A\ A”| > ¢|G] for every sum-free A” C A. By Theorem 2.1 and
our choice of e, we have |A| > (1/3 + ¢)|G|. Hence, by Lemma 2.7, A contains at least
e3|G|? /27 Schur triples, as required.

So assume that there exists a sum-free set A” C A with |A\ A”| < ¢|G|. Then

1

A"l > Al —€|G| > G) —2¢)|G| > G)— —— |G|,

4] > 141 £i6] > (u(6) - 22)[6] > (u(6) - - ) 16
and so, by Lemma 2.6, A” is contained in some A" € SFy(G). But then

AN AT < A\ A" < |G,
and so we are done in this case as well. 0
2.2. Probabilistic tools. To finish this section, we shall recall three well-known proba-
bilistic inequalities: the FKG inequality, Janson’s inequality, and Chernoft’s inequality.
Given an arbitrary set X and a real number p € [0, 1], we denote by X, the random subset

of X, where each element is included with probability p independently of all other elements.
In the proof of our main theorem, we shall need several bounds on the probabilities of events

of the form
A(B: € X,),
iel
where B; are subsets of X. The first such estimate can be easily derived from the FKG
Inequality; see, e.g., [4, Section 6.3].
The FKG inequality. Suppose that {B;}icr is a family of subsets of a finite set X and
let p € [0,1]. Then
P(Bi ¢ X, forallicI) > [[P(Bi ¢ X,) = [](1-p"). (1)
iel iel
The second result, due to Janson (see, e.g., [4, Section 8.1]), gives an upper bound on

the probability in the left-hand side of (1) expressed in terms of the intersection pattern of
the sets B;.

Janson’s inequality. Suppose that {B;}icr is a family of subsets of a finite set X and let
p € [0,1]. Let

M=T[Q=pP), p=3 o and A= pPol,

iel iel inj
where i ~ j denotes the fact that i # j and B; N\ Bj # (. Then,
P(B; € X, for all i € I) < min {MeA/(Q_Qp), 6_“+A/2} :
Furthermore, if A > u, then
P(B; € X, for alli e I) < e /@A),

Finally, we will need the following well-known concentration result for binomial random
variables; see, e.g., [4, Appendix A].
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Chernoff’s inequality. Let X be the binomial random variable with parameters n and p.
Then for every positive a,
2 3

a a a’

IP’(X —pn > a) < exp (_2pn + 2(pn)2> and IP’(X —pn < —a) < exp (_2]Tn> .
2.3. Notation. For the sake of brevity, we shall write y for the set {y}. We shall also use
A to denote the “correlation measure” as in Janson’s inequality, above, and A(G) for the
maximum degree in a graph G. We trust that neither of these will confuse the reader.

3. THE CONLON-GOWERS METHOD

In order to prove the 1-statement in Theorem 1.2, i.e., that every maximum-size sum-free
subset of G, is of the form A N G, for some A € SFy(G), provided that p is sufficiently
large, we need the following approximate version of this statement, which, as we will show

below, can be derived from Corollary 2.8 using the transference theorems of Conlon and
Gowers [14].

Theorem 3.1. For every e > 0, and every prime q with ¢ = 2 (mod 3), there exists a
constant C' = C(q,e) > 0 such that the following holds. Let G be an arbitrary n-element

group of type 1(q). If .
2 >
P>

then a.a.s. for every sum-free subset of G, with

9
Bl > - ,
B > (WO) - 550 ) 1O

there is an A € SFo(G) such that |B\ A| < epn.

Unfortunately, for technical reasons, the methods of Conlon and Gowers [14] can only be
applied under the additional assumption that p > C(q,e)~!. Therefore, we will show how
to derive Theorem 3.1 from the following statement, which in turn can be proved using the
aforementioned transference theorems.

Theorem 3.2. For every € > 0, and every prime q with ¢ = 2 (mod 3), there exists a
constant C' = C(q,e) > 0 such that the following holds. Let G be an arbitrary n-element

group of type I(q). If
C 1

— < p < =,

then a.a.s. for every sum-free subset of G, with

1
Bl = - :
81 > (WO) - 1y 10 ) V6]

there is an A € SFo(G) such that |B\ A| < epn.

In order to deduce Theorem 3.1 from Theorem 3.2, we simply chop p into sufficiently
small pieces, apply Theorem 3.2 to each piece, and then show that we obtain the same set
A € SFy(G) for (almost) each of the pieces.



8 JOZSEF BALOGH, ROBERT MORRIS, AND WOJCIECH SAMOTLJ

Proof of Theorem 3.1. Clearly, it suffices to consider the case p > C(q,e)~!. To this end,
fix some p € (0,1], let ¢, = 1/(10¢* + 10q), let &’ = ec,/4, and let M be the least positive
integer satisfying 2p/M < 1/C’, where C" = C(q,€’) is the constant defined in the statement
of Theorem 3.2. Assign to each z € G a number t(x) € [0, 1] uniformly at random and for
all i € [M], let
G'={ze€G: (i—1)p/M < t(x) <ip/M}.
It is not hard to see that G* U ... U GM has the same distribution as G,, that G* has the
same distribution as G,/ for every ¢ € [M], and that G' U G’ has the same distribution
as Gap/n for all distinct 4, j € [M]. Since M = O(1), a.a.s. the following statements hold
simultaneously:
(i) For all ¢ € [M], G satisfies the assertion of Theorem 3.2 with ¢ = &’
(i7) For all distinct 4,5 € [M], G*UGY satisfies the assertion of Theorem 3.2 with e = ¢'.
(i12) For all ¢ € [M] and distinct A, A" € SFo(G), |G* N A| < (u(G) + €')pn/M and
) ’ 1 pn
IG'NANA| < (u(G) 2q2> i
To see that (iii) holds, observe that |A N A'| < (u(G) — 1/¢*)n since, by Theorem 2.2,
A\ A’ is a union of cosets of some subgroup H N H', where H and H’' are subgroups of
index ¢ (and hence H N H' has index ¢ or ¢?). Now, since p = O(1) and | SFo(G)| < n, by
Corollary 2.4, the result follows by Chernoft’s inequality.
Now, let B be a sum-free subset of G* U...UGM with |B| > (u(G) — €')pn. For each
i € [M],let B'=G'N B and let

I = {z’e M]: |B| > (M(G)—cq)%}.

Suppose that 7 € I. Since B* C B is sum-free, (i) implies that |B*\ A’| < &’pn/M for some
A" € SFy(G). Moreover, for every distinct 7,7 € I, the set B'UB’ C B is also sum-free and
|B'UB?| = |B'|+|B?| > (u(G)—c,)2pn/M. Thus, by (i), we have |(B'UB?)\ A| < 2¢'pn/M
for some A € SFo(G). In particular, it follows from (ii4) that A = A7 = A, since otherwise

GINANA| > [BNANAY| > |Bi|—|Bi\ Al| - |B'\ A] > (,u(G) —cy— 35)%,
which contradicts (ii7), since ¢, + 3¢’ < 1/(2¢?).

