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Abstract

A graph is called H-free if it contains no copy of H. An old result of Kleitman
and Winston [12] states that there are 20("**) Cy-free graphs on n vertices. Fiiredi [8]
showed that almost all Cy-free graphs of order n have at least ¢ - ex(n,Cy) edges for
some positive constant ¢ > 0. We prove that there is an € > 0 such that almost all
Cy-free graphs have at most (1 — ¢) - ex(n,Cy) edges. This resolves a conjecture of
Balogh, Bollobéds and Simonovits [4] for the 4-cycle.
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1 Introduction

Let H be a fixed graph. A graph is called H-free if it does not contain a copy of H as a
(not necessarily induced) subgraph. We will denote the family of all labeled H-free graphs
on the vertex set [n] = {1,...,n} by F,(H). Let ex(n,H) be the Turdn number of H,
i.e. the maximum number of edges that an H-free graph on n vertices may have. The
problem of estimating |fn(H )| has been an object of intense study. Erdés conjectured (see
[5]) that if H contains a cycle, then |F,(H)| = 20+ ex(n) The conjecture was resolved
in the affirmative by Erdés, Frankl and Rodl [7], under the additional assumption that
X(H) > 3. More precise estimates and structural results can be found in Balogh, Bollobés
and Simonovits [2]. The case of bipartite H is still wide open. For some partial results see
[11] and [12].

The following statement can be proved using the methods from [2] and [3]. Let H be a
fixed non-bipartite graph. Then for every positive £ > 0, almost all H-free graphs of order n
have at least (3 — ¢) ex(n, H) and at most (5 + ¢) ex(n, H) edges. It is not unreasonable to
claim a similar behavior when y(H) = 2, though it seems that the case when H is bipartite
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is much harder to handle. The main reasons might be that if y(H) = 2, all H-free graphs
are sparse (i.e. ex(n, H) = o(n?)) and no Erd8s-Simonovits type stability results are known.
There are natural settings where a similar concentration around the half does not occur. For
example, recently Gerke and McDiarmid [9] proved that the expected number of edges in a
random n-vertex planar graph is at least (13/7+o0(1))n > (3n—6)/2. Still one should expect
that the number of edges in a “typical” H-free graph is bounded away from the extremal
values, ex(n, H) and 0. Balogh, Bollobas and Simonovits [4] formalized this intuition in the
following conjecture.

Conjecture 1. For every bipartite graph H that contains a cycle, there is a constant ¢ =
c(H) > 0 such that almost all H-free graphs on n vertices have at least ¢ - ex(n, H) and at
most (1 — ¢) - ex(n, H) edges.

The lower bound is known only for H = C (see [8]) and Cy (the argument from [§]
can be quite easily extended using methods from [11]), whereas the upper bound has not
been proved for any bipartite H. In this note we estimate the upper bound for H = (Y,
consequently resolving Conjecture 1 for the 4-cycle.

For a fixed real number ¢ € (0, 1), let F=(H) denote the subset of F,,(H) consisting only
of graphs that have at least (1 —¢) - ex(n, H) edges. Our main result is the following.

Theorem 2. There exist an € > 0 such that

PR (Cy)l
lim —/——= = 0. (1)
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We would like to remark that our result seems to be closely related to another classical
Turdn-type problem of estimating ex(G(n, 1/2), Cy), proposed by Erdés and Spencer (see [6]).
Trivially almost surely we have

(% +o(1)) ex(n,Cy) < ex(G(n,1/2),Cy) < ex(n,Cy), (2)

but no better estimates are known. Since actually the proof of Theorem 2 shows that for
some € > 0,

|72 (Co)| = 2720 F ()] (3)

it follows that if Erdés’ conjecture was true for Cy, i.e. |F,(Cy)| = 200 ex(nC) “then (3)
coupled with a simple first moment argument would improve the upper bound in (2) to
(1 —¢') - ex(n,Cy), for some positive constant &’ > 0.

The remainder of this paper is organized as follows. In Section 2 we introduce some
notation and prove some technical lemmas. The proof of the main result, Theorem 2, is
given in Section 3.

2 Notation and technical lemmas

Given an arbitrary set A, we will denote its power set (i.e. the set of all subsets of A) by
P(A). For a positive integer k, the set of all functions from A to the set {0,..., &k — 1} will
be abbreviated by k4. Given a graph G and a subset of its vertices A C V(G), the subgraph
induced on V(G) — A will be denoted by G — A. The number of edges in G is e¢(G). Given



a vertex v € V(G), its degree in G is denoted by deg(v) or simply deg(v), whenever G is
clear from the context. The minimum degree of G is §(G) = min,ey(q) dg(v). Finally, for
any A C V(G) and v € V(G), we let deg(v, A) denote the number of neighbors of v in A.

First, let us recall that ex(n,C,) = HTO(Dn?’/ 2. Suppose that G is a Cy-free graph on n
vertices which has at least (1 — ) ex(n, Cy) edges. If the minimum degree of G was smaller
than %nl/ 2 then by removing a vertex of smallest degree from G, we would increase the
relative edge density (the ratio e(G)/v(G)?/?) of the resulting graph. Since removing vertices
cannot create a copy of Cy4 in our graph, the relative edge density will never exceed % +0(1),
and hence we cannot continue removing low degree vertices indefinitely. It follows that after
removing a relatively small set of low degree vertices from our graph GG, we will obtain a graph

with large minimum degree. We formalize the above discussion in the following Lemma.

Lemma 3. For every positive constant o > 0, there is an € > 0 such that the following
holds. Let G € F:(Cy), where n is large enough. Then there is a set X C V(G) of size
| X| < an such that §(G — X) > (3/4 — a)n'/2.

Proof. Fix ¢ = a?/3. Define an ordering of the vertices of G as follows. Let v; be a vertex
of minimum degree in GG. Provided that vy, ..., v; have already been defined, we let v;,; to
be a vertex of minimum degree in G — {vy,...,v;}. Since every subgraph of G is Cy-free,

and ex(n, Cy) < 2"%#, the function

2(n — k)32 + (n — k)

flk) = 1 —e(G—{v1,...,uc})

is non-negative for all k.

Let ko be the smallest number such that 6(G — {vy,...,v.}) > (3/4 — a)n'/?, or kg = n
if such number does not exist. If kg < an, then X = {vy,..., vk} is good for our purposes.
Otherwise for all k¥ < an we have

(n—k)®32—(m—-k+1)%*? 1

flk)—f(k—-1) = 5 —Z—|—deg(vk,V(G)—{vl,...,vk,l})

—Z(n — k)Y 4 (Z — a) n'/?
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It follows that

—F(0) < flan) = £(0) = 3 (k) = f(k = 1) < an- (=Tn'/?) = =,
k=1
and hence
3/2 9
(@) = )< 2T T (12 3 1 o(1)) - ex(n, ),
4 4 4 2
which is a contradiction. ]

The next Lemma formalizes the following intuition. A random partition of the vertex
set of a graph into two sets of sizes a and b splits neighborhood of each vertex roughly in
proportion a : b.



Lemma 4. For all positive reals 3,p € (0,1) there exists an ng = no(3,p) such that the
following holds. Let n > ng and G be an n-vertex graph with minimum degree 6(G) > log® n.
Then there exists an A C V(G) with |A| € ((1—p)Bn, (14 p)Bn) such that for allv € V(G),

(1= p)Bdeg(v) < deg(v, A) < (1+ p)Bdeg(v).

Proof. Let us pick, randomly and independently, each vertex of G with probability 5. Let
A be the set of selected vertices. By Chernoff bound (see, e.g., Corollary A.1.14 in [1])

Pr[[[A] = Bn| = pBn] < 27,

where ¢ is some positive constant depending only on 3 and p. Similarly, for every vertex v
we have

Pr [| deg(v, A) — Bdeg(v)| > pBdeg(v)] < 2ecde8(v) < 9(G) < gpclog’n,

By the union bound the set A has all the required properties with probability tending to 1
as n goes to infinity. Hence, provided that n is large enough, there exists a set A satisfying
all the required conditions. O

The key ingredient in the proof of Theorem 2 is the following Lemma, which builds on a
slick counting argument of Kleitman and Winston from [12], which was later used in many
papers, including [10], [11] and [13].

Lemma 5. Let G be an n-vertex Cy-free graph with minimum degree §(G) > § > %nl/Q.
Suppose we want to add to G a new vertex v of degree d > %nlm, so that the resulting graph
remains Cy-free, and moreover we have already chosen pd neighbors of v, where p € [0, 1].
Then the number of ways we can select the remaining (1 — p)d neighbors of v is at most

20(log3 n) (n/5 o pd) .
(1=p)d

Proof. We slightly modify the argument from [12]. The key idea there was the following.
We proceed in d steps, adding one edge between v and G at each step. At the first step all n
vertices of G are eligible to become neighbors of v. At each step we list all eligible vertices in
the following way. After ¢ vertices have been put on the list, the (i + 1) vertex is a vertex
that is connected by a path of length 2 to the greatest number of eligible vertices not yet
on the list. We then locate the vertex with the least index (in the above ordering) that we
want to connect to v and add the appropriate edge to our graph. All vertices preceeding the
chosen vertex on our list, as well as all vertices connected to it by a path of length 2, become
ineligible.

The key observation in [12] is that after merely 2 = nd~2logn < 4logn steps the set
of eligible vertices, from which the remaining d — 2z neighbors of v must be chosen, has size
at most n/0. If 2/ out of the first z neighbors of v were the already chosen ones, we have
to select the remaining (1 — p)d — z + 2’ vertices to complete the neighborhood of v from a
set of size at most n/d — pd + z’. Hence the overall number of choices for the (1 — p)d new
neighbors of v is bounded by

S "

2/<z



By our assumptions on d, we have z < 4logn, and hence we can bound (4) by
(2 +1) (n) (n/6 —pd + z) < gollog™) (n/5 —pd)
z (1-p)d (1—p)d

Finally, we need the following well-known estimate. Let
H(z) = —zlogyx — (1 —x)logy(l —x)
be the binary entropy funtion.

Lemma 6. For every 0 < ¢ = An < n,

1 onH(\) n < gnHQ)
n+1 —\/)

3 Proof of Theorem 2

Very vaguely, the idea of the proof can be summarized as follows. If G is a Cy-free graph
with large minimum degree, then the number of ways in which we can remove a certain
proportion of its edges is much larger than the number of ways we can add the same number
of edges back, so that the resulting graph remains Cy-free. In other words, every G € F£(Cy)
has many more different subgraphs F' € F,,(Cy4) than the number of supergraphs in F:(Cy)
that any such F' can possibly have. This implies that |FZ(Cy)| = o(|Fn(Cy)|). In the sequel
we will formalize the above discussion.

Consider an arbitrary mapping

0 1 Fo(Ch) — P(Fu(Ch) x 21" x nl).,
For a triple T' € F,,(Cy) x 2" x nl"l | let

WT) = {GeFi(Ch): T e p(G)}.

Counting appearances of all triples 7" in the images ¢(G), where G ranges over F:(C,) and
T ranges over F,(Cy) x 2" x nl"l yields

Do le@)] = Y (D)l (5)

Equality (5) implies an obvious bound on the size of F;(C}), namely

supg [T
nk Jotcn) 1) o

Now, inequality (6) combined with any o((2n)~") bound on the supy [¢(7T)|/infg |o(G)|
ratio (for a carefully chosen ) will imply (1).

}ffl(cﬂl < (2n)"

Since the remainder of the proof gets a tad technical, we will start by giving its short
and informal outline. We start (Lemma 3) by noting that every Cy-free graph G with

5



many edges, i.e. one with e¢(G) close to the extremal number ex(n, Cy), contains an almost
spanning subgraph Gy with minimum degree about %nl/ 2. Next, using Lemma 4, we find
a subset A C V(Gy) of size about fn such that the minimum degree of G' = Gy — A is
still almost %nl/ 2 and all the vertices in A have (approximately) at least Z%nl/ 2 neighbors in
V(G"). Given such a set A we define ¢(G) to be the set of all graphs obtained from G by
deleting p = 90% cross-edges incident to each vertex in A, together with all the necessary
information to identify the set A and reconstruct all relevant degrees after such a deletion.
Roughly speaking this proves that

Bp1/2 \ " 0.35173n3/2
(@)= (1)) 2 "
1

Finally, given a triple T consisting of a graph F', a set A C V(F') and the list of degrees that
the vertices in A had in the original Cy-free graph G 2 F', we prove, using Lemma 5, that
the number of supergraphs G 2 F with T' € ¢(G) is at most

401/2 N\ 7P (
p 0.34678n3/2
(T)| < {sup (3 )] ~ 2 . 8
o(1)] o ®)
Combining (7) and (8) with (6), we conclude that |F5(Cy)| < 2_9(”3/2)|fn(C’4)‘.

Let us start by defining the mapping ¢. Fix some very small constants «,3 and p
(we will specify them later), and let € be as in the statement of Lemma 3. Recall that
p = 0.9. Suppose n > ng/(1l — «), where ng is as in the statement of Lemma 4. Finally
fix some G € F:(C,). By Lemma 3 there is a subset X C V(G) of size | X| < an such
that §(G — X) > (3/4 — a)n'/?. Now, by Lemma 4, we can find an A C V(G) — X of size
|Al € (1= p)(1 —a)Bn, (1+ p)Bn) such that, if we let ' =G — X — A4,

(
¢ 3(G) = (1= (1+p)B)(G = X) > (1= (1+p)B)(3/4 — a)n'?, and
o deg(v,V(G")) > (1—(1+p)B) degs_x(v) > (1—(14p)B)(3/4—a)n'/? for every v € A.
We define ¢(G) to be the set of all triples (F, X U A, f), where

B deg(v,V(G')), ve X UA,
fv) = { 0, otherwise,

and F' is any subgraph of GG obtained by deleting, for each vertex v € X U A, a set of
(1 —p)deg(v,V(G')) edges connecting v to V(G").

Claim 7. For every G € F;(Cy),
lo(G)| = 9H(p)(1=p)(1=a) (1= (1+p)B)(3/4—a)Bn/2~O(nlogn)

Proof. 1t suffices to count the number of subgraphs F' appearing in the definition of ¢(G).
By our bounds on the size of A and the degrees of vertices in A, this is at least

11 deg(v, V(G") \ o (n 4 1)~ 11 . 2H®) Tyea desv.V(E)
Uy aegv,viery) =
> (n+ 1)*(1+p)5n . 2H(p)(1*p)(1*a)(1*(1+ﬂ)ﬁ)(3/4*a)ﬁn3/2’
where the first inequality follows from Lemma 6. O
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Let T = (F, S, f) be a triple from the image of ¢. The way we defined ¢ guarantees that
the set S has size at most (1 + p)Bn + an, and F' — S has minimum degree 6(F — S§) >
(3/4 — a)n'/?. By Lemmas 5 and 6, we get the following bound on the size of ¥ (T):

omtegtmy T (0 = 1SD/((3/4 = a)n'?) — pf(v)
p| < 2 I (1-p)f() )
: n2/(3/4 - a) — pf(v)
o(nlog®n)
=2 11 ( (1-p)f() )

H 2(n1/2/(3/47a)7pf(@))H(M)

< 9o(nlog’n) n172/(3/4-0)-pf (v)

veS
< 2o(nlog3 n) . 2((1+p+a)5+a)sn3/2

where (we let d = f(v)n=/?)

s = sup [[1/(3/4—O‘) —pdH (1/(3}1:]2)({— pd)] '

If weset « =p=0,3=10"" and p = 0.9, then s < 0.3467, and hence

() < e,
On the other hand Claim 7 gives
()] > p

Since all the functions in question are continuous in « and p, if all these parameters are
small enough, we will have

supp |¢(T>| < 274-10—8%3/2
infg [p(G)] — ’

and therefore by (6)
’]_—2(04)} S 2—2~10_8~n3/2 ) ‘fn(04)|,

provided that n is large enough.
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