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Abstract

The k-parameter bootstrap percolation on a graph is a model of
an interacting particle system, which can also be viewed as a variant
of a growth process of a cellular automata with threshold k > 2. At
the start each of the graph vertices is active with probability p and
inactive with probability 1 — p, independently of other vertices. Pres-
ence of active vertices triggers a percolation process controlled by the
recursive rule: an active vertex remains active forever, and a currently
inactive vertex becomes active when at least k of its neighbors are ac-
tive. The basic problem is to identify, for a given graph, p—, p* such
that for p < p~ (p > p™ resp.) the probability that all vertices are
eventually active is very close to 0 (1 resp.). The percolation process is
a Markov chain on the space of subsets of the vertex set, which is easy
to describe but hard to analyze rigorously in general. We study the
percolation on the random d-regular graph, d > 3, via analysis of the
process on its multigraph counterpart. Here, thanks to a “principle of
deferred decisions”, the percolation dynamics is described by a surpris-
ingly simple Markov chain. Its generic state is formed by the counts of
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currently active and nonactive vertices having various degrees of per-
colation capabilities. We replace the chain by a deterministic dynamic
system, and use its integrals to show — via exponential supermartin-
gales — that the percolation process undergoes relatively small fluctu-
ations around the deterministic trajectory. This allows us to show
existence of the phase transition within an interval [p—(n),p*(n)],

such that (1) p(n) — p* = 1 — n%(i)% y/P(Bin(d — 1,1 —y) < k));
y€(0,

(2) pt(n) — p~(n) is of order n=1/2 for k < d — 1, and n~%", (g, |
0,eplogn — o0), for k=d — 1.

1 Introduction

In a seminal paper [25] McCullogh and Pitts attempted to describe the brain
as a network of interacting neurons. The neurons are visualized as the ver-
tices of a directed graph with weighted edges. At each moment a vertex
can be in one of two states, 0 (“passive”) and 1 (“active”). If the weighted
sum of the states of a vertex’ neighbors exceeds (resp. falls below) a given
threshold value, the vertex state at the next moment is 1 (resp. 0). Given
an initial data, this switching rule determines, in principle, the time evolu-
tion of the configuration of active vertices. A “local” nature of the rule has
made a computer simulation of the dynamic networks a very efficient tool.
McCullogh and Pitts proved that this scheme is broad enough to include a
universal Turing machine as a particular case. The neuron network model is
mathematically close to the cellular automata introduced later by Ulam [28]
and von Neumann see [14]. A popular cellular automaton is Conway’s ‘Game
of Life’ (see [20] and [9], Ch. 19). Unlike the neuron networks, the underlying
graph of a cellular automaton is usually the two-dimensional grid, thus has
a rigid built-in structure.

As often with appealing mathematical models, similar dynamic processes
have been suggested in other venues, such as spread of epidemics, gossips,
percolation, voter models, interacting particles etc. (See, for instance, Dur-
rett [17], Grimmett [21] and Liggett [24].)

In this paper we study a dynamic version of percolation known as a
bootstrap percolation. Let G be a connected graph. Assume that each vertex
can be in one of two possible states, inactive or active. At time 0, each



vertex is active with probability p, independently of all other vertices. At
time ¢, where ¢ is a positive integer, the state of each vertex is updated: if
a vertex was active at time ¢t — 1 then it stays active; otherwise it will be
activated if it had at least k active neighbors at time ¢ — 1. Here k£ > 2 is
given. Introduce P(G,p) the probability that each vertex sooner or later will
become active. It is intuitively obvious, and can be proved rigorously, that
P(@G, p) is a nondecreasing function of p. (The case k = 1 is excluded, since
here P(G,p) is simply the probability that at least one vertex is initially
active, which is 1 — (1 — p)/V(@1) For a constant 0 < ¢ < 1 let

p. = inf{p : P(G,p) > c}.