Let A be the unique maximum-size sum-free subset of G satisfying A* = A for all i € I;
we claim that |B\ A| < epn. Indeed, by the definition of A* and (i),

Bl <|G'N A+ |B'\ A < (1(G) + 2¢")pn/M
and hence
pn
(@) = )pn < |B] < |1](u(@) +2') 52+ (M = 1)) (&) = ¢,)

which implies that |I| > (1 —¢)M. We conclude that

n
M Y
e'pn n

B\AL < YO IBNAI+ Y IBY < 1] 7 + (M = |1)u(@) - T

iel il

< epn,

as required. [l



RANDOM SUM-FREE SUBSETS OF ABELIAN GROUPS 9

In the remainder of this section, we shall sketch the proof of Theorem 3.2. Let G, be a
p-random subset of G. Following [14], we define the associated measure of G, denoted p,
by p=p ' xa,, le, p(x) =ptif x € G, and p(x) = 0 otherwise. Let S be the collection
of all Schur triples in G and note that |S| = ©(n?). Moreover, let V = SFy(G) U {G} and
note that (by Corollary 2.4) |V| < n+ 1. The transference theorem proved in [14] asserts
that a.a.s. for every function f: G — R with 0 < f < p, there is a function g: G — [0, 1]
such that

Esesf(s1)f(s2)f(s3) = Esesg(s1)g(s2)g(s3) — € (2)
and
Zf(m) — Zg(:p) <elG| foral Ve. (3)
zeV zeV

Moreover, we may assume that g takes values only in {0,1}, i.e., g is the characteristic
function of some subset of G; see, e.g., [14, Corollary 9.7]. In particular, if we let f to be
p~! times the characteristic function of some subset of G, then we will see that for every
B C G, there exists a B’ C G such that |[B'NV| ~ p|BNV]| for every V € V and the
number of Schur triples in B’ is by at most en? larger than p~3 times the number of Schur
triples in B. Hence, if B C G, is sum-free and |B| > (1(G) — ¢,)pn for some small positive
constant ¢, then the corresponding set B’ has at least (y1(G)—c,—¢)n elements and at most
en? Schur triples. By Corollary 2.8, there is an A € SFy(G) such that |B"\ A| < 3¢'/3n.
Finally, since A € V, we can conclude that | B\ A| = O(c'/3pn).

To complete the proof of Theorem 3.2, we still need to argue how the results of Conlon
and Gowers [14] imply that a.a.s. every function f with 0 < f < p can be approximated
in the above sense by some g: G — {0,1}. This implication would be a direct consequence
of [14, Corollary 9.7] if S, the collection of Schur triples in GG, was a so called good system,
i.e., if S satisfied the following conditions:

(1) No sequence in S has repeated elements.
(i7) S is homogeneous, i.e., for every j € [3] and every x € G, the set {s € S: s; = x},
denoted S;(x), has the same size.
(¢4i) S has two degrees of freedom, i.e., whenever some s,t € S satisfy s; = t; for two
distinct indices i, then s = t.

Indeed, if S satisfied (i)—(7iz), then we could simply apply [14, Corollary 9.7], since for
families with two degrees of freedom, the threshold for p required for the transference
theorem is n=7/2, where  is defined by |S;(x)| = n?. Since in our case v = 1, the threshold
is at n=1/2.

Unfortunately, in our setting some sequences in S have repeated elements (Schur triples
of the form (z,x,2x), (x,0,z), or (0,z,2)) and when we remove them, the new set S is
no longer homogeneous as, e.g., some y € G satisfy y = x + x for many different x. To
overcome this problem, let

D = {y € G: y = x + z for more than \/n different a:}

Since there are only n sums of the form = + z, it follows that |D| < /n. Next, we let
X =G\ (DU{0}) and, instead of working with the collection of all Schur triples in G, we
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define the new set S as follows:

S={(z,y,z+y) € X’z #y}.

Since 0 ¢ X, it follows that no triple in S has repeated elements. Moreover, for all j € [3]
and every x € X,

n—2vn—1<8,) <n,
i.e., the new set S satisfies |S;(z)| = (1 4+ o(1))n for all j € [3] and = € X.

Before being able to state the version of the transference theorem that we are actually
going to use, we need to do some preparation. Recall that for every j € [3] and x € X, we
defined Sj(x) = {s € S: s; = x}. Following [14], given functions hy, hy, hg: X — R and
J € [3], we define their jth convolution %;(hi, hs, hs) by

*j(hy, ha, h3)(x) = % > ha(s1) - hjoa(sj-1) by (s5e1)ha(ss)

(XIS ()
5]
Moreover, we define an inner product of real-valued functions on X by

(f.9) = ‘X’Zf

rzeX

Eses;@hi(s1) .- hj-1(sj-1)hj1(sj11)ha(s3).

A crucial observation is that our (slightly modified in comparison with [14, Definition 3.2])
definition of the convolutions *j guarantees that for each j,

th s51)ha(s2)hs(s3) = Eseshi(s1)ha(s2)hs(s3).

SES

<hj7 *](hla ha, hs |

This allows us to write
3
sES’f(Sl)f(52)f(53) ESESg(Sl)g(S2)g S3 :Z f g, j( g,---,9, faaf)> (4)
7=1

and

Zf Zg ={(f—g,xv) |X| forevery V C X. (5)

zeV eV
One of the main ideas in [14] is to use (4) and (5) to show that, if the inner products
of two functions f and g with elements of some large class of functions on X do not
differ much from one another, then f and ¢ will satisfy (2) and (3). Due to various
technical complications that would arise in the most straightforward approach, i.e., letting
this large class of functions to contain all the convolutions *;, Conlon and Gowers work
with so called capped convolutions o;, defined by o;(hy, he, hs) = min{x;(hy, he, h3),2}.
They then define the class of basic anti-uniform functions, which are functions of the form
0i(g1,---, 95, fi+1,---, f3), where 0 < g; < 1, 0 < f; < p, and p is the associated measure
of a p-random subset coming from some finite sequence, or of the form yy for some V € V
(the characteristic functions are included in order to guarantee that (3) will also hold).
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After all these preparations, we can finally state the transference theorem of Conlon and
Gowers [14] in the version which is best suited for our needs.

Main assumption. Let d,m € N and n, A > 0 be given. Let Uy,...,U,, be independent
p-random subsets of X, and let py, ...,y be their associated measures. If p > po, then the
following properties hold with probability 1 — n=C", where C" is a large enough constant:

0. ||willh =14 o(1) for each 1 < i < m.
1. If1<iy <iyg<izg<m, and j € [3], then

H *j (ﬂilauizaui:a) - Oj(:uimluiw,uis)ul < -
2. Ifj€{2,3} and 1 < ij41 < ... <i3 < m, then

5 (Lo, L i i) oo <24
3. [ —1,8)| < X if € is a product of at most d basic anti-uniform functions.

Theorem 3.3 ([14, Theorems 4.10 and 9.3]). Let € > 0. Let X be a finite set, let S be a
collection of ordered subsets of X of size 3, and let V be a collection of subsets of X. Then
there exist constants C;n, A > 0 and d,m € N such that the following holds.

Let po be such that the main assumption holds for the triple (S, po, V) and the constants
n, A, d, and m. Let U be a p-random subset of X, where Cpy < p < 1/C, and let u be the
associated measure of U.

Then, with probability 1 — o(1), for every function f: X — R with 0 < f < p, there
exists a function g: X — {0,1} such that (2) and (3) hold.

Thus, in order to deduce that the conclusion we require, it suffices to check that the main
assumption holds for our choice of X, S, V and pg = C'/+/n, for a large enough constant
C. Indeed, Property 0 easily follows from Chernoff’s inequality, as it simply says that,
with probability at least 1 — n~¢", a p-random subset of X has (1 + o(1))p|X| elements.
Moreover, it is shown in [14] that Property 3 is implied by Properties 0-2, together with
the fact that |V| < n+ 1 = 2°PI¥D | 50 we only need to argue that our system satisfies
Properties 1 and 2.

This is done in [14] in the case when S is a homogeneous system with two degrees of
freedom. In our case S does have two degrees of freedom but we only know that it is ‘almost
homogeneous’, i.e., that |S;(z)| = (14 o(1))n for every j and x. Fortunately, it is not hard
(though somewhat tedious) to check that this is a sufficiently strong assumption to keep
the arguments of [14] valid; see [14, Lemma 7.2] and [14, Lemma 8.4] plus the discussion
below it.

Finally, let us mention briefly where the lower bound p > C'/y/n in Theorem 3.2 comes
from. Following [14], for each x € X let

K(z) = {y € X : Si(z) N Ss(y) # 0},
and for each y € K(x), let

W(z,y) = Eses,(@)nss@)1(s2),

where 1 is the associated measure of some p-random subset of X. A crucial assumption in
the proof of Property 2 (see [14, Lemma 8.4]) is that W (x,y) < p|K (x)| for every z,y € X.
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Now, since our set S has two degrees of freedom, we have |Si(x) N S3(y)| < 1 for every
x,y € X, and therefore |K(z)| = |Si(z)| = (1 + o(1))n. Furthermore,
1

Wi(x,y) < max S2) < —,
(ry) s e #ls2) < P

so it is enough to require that p~' < p(1 + o(1))n, which is equivalent to p > n=/2.

4. ABELIAN GROUPS OF TYPE [

In this section we shall prove Theorem 1.2. For the sake of clarity of the argument, from
now on, we will assume not only that ¢ divides |G|, but also that G is of type I(g), i.e., that
q is the smallest prime ¢’ that divides |G| and satisfies ¢ = 2 (mod 3). Since for each ¢,
there are at most finitely many primes ¢’ smaller than ¢ that satisfy ¢’ = 2 (mod 3), this
assumption clearly does not affect the validity of our argument.

We begin with the 0-statement, i.e., that if

logn logn
B0 < p(n) < cpy) 22,

n

then with high probability not all maximum-size sum-free subsets of G, are of the form
ANG,, with A € SFy(G); in fact we shall prove that none of them have this form. The
proof uses Janson’s inequality and the second moment method.

Remark 4.1. If logn/n < p(n) < n~2/3, then the 0-statement in Theorem 1.2 becomes
almost trivial. Indeed, since G contains at most n? Schur triples, then with high probability
the set G, itself is sum-free, and by Chernoft’s inequality, |A N G,| < |G,| for every A €
SFo(G).

Proof of the 0-statement in Theorem 1.2. We wish to prove that, for each prime ¢ = 2
(mod 3), if ¢, is sufficiently small then the following holds with probability tending to 1 as
n — o00. Let G be an abelian group of type I(q) with |G| = n, let

logn logn
S <L p < i,

and let G, be a random p-subset of (. Then, for any maximum-size sum-free subset
B C G,, we have |B| > |AN G,| for every A € SF((G).

The proof will be by the second moment method. To be precise, we shall show that, given
A € SFy(G), with high probability there exist at least 10y/pnlogn elements = € G,, each
chosen from a sum-free subset of a subgroup of G disjoint from A, such that (ANG,)U{z}
is sum-free. It will be easy to bound the expected number of such elements using the
FKG inequality; to bound the variance we shall need to calculate more carefully, using
Janson’s inequality. The result then follows by Chernoft’s inequality, since the size of the
sets {ANG, : A € SFy(G)} is highly concentrated.

To begin, observe that for any A € SF((G), we have |A| > n/3 (by Theorem 2.1) and

P <’|AﬂGp| — plA]| > 4\/pnlogn> < n
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by Chernoff’s inequality (with a = 4v/pnlogn) and by our lower bound on p. By Corol-
lary 2.4, it follows that, with high probability,

[|ANG,| — plA|| < 4y/pnlogn for every A € SFy(G). (6)

Throughout the rest of the proof, let A € SFy(G) be fixed. By Theorem 2.2, there exists a
subgroup H of G of index ¢ such that A is a union of cosets of H and AU(A+A) = G. Since
H is not sum-free (it is a subgroup), it follows that AN H = (). Recall that u(H) > 2/7,
by Theorem 2.1, and let £ € SFy(H) be an arbitrary maximum-size sum-free subset of H,
S0
2|d|

7q

We shall find in E our elements x such that (AN G,) U {z} is sum-free. To this end, for
each z € E we define

E| = u(H)|H]| >

Ci(x) = yeA x—y+y}

o-{oare (i)
-{ure(@)o-s-s)

and let C'(x) = C(z) U Cy(x) U Cs(x). Note that |Cy(z)| < n/2 and |Cs(z)| < n for every
r e k.

We shall say that an element x € E is safe if no set in C'(z) is fully contained in G).
Thus «z is safe if and only if the set (AN G,) U {z} is sum-free. We shall show below that,
with high probability, £ N G, contains more than 10y/pnlogn safe elements. Since E is
sum-free, and H is a subgroup, we have E + E C H \ E. Since AN H = (), it follows that
the set

B := (ANG,)U{z € ENG,: zis safe}

is sum-free. By (6), it will follow that B is larger than A’ N G, for every A" € SFy(G).
We begin by giving a lower bound on the expected number of safe elements in £. In

fact, in order to simplify the calculation of the variance, below, we shall focus on a subset
E" C E, defined as follows. First let £ = {z € E: |Ci(z)| < 7q}, and note that, since the
C(x) are disjoint subsets of A, we have

|[E\E'|-7q < |A] < n,

and so |E'| > |E|—n/(7q) = n/(7q). Now let E” be an arbitrary subset of E’ of cardinality
at least |E’|/2 such that there are no distinct z,y € E” with x = —y. Finally, let S be the
number of safe elements in E”.

For each = € E, denote by S, the event that z is safe. By the FKG inequality, we have

P(S,) > (1 — p)/C@I(1 — p2)IC@UCs@). (7)
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Thus, since p < ¢/ 2%, and using the bounds |E”| > n/(14g), |Ci(z)| < 7q, |Ca(z)| <
n/2, and |Cs(x)| < n, we have
n

E[S] = X P(S) > B0 =p)"(1=p)™" > g e > Vi (§)
$EE//

where the last inequality holds if ¢, is sufficiently small.
The following bound on Var(S) will allow us to apply Chebychev’s inequality.

Claim: Var[S] = o(E[S]?).

Proof of claim. Given distinct elements z,y € E, define a graph J(x,y) on the elements of
C(z) U C(y) as follows: let By ~ By if By N By # () and By # By. Now define

_ B1UB>
DNpy= Y pP2l
B1~B>

where the sum is taken over all edges of J(z,y). For the sake of brevity, let C)(z,y) =
Ci(z) U Cy(y) and C'(x,y) = Co(z) U Cay(y) U Cs(z) U C5(y). By Janson’s inequality,

P(Sy A Sy) < (1= p)/ @01 — p?)l g, (9)
We claim that, for each x,y € E”, with x # vy,
Ay <|Ci(z,y)| - 6p° +[C"(,y)] - 12p° = O(qp* + np”). (10)

Indeed, if By € Ci(z,y) U C'(x,y) and By € C'(x,y) are such that By N By = {z}, then
By = {z,2'}, where
7 e {x—z,z—x,z+x,y—z,z—y,z+y}.
Thus, given By 5 z, there are at most six sets By € C'(x,y) such that By N By = {z}.
It follows that for every By € Ci(x,y), there are at most six sets By € C'(x,y) with
By N By # 0 and for every By € C'(x,y), there are at most twelve sets By € C'(z,y) with
B; N By # (). The second inequality follows since |Cy(z,y)| = |C1(x)| + |C1(y)| < 14¢q and
C'(z, )] < 3n.
Combining (7), (9), and (10), we obtain

P(Sx A Sy> g ]P)(Sw)]P)(Sy)(l _pZ)C*(x,y)eo(qurnpff), (11)

where C*(z,y) = |C'(x,y)| — |Ca(z) U Cs(z)| — |Ca(y) U Cs(y)|. Hence, it only remains to
bound C*(z,y) from below.

Recall that E” does not contain any pairs {z,y} with z = —y. Hence Cs3(z) NC3(y) = 0,
and trivially Co(x) N Cy(y) = 0. Tt follows by elementary manipulation that

Oz, y)| 2 |Ca(x) U Cs(x)] + |Ca(y) U Cs(y)| — |Calz) N Cs(y)] — [Caly) N Ca(x)],  (12)

e, C*(z,y) = —|Ca(x) N Cs5(y)| — |Caly) N Cs(x)|.
If Cy(x) N C3(y) # 0, then there exist a,b € A such that x = a+ b and y = a — b, and
thus 2a = x +y and 2b = x — y. We split into two cases.

Case 1: |G| is odd.
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In this case the equations 2a = = + y and 2b = x — y have at most one solution (a,b),
and so |Cy(x) N Cs(y)| < 1. Hence C*(z,y) > —2, and so, by (11),

B(S, A 5,) < B(S)B(S,)(1 — p?) 20+
Thus, using the bounds p < n~'/3 and E[S] > 1,

Vals] = Y (B(S. AS,) —BSLIP(S,) < EIS]+ EISP ((1 - pt) 20w o) 1)
< E[S)+ O(ar* + np")EISP = EIS] + o(E[ST) = ofEISP)
as required.

Case 2: |G| is even.

Since |G| is even, it follows (by Theorem 2.2) that H is of index 2, and so A = G\ H.
Let

I :={heH: h+h=0},
note that I is a subgroup of H, and let ¢ = |I|. We claim that
[Co(x) NC3(y)[ =0 or /2 < [Co(x) NCs(y)| < i

To see this, simply observe that if {a,b} € Cy(x) N C5(y) and h € I, then {a + h,b+ h} €
Cy(z)NC5(y). Indeed, if # = a+band y = a—0b for some a,b € A, then x = (a+h)+ (b+h)
and y = (a+h)—(b+h), and a+h,b+h € Asince A = G\ H. Conversely, if z = a+b = o'+
and y =a—0b=ad — U for some a,d’,b,b € A, then o’ —a =b —b € I. Hence, there are
precisely ¢ ordered pairs (a,b) with {a, b} € Cy(z) N Cs(y).

Next, note that there are at most n?/(2i) pairs {z,y} € (%) with [Cy(z) N Cs(y)| +
|Cs(y) N C3(x)| > 0. Indeed, there are at most n?/4 quadruples (a,b,x,y) in A x (E")?
with z = a + b and y = a — b, and there are at least i/2 such quadruples for each pair
{z,y} as above. Moreover, for every x € E”, either |C3(z)| = 0 or |C3(x)| = n/4, since any
solution (a,b) € A? of the equation z = a — b may be shifted by an arbitrary element of H.
Hence, for such an =z,

P(Sy A Sy) = P(S,)P(S,) < P(S,) < (1—p?)/ SO = (1—p?)"/™ e/ (13)

where the second inequality follows because there exists a matching in Cj(z) of size
|C3(z)|/3. (This follows because the graph C3(x) has maximum degree 2; the worst case is
a disjoint union of triangles.)

Finally, we divide once again into two cases: i < y/n and ¢ > y/n. In the former case we
have

C*(z,y) =2 —|Ca(x) N C3(y)| — [Caly) N Cs(x)] = —2V/n,
and so, by (11),

P(Se A Sy) < B(S,)B(S,)(1 — p*) 2Y"e0@ ) — (14 0(1))P(S,)P(S,),
since p?y/n + p*n = o(1). Hence Var[S] = o(E[S]?), as required.
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If i > /n, we partition the sum > . p. (P(Ss A Sy) — P(S,)P(S,)) into two parts,
according to whether or not |Cy(x) N Cs(y)| + |C2(y) N Cs(x)| > 0. By (13), we obtain
3 2 2
3 <}P’(Sx AS,) — P(Sx)IP’(Sy)> < E[S] + E[S]? (eo<qp2+w )~ 1) + ;7 LePn/12,

z,yeE"

Now, recalling from (8) that E[S] > s-e~%"" and noting that \/Lﬁe_p%/l2 < e if ¢, is

20q
sufficiently small, we deduce that
Var[S] = 0<E[5]2 +n26—4p%) = o(E[S]?),
as required. 0

Since Var[S] = o(E[S]?), the number of safe elements in E” satisfies

S > E[S] 2 & . 6—2]7271’

40q

with high probability, by Chebyshev’s inequality. Finally, note that the events {S,}.cp~
depend only on the set ANG,, and recall that AN E” = (). Hence the events {z € G, }.cpr
are independent of the events {S,}.cr, and so, by Chernoff’s inequality, the number of

safe elements in E” N G, is at least pS/2 with high probability.

Hence
Hx €EE'NG,: xis safe}‘ > 5—82 LeTW S 10+/pnlogn,

where the last inequality follows from the bounds 10% <p<g \/@ , provided that ¢, is
sufficiently small and n is sufficiently large. Thus, by (6),

B := (ANG,)U{z € E"NG,: = is safe}
is larger than A" N G, for every A’ € SFy(G), and is sum-free, as required. O

We now turn to the 1-statement in Theorem 1.2. The proof uses Theorem 3.1, together
with Janson’s inequality.

Proof of the 1-statement in Theorem 1.2. Let g be a prime with ¢ = 2 (mod 3). We shall
prove that if C, is sufficiently large, then the following holds with high probability as
n — oo. Let G be an abelian group of type I(q) with |G| = n, let

logn

p = C, ,
n

and let G, be a random p-subset of G. Then every maximum-size sum-free subset B C G,
is of the form AN G, for some A € SF((G).

The proof will be roughly as follows. If a maximum-size sum-free subset B C G, is
not of the form AN G,, where A € SF((G), then there must exist sets S C G, \ A and
T C AN Gy, with |S| > |T|, such that B = SU(ANG,) \ T. We shall show that the
expected number of such pairs (S,7) is small when |S| < epn, using Janson’s inequality.
The case |B\ A| > epn for every A € SFy(G) is dealt with using Theorem 3.1.
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Let ¢ > 0 be sufficiently small, and let B be a maximum-size sum-free subset of G.
Note that |B| > |AN G, for any A € SFy(G), and so, by Chernoff’s inequality,

g
> =

with high probability as n — co. Hence, by Theorem 3.1, a.a.s. we have |B\ A| < epn for
some A € SFo(G). We shall prove that in fact, with high probability, B = AN G,,.
We shall say that a pair of sets (S,7) is bad for a set A € SFy(G) if the following
conditions hold:
(@) SCG,\Aand T C ANG,,
(b) 0 <|S| =|T| < epn,
(¢c) SU(ANG,) \T is sum-free.
We shall prove that, for every A € SFy(G), the expected number of bad pairs (5, 7T) is
o(1/n) as n — oo. It will follow (by Corollary 2.4) that with high probability no such pair
exists for any A € SFy(G). We remark that a bound of the form o(1) does not suffice here,
since the events “|B \ A| < epn” and “there exists a pair (S,7") which is bad for A” are
not independent of one another.
As in the proof of the lower bound, for every € G\ A, define

Cilw)={ye Az =y+y} and C’g(x):{{y,z}e <§>:m:y+z}.

We begin by proving two easy properties of the sets C(x) and Cy(z), which will be useful
in what follows.

Claim 1: For every z € G\ A, max {|C}(z)],|C2(x)|} = n/(3q).

Proof. By Theorem 2.2, there exists a subgroup H of G of index ¢ such that A is a union
of cosets of H and AU (A+ A) = G. It follows that x = y + z for some y, z € A, and that
y+h,z—h e Aforevery h € H. Thus {y + h,z — h} € Ci(z) U Cy(z) for every h € H,
and hence |Cy(x)| + 2|Cs(z)| = |H| = n/q. O

Let A* ={x e G\ A: |Ci(x)] = n/(3q)}.
Claim 2: With probability 1 — o(1/n), there is no bad pair (S,T) with SN A* # (.
Proof. Let x € A*, so x € G\ A and |Cy(z)| = n/(3q). If (S,T) is a bad pair for A with
G

x € 8, then Cy(z) NG, C T, since SU(ANG,)\T is sum-free, and |T'| < epn. But by
Chernoft’s inequality, we have

CLa)N Gyl > &2 > epn > [T
q
with probability at least 1 —exp ( — %) > 1 —n~3. By the union bound, with probability

1 — o(1/n) this holds for every x € A*, and hence with probability 1 — o(1/n) there is no
bad pair (S,T) with S N A* # 0. O
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We now arrive at an important definition. Given a set S C G\ (AU A*) of size k, let Gg
denote the graph with vertex set A and edge set | J,.q C2(x). The key observation about
Gs is as follows: if (S,T) is a bad pair for A, then AN G, \ T is an independent set in Gg.
This follows because the endpoints of an edge of Gg sum to an element of S.

Recall that, by Claims 1 and 2 and the definition of A*, we may assume that |Cy(z)| >
n/(3q) for every x € S. Since, by definition, Cy(z) N Cy(z') = 0 if  # 2/, we have
e(Gs) = kn/(3q). Moreover, each Cy(z) is a matching (i.e., no two edges share an endpoint)
and hence A(Gg) < |S| = k.

Given a subset T' C A of size k, let Ggr = Gs[A \ T]. Note that e(Gsr) > kn/(3q) —
and A(Ggr) < k for every such 7. Also if (5,7 is a bad pair for A, then e(Ggr[G,]) = 0.
Since the sets S, T', and A \ T are pairwise disjoint, the events S C G,, T' C G, and
e(Gsr[Gp)) = 0 are independent. Hence, the expected number of bad pairs for A is at most

Z P(S C G,) B(T C G,) B(e(Gsr[G,)) = 0), (14)

where the summation ranges over all S C G\ (AUA*) and T' C A with 1 < |S| = |T| < epn.
Fix a k with 1 <k <epnandlet S C G\ (AU A*) and T C A be sets of size k. Let
= Ele(Gsr[Gp])] and observe that

kn p’kn
= p? > pP | =— —k*) > . 15
w=re(@sn) = 0t (5o - 1) = 2 (15)

since k < en and ¢ is sufficiently small. Furthermore, let A = > Bi~B» |, where the
summation ranges over all By, By € E(Gsr) such that By # By and By N By # 0 (in other
words, By and Bs are two edges of Gg 7 sharing an endpoint), and note that

A < n(A(gS’T)>p3 < pPEn. (16)

p‘B1UBQ

2

By Janson’s inequality, if A < p, then (15) and our assumption on the growth rate of p
imply that

) k
P(e(Gsr[Gyl) = 0) < e#2 < <e—p n/(l2q)> < nok,
and if A > p, then (16) implies that
P(e(Gsr[Gy)) =0) < e/ ompn/(T20%)
Hence, using (14), for those k such that A < p, the expected number of bad pairs (S,7T)
with |S| = |T| = k is at most

2
n
(k) kan—Sk < n—3k < n—?)‘

Also, recalling that k < epn, for those k such that A > u, the expected number of bad
pairs (S,T) with |S| = |T'| = k is at most

2 " 2% " % L P
() e (< [ ] <
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whenever ¢ is sufficiently small and n is sufficiently large (depending only on ¢). It follows
that (14) can be bounded by epn - max{n~=3,e v}, and so this is an upper bound on the
probability that there exists a bad pair (S,7T') for A. Since |SF¢(G)| < n, the expected
number of pairs (S,7") which are bad for some A € SFy(G) tends to 0 as n — oo, and so
this completes the proof. O

5. LOWER BOUNDS FOR OTHER ABELIAN GROUPS

In this section we shall prove the following three propositions, which show that the
threshold for some groups can be much larger than that determined in Theorems 1.1 and 1.2.
The first of these results shows that for certain groups of Type II, the threshold is at least
(nlogn)~/3. Recall that G, denotes a p-random subset of G.

Proposition 5.1. Let g be a prime with ¢ =1 (mod 3), let n = 3q, and let G = Z,,. If

logn 1 1/3
< p(n) < ;
n nlogn

then, with high probability as n — oo, there exists a sum-free subset of G\, which is larger

than AN G, for every A € SFo(G).
The second result gives the same bounds for groups of Type I of prime order.

Proposition 5.2. Let q be a prime with ¢ =2 (mod 3), let n = q, and let G = Z,,. If

logn 1 1/3
51 < p(n) < ( > ,
n nlogn

then, with high probability as n — oo, there exists a sum-free subset of G, which is larger
than AN G, for every A € SFy(G).

The third proposition shows that for the hypercube {0, 1}* on 2n vertices, the threshold
is different from the threshold for Zs,,.

Proposition 5.3. Let C < 1/2 and k € N, let n = 2*71 and let G = Z5. If

logn Clogn
S < p < ng,

then, with high probability as n — oo, there exists a sum-free subset of G\, which is larger
than AN G, for every A € SFo(G).

The proofs of Propositions 5.1 and 5.2 are almost identical, and are based on the following
general statement providing a lower bound for the size of a largest sum-free subset of a
p-random subset of Z,.

Lemma 5.4. Let n € N, and let G = Z,,. Let m = min{n,p~2}/100. If
logn

< p(n) = o(1),
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then, with high probability, the largest sum-free subset of G, has at least

o —|— — — 44/pnlogn

3

elements.

Proof. The idea is as follows: first we construct a sum-free set A C G of size about n/3—2m;
then we consider A N G,, and observe that a.a.s. it has at least pn/3 — 2pm — 4y/pnlogn
elements; finally we show that, with high probability, we can add 9pm/4 elements to ANG),
while still remaining sum-free.

We begin by constructing A = {/,...,r}, where { = [n/3]| + [4m|+1 and r = |2n/3]| +
|2m]. Observe that A is sum-free, since 2¢ > r and 2r —n < ¢, and that
n

—2m—3 < |A] < - —2m.

<
3

w3

n
4
By Chernoft’s inequality (applied with a = 3y/pnlogn), and our lower bound on p, we have

‘|AﬂGp| — (% — 2pm>’ < 4y/pnlogn (17)

with high probability.

Next, let A" ={¢,...,0—1},and A" = {r/,...,r} C A, where ' = [n/3]+ [m]+1 and
" =|2n/3] — [m]. Since A is sum-free, 2¢' > r and (r' — 1) +r —n < ¢, it follows that
every Schur triple (x,y,2) in AU A’ satisfies x,y € A” and z € A’.

For every x € A’, let

"

Cilw) = {ye A%z =y+). cz<x>:{{y,z}e(";):x:y+z},

and C(x) = Cy(z) U Cy(z). Moreover, note that |Cy(z)| < 1 and |Cy(x)| < |A”|/2 < 2m
for every x € A’. Call an x € A’ safeif no B € C(x) is fully contained in G. By the above
observation about the Schur triples in A U A’, the set

(ANG,) U{z € A': z is safe}

is sum-free.

In the remainder of the proof, we will show that a.a.s. A’ N G, contains at least 9pm /4
safe elements. Together with (17), this will imply that the size of a largest-sum free subset
of G, is at least pn/3 + pm/4 — 4y/pnlogn.

For each x € A’, denote by S, the event that x is safe, and let S be the number of safe
elements in A’. As in the proof of the lower bound in Theorem 1.2, by the FKG inequality
we have

_3p%m 11m
= YRS = Y (1-p) @I - )l et x> 2T

4
zeA’ zeA’



RANDOM SUM-FREE SUBSETS OF ABELIAN GROUPS 21

Here we used the bounds |Cy(z)] < 1, |Cy(z)| < 2m, |A'] = 3m — 2 and p*m < 1/100.
Similarly, using Janson’s inequality, we obtain

Var[S] = Z (P(Sx A Sy) —]P’(Sd[@(sy)) < E[S] + E[S]? (eO(p2+p3m) B 1)
< Bl +0(p* +p’m) - E[S]* = o(E[S]?),

To see this, observe that (9), (10), and (11) still hold (with n replaced by 2m), and that
C*(x,y) = 0. The last inequality follows from the fact that p* + p®m < 1.
By Chebyshev’s inequality,

E[S] 121 Var[S]
P —E — ) < ———— = o(1),
(Is-mis1> 57 < Pt = o
and it follows that, with high probability, the number of safe elements in A" satisfies
9> 10E[S] > 5m ‘
11 2

Finally, note that for every = € A’, the event S, is independent of the events {y € G} ecar
Hence, by Chernoft’s inequality, with high probability the number of safe elements in A'NG,,

satisfies g
|{x e ANGy: zis safe}| > 91% > 9me7

as required. O

Propositions 5.1 and 5.2 both follow easily from Lemma 5.4; since the proofs are almost
identical, we shall prove only the former, and leave the details of the latter to the reader.

Proof of Proposition 5.1. Fix an A € SF((G) and recall that |A| = n/3 by Theorem 2.1.
Thus, by Chernoft’s inequality (with a = 4/pnlogn) and our lower bound on p, we have

1
P(‘\AQGM — %‘ > 4\/pnlogn> < vt

Hence, by Corollary 2.5 (Corollary 2.4 in the proof of Proposition 5.2), with high probability,

|ANG,| < % +44/pnlogn for every A € SFy(G). (18)
Now, by Theorem 5.4, with high probability G, contains a sum-free subset with at least
pn pm
— 4+ — — 4 1
3 + 1 pnlogn

elements, where m = min{n, p~2}/100.

Finally, observe that pm > /pnlogn, since if m = n/100, then this is equivalent to
pn > logn and if m = 1/(100p?), then it is equivalent to p*nlogn < 1. Hence, by (18),
there exists a sum-free subset of G, larger than A N G, for every A € SFy(G). O

We shall now prove Proposition 5.3. Note that for the hypercube, the conditions z = y+=z
and x = y — z are the same, and so we have fewer restrictions for a vertex to be safe. This
allows us to show that the threshold is different in this case.
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Proof of Proposition 5.3. For each non-zero element a € G = Z%, we shall denote the even
and odd cosets of the subgroup (subspace) orthogonal to a by E(a) and O(a), respectively.
Note that n = |E(a)| = |O(a)|, that O(a) is sum-free, and that, by Theorem 2.2, every
element of SFy(G) is of the form O(a) for some non-zero a € G. By Chernoft’s inequality,
for every a € G\ {0},

P (|I0@ N Gyl —pn| > av/pmozn) < o

n?’
and hence, with high probability,
|0(a) NG| — pn| < 4y/pnlogn for every a € G\ {0}.

Let 1 € G be the all-ones vector. To simplify the notation, let £ = E(1) and O = O(1).
Since E is isomorphic to ZE~!, E contains a sum-free subset of size 28=2. Choose one such
subset and denote it E’. Note that 0 ¢ E.

For each = € E’, let
O
C(z) = {{yw} € <2) : w=y+2},

and note that |C(z)| = n/2. Call an x € E’ safe if no B € C'(z) is fully contained in G,
and for every z € E’, denote by S, the event that x is safe. Let e = 1/4 — C'/2 > 0, let

2 C'1 1
W= np < 08T _ <——5) log n,

2 2 4
and observe that, by the FKG inequality,

n71/4+5

2 Y

P(S,) = (1—p))"* > exp(—u—O(np4)> >

since np* < 1. Let S be the number of safe elements in £ and note that
n3/4+€

4

E[S] = > P(S,) >

z€E’

Since for two distinct z,y € E’, the sets C'(x) and C(y) are disjoint, it follows from Janson’s
inequality that

B(S, AS,) < (1—p2)/C@CWIens® — (14 o(1)P(S,)B(S,)

and hence Var[S] = o(E[S]?). By the inequalities of Chebyshev and Chernoff (as in the
proof of Lemma 5.4), with high probability the set

(ONG,) U{z € E'NG,: x is safe}

is sum-free and larger than O(a) N G, for every non-zero a € G. O
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6. THE GROUP Zs,

Let E», and O,, denote the even and odd cosets of Z,,, respectively, and recall that O,
is the unique maximum-size sum-free subset of Z,,. Throughout this section, let G = Zo,,,
and recall that G, denotes a p-random subset of G. We shall prove Theorem 1.1, which
gives a sharp threshold for the property that SFo(G,) = {G, N Oq,}.

For each = € Ey, N [n — 1], let

Ci(z) = yeOzn x—y+y}

{{y,z}e< 2) x—y+z}
(e (Cr)emvd

and let C'(x) = C1(x) UCy(x) UCs(z). Call an element = € Esy, safeif no B € C(x) is fully
contained in G,, and observe that x is safe if and only if (G, N Oq,) U {x} is sum-free.

We begin by proving the 0-statement; even computing the precise value, it is somewhat
simpler than in the general case.

Proof of the 0-statement in Theorem 1.1. Let

logn logn
S < p < g,
3n

and let G, be a p-random subset of G = Zy,. We shall prove that, with high probability,
G, N Es, contains a safe element, and hence there exists a sum-free subset B C (), larger
than G, N Oa,.

Indeed, for each x € Ey, N [n—1], denote by S, the event that x is safe, and let S denote
the number of safe elements in Ey, N [n — 1]. Note that [Cy(z)| <2, § — 1 < |Ca(2)] < 3,
and |C5(z)| = n. By the FKG inequality,

2

2

P(S,) > (1 —p)l@@Il(1 — p?)|C@LCGBEI > oxp (— ° 4 O(p +p4n)> : (19)

and so, since 3p*n < logn,

2 1
E[S] > Z P(S,) > g.e—3p LI~

3
x€EanN[n—1]

The calculation of the variance is similar to those in the proofs of Theorem 1.2 and
Lemma 5.4, and so we omit the details, noting only that Cy(z) NCs(y) = C3(z) NCs(y) = 0
and |Cy(z) N Cs(y)| < 4 if x # —y. We obtain

Var[S] = Z (]P)(Sm VAN Sy) — ]P(Sd[@(Sy)) < ]E[S] + E[S]2 <eo(p2+np3) B 1)
x,y€EonNn—1]

< E[S]+O(p? + np®)E[S]* = o(E[S]),
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since p®n = o(1). Hence, by Chebyshev’s inequality, with high probability the number of

safe elements satisfies E[S]
1
— > Z/n.
2 6\/5
Finally, for each x € Ej,, the event € G, is independent of all the events {5, }.ep,,
so the probability that no safe element belongs to G, (given |S| > y/n/6) is at most

(1 _p>\/ﬁ/6 < 6—(logn)/100 _ 0(1)

S 2

as required. O

In order to obtain the 1-statement, we shall have to work quite a bit harder. To show
that all sum-free sets B with at least epn even numbers are smaller than G, N Oy, we
shall use the Conlon-Gowers method (Theorem 3.1), as in the proof of Theorem 1.2. When
|B N Ea,| = o(pn), however, we shall need to study carefully the structure of the graph
Gs for each S C Ej,, where V(Gs) = Oy, and E(Gg) consists of all pairs {a, b} such that
eithera+be S,ora—beS.

1
Proof of the 1-statement in Theorem 1.1. Let § > 0, let C' = C(n) > 3 + 6, let

C'logn
p =pn) = =

and let G, be a p-random subset of G = Zy,. We shall prove that, with high probability,
G, N Oy, is the unique maximum-size sum-free subset of G,,.

Let ¢ > 0 be sufficiently small, and let B be a maximum-size sum-free subset of G.
Note that |B| > |G, N Oq,|, and so, by Chernoft’s inequality,

1
51 > (5-2)4(6)

with high probability as n — oo. Hence, by Theorem 3.1, we have | B\ Oy,| < epn with
high probability.

Let S = BN Ey,, and suppose that |S| = k for some positive k. Since B is at least as
large as G, N Ogy,, there must exist a set T C G, N Og,, with |T'| < k, such that

B = SU(G,N0s)\T.

We shall bound the expected number of such pairs (S,7), with |S| = k and 7" minimal.
For each set S C FE,,, define G5 to be the graph with vertex set O,, whose edges are all

pairs {a,b} € (OS"), such that either a +b € S, or a — b € S. Note that 0 ¢ B, and that

we ignore loops'. We say that a pair of sets (S,T) is good if the following conditions hold:

(i) S C GpN Eyy,, with |S| =k,

(17) T C Gp N Oy, with |T] < E,

11) G, \ T is an independent set in Gg,
p

Hence we prove a slightly stronger result — even if we allow sums of the form a + a = 2a to exist in a
sum-free set, the odd numbers are still the best.
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(iv) Gp \ T" is not independent for every 7" C T.
It is a simple (but key) observation that if B = S U (G, N Oy,) \ T is a maximum-size
sum-free subset of G, with |T'| < |S| = k, then (S,7") is a good pair for some 7" C T.
Indeed, every edge of Gg[G), N O2,] must have an endpoint in 7', since S U (G, N Og2,) \ T
is sum-free. Now take 7" C T to be minimal such that this holds.

Let m denote the number of pairs {x,2n — x} C S, where x € Fy, N [n — 1], and let
15(z) denote the indicator function of the event x € S.

3k — 15(72,)

Claim 1: e(Gg) > < 5

- m) n—O(k?), and A(Gs) < 3k.

Proof of claim. Each z € S (other than x = n, which contributes n/2) contributes n edges
{a,b} with a — b = x to Gg, with two edges incident to each vertex of Og,. The edge sets
corresponding to different members of S are disjoint, except for those corresponding to x
and 2n — x, which are identical. Thus the pairs {a,b} with a — b € S contribute at least
(k—m — $1g(n))n edges to Gg, and there are at most 2(k — m) < 2k such edges incident
to each vertex.

Now consider the pairs {a, b} with a +b € S. Each « € S contributes at least (n — 2)/2
such edges (since there are at most two loops, at x/2 and n + x/2), and these sets of edges
are disjoint for different members of S. Moreover, each vertex is incident to at most k£ such
edges, and so A(Gs) < 3k.

Finally, if for some {a, b}, both a + b and a — b are in S, then {a,b} = {x +y,z —y} or
{a,b} = {n+z+y,n+x—y}, where 2z,2y € S. There are at most k* such pairs {2z, 2y},
and so the number of pairs {a,b} with a +b € S and a — b &€ S is at least nk/2 — 3k%.
Hence the total number of edges is at least

15(n) nk 9
(k: m 5 >n+ 5 3k*,

as required. O

The following idea is key:

Claim 2: If a pair (S,7) is good, then there exists a subset U C (G, N Oa,) \ T' with
|U| < |T|, such that T C Ng,(U) and in Gg there is matching of size |U| from U to T

Proof of claim. To see this, we simply take a maximal matching M from T to G, \ T in
Gs and let U be the set of vertices in G, \ T that are incident to M. By construction,
|U| = |M| < |T| and M is a matching of size |U| from U to T.

It remains to prove that 7" C Ng,(U). Suppose not, i.e., assume that there is a vertex
a €T\ Ng,(U). Since G, \ T is an independent set in Gg, and by the minimality of 7', it
follows that a has a neighbor b € G, \ T'. But a € Ng,(U), so b ¢ U, and thus M U {a,b}
is a matching from 7" to G, \ T which is larger than M. This contradicts the choice of M,
and so T'C Ng,(U) as claimed. O

The plan for the rest of the proof is now clear. Say that a triple (S, T, U) is good if (S, T')
is good, U C (G, N Oz,) \ T and T' C Ng (U). Let Z' = Z'(k,¢,m, j) denote the number
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of good triples (S,7T,U) with |S| =k, |T| = ¢, |U| = j, and with m pairs {z,2n —z} in S,
and let
n k/2 & /¢

= ZZZZZ’I{KWL]
k=1 m=0 =0 j—=0

By Claim 2 and the observations above, if there exists a maximum-size sum-free set B #
G, N Oy, then Z > 1, and hence

]P’(SFO(G,,) v {Gpmozn}) <E[Z] = ¥ E[Z(ktm.j)]. (20)
k.l,m,j
It thus will suffice to bound E[Z'(k, ¢, m, j)] for each k, ¢, m and j. We shall prove that
E[Z'(k,t,m, )] < n~* if kp < 1, and E[Z'(k, ¢, m, j)] < e~ V™ otherwise.

Let us fix k, m, £ and j, and count the triples (S, T, U) which contribute to Z’(k, ¢, m, j).
There are at most 3"(," ) choices for the set S if n & S (since S intersects k — m of
the pairs {x,2n — x}), and similarly there are at most 3* (k_;;_l) choices for S'if n € S.
Regardless of whether n € S or n € S, there are at most (}) choices for S with |S| = k.

Now, for each S C Es, and ¢,7 € N, let W(S,/,7) denote the number of pairs (7, U)
such that T, U C G, N Os,, TNU =0 and T C Ng,(U), with |T| = ¢ and |U| = j.

Claim 3: If |S| =k and 0 < j < ¢ < k < epn, then
E[W(S,¢,5)] < ( ¥ < (Clogn)?. (21)

Proof of claim. We have at most (?) choices for U, and, given S and U, there are at most

(31;3‘) choices for T, since T C Ng,(U) and A(Gg) < 3k. Since T and U are disjoint, the
probability that 7' and U are contained in G,, is p**7.
To simplify the computation, note that for fixed ¢ and k£ with 0 < ¢ < k < epn, the

functions (;‘)p7 and (3’;j) are increasing in j if 0 < j < £. Therefore,

sl 5o ()(5) () (4) < (22

Since, for any a > 0, the function z — (9)56 is increasing for 0 < x < £, and 3e2p’n > 1,
and 0 < ¢ < k, the quantity in the right-hand side of (22) is max1mlzed when ¢ = k. ThlS
yields (21). O

Finally, recall that if (S, 7T, U) is good, then no edge of the graph

QS,T,U = Gg [Ozn \ (T U U)}

has both its endpoints in G,. Let S(k, m) denote the set of S C Ey,, with |S| = k and with
m pairs {x,2n — x} in S. We have

E[Z(ktm.j)] < Y PB(SCG,)EWS. L)) -max {P(e(GsrolG)) =0) }, (23)

SeS(k,m)
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where the maximum is taken over all pairs (7, U) as in Claim 3. Hence, to complete the
proof, it only remains to give a uniform bound on the probability that e(Gsrv[Gp]) = 0.
We shall do so using Janson’s inequality.

Note first that, by Claim 1, A(Gsrv) < A(Gs) < 3k and

(Geira) > e(Gs) — () +UDAGs) = (L2100 o)

Let p = 2p?n, let i/ = p?e(Gsru) (the expected number of edges in Gsr,u[G,]) and

observe that "
3
Fpin < A= Y plPiBl ¢ (2)p3n.
Bi~Bs
where the summation is over pairs of edges of Ggr ¢ sharing an endpoint. There are two
cases.

Case 1. A <.
In this case we shall show that E[Z'(k, ¢, m,j)] < n=*. By Janson’s inequality, we have

/ 2 1
P(e(GsrulGy]) = 0) < e 1202 < e rt e (%S(”)p%w@%). (24)
Suppose first that A < ep. Then kp < 1, and so
A 3C 1
—p+ Bl +O0(P’K) < —(1—e)p=—(1—¢) Tklogn < - (5 + 26) klogn, (25)

since p?n = C'logn and C > 1/3 + 2¢, if ¢ > 0 is sufficiently small. By the comments
before Claim 3, we have

2m+15(n) 2 k n 2nm n 2n(m-+1)
> )eXp<Tp” S ST o) 1)

SeS(km
en h=m en kmm=lo
< 3hep’nm + [ — el " .
[(k - m) k—m—1

But m < k/2, so = < 3%” Thus

Z exp <2Tn+—ls(n)p2n) < 20(k)ncm (%)k_m (1 4 knc—l)' (26)
)

2
SeS(k,m

Since the vertex set of Ggryp is disjoint from S U T U U, it follows that the events
e(GsrulGyl) =0 and S,T,U C G, are all independent. Therefore, by Claim 3 and (23)-

(26), and some simple manipulation,
2 1
S[70 L] < BClogne a0 S gy (IS0
SeS(kym)

< <O(1) -p-(Clogn)?. n~Y272%. %)k (knc_l)m (14 k") < n=F



28 JOZSEF BALOGH, ROBERT MORRIS, AND WOJCIECH SAMOTIJ

as n — 00, assuming that C' < 1. If C' > 1 then the same calculation works, but we do not
need to estimate so precisely; we leave the details to the reader.

The case A > eu is similar, so we shall skip some of the details. Note that k& > /n,
that (26) still holds, and that

A 27.2 21 _g
_M_l_EjLO(pk;)g—?_ 5klogn.
Thus
k
E[Z'(k,t,m,j)] < (O(l) -p-(Clogn)?-n=3/5. %) (kn™)™ (1 + kn“) < n~k,

using the fact that k& > 2m. Thus, if A < g/ then E[Z/(k, £, m, j)] < n~F, as claimed.

Case 2. A >/
In this case, we shall show that E[Z'(k, £, m, j)] < e"V™. Indeed, by Janson’s inequality,

P(e(GsrulGyl) =0) < exp (—0;22) < exp (-fg—l) ,

since ¢/ > &. We shall also need an improved version of Claim 3 when k is large, since the

bound (31‘”) on the number of choices for T" becomes very bad. Fortunately the following

bound is trivial: ,
n\ (n ' n
E[W(S,¢,5)] < i L 2k,
[W(S,¢,5)] (€> (j)p (k) p

Recall that we have at most (Z) choices for S, and that k < epn and pn > /n. By (23),

3 3k
E[Z/(k,g,m,])] < <Z> p?)k’e_ﬂ /(18A) < <%> e—pﬂ/? g 6_ﬁ7

as claimed.

Having bounded E[Z'] in both cases, the result now follows easily by summing over k, ¢,
m and j. Indeed, by (20), together with the application of Theorem 3.1 noted at the start
of the proof, we have

epn k/2 k¢
P(SFO(G,,) ”: {Gpmogn}) < S S S SB[ Z(k4m, )] + o(1)
k=1 m=0 (=0 j=0

< Z(k’ + 1) max {n_‘gk,e_\/ﬁ} +o0(1) = 0
k=1
as n — 00, as required. O
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