Given (small) positive constant € one would like to determine the e-window
of the process, i.e. to find the interval [p., p1_.].

The bootstrap percolation was first mentioned and studied —in statistical
physics context— by Chalupa, Reich and Leath [16] for the d-regular infinite
tree T,. To be sure, they considered a “dual” process: given an integer m, at
each round every active vertex with fewer than m active vertices is deleted.
However, for £ = d — m + 1 the two processes are equivalent. Very recently,
Balogh, Peres and Pete [7] studied a broader class of the infinite trees and
graphs. Their general estimates enabled them to obtain an alternative proof
of the result in [16]. In the language of the k-parameter process, P(Ty,p) =0
or 1 dependent on whether p is less or more than p*, the supremum of all p
for which the equation

P(Binom(d —1,(1—z)(1—p)) <d—k—-1) =z (1)
has a real root z € (0,1). Furthermore,
* 1 * (d B 2)2d_5
p ‘k:d*l =1- ﬁ and b ‘k:2 =1- (d _ 1)d,2(d — 3)(1,3‘ (2)

p* can be interpreted as a critical probability.

After pioneering work [16], van Enter [18] Schonmann [27] studied the
bootstrap percolation on the infinite 2-dimensional grid and the d-dimensional
grid respectively. In particular, Schonmann proved that if £ < d then the
critical probability of the process is 0, otherwise 1.

A substantial effort has been put into analysis of the bootstrap process
for the “mixed” case, i. e. for G belonging to a sequence {G,},>1 of ever-
larger finite graphs G,. Popular cases are the n x n square grid or tori,



the n-dimensional hypercube, etc. In this case p is allowed to depend on
n, and the central issue is an asymptotic behavior of p.(n) and p;_.(n). Is
p1_e(n) — pe(n) going to zero as n — oo, and if so, is lim, o p1_c(n)/p:(n)
equal to 1, or at least bounded? “Yes” means intuitively that there is a sharp
phase transition in the limiting behavior of the percolation process. And if
there is a phase transition, does the transition interval shrink to a limiting
point, or no limit exists? If the limiting point exists and non-zero, then it is
usually called a critical probability.

Aizenmann and Lebowitz [1] found the bounds for p.(n) in the case of
the d-dimensional grid [1,n]? and k = 2. Cerf and Manzo [15] generalized
the bounds for parameter 2 < k < d. The central case £k = d = 2 was also
studied in [4], and the culmination point was reached by Holroyd [22], who
discovered a sharp asymptotic formula for the critical probability. Balogh
and Bollobés [6] determined up to constant factor p.(n) for the case of the
n-dimensional cube and k£ = 2.

The question whether the transition is sharp, i. e. whether lim,_,
P1—e(n)/p:(n) = 1 for all € > 0 remained wide open in most of the cases.
As a notable exception, Balogh and Bollobas [5] proved that for [1,n]¢ and
k = 2, the transition is indeed sharp. (The proof utilizes a powerful result of
Friedgut and Kalai [19] on sharp thresholds for monotone graph properties.)
It is probably true that the transition is sharp for all £ € [2,d], but no rigor-
ous proof has been found.

That the sharp results have been so elusive is due to analytical complex-
ity of a Markov chain describing the dynamics of percolation process on the
underlying graph. Our goal in this paper is a detailed study of the case
when the graph G, is the random d-regular graph G,, 4. (For the pioneering
work on G, 4 see Bender and Canfield [8], Bollobas [10], [11], Wormald [29],
[30].) Since in the vicinity of each vertex w.h.p. the graph G, 4 looks like
a subtree of the infinite tree Ty, it seems plausible that p* (see (2)) is the
critical probability for G, 4. We are not aware of any existing proof of this
deceptively simple conjecture. The issue of the width of phase transition
interval [p.(n), p1_<(n)] is even murkier, as it has no natural counterpart for
the percolation on T,;. The only related result we know of is due to Bollobas
[13], who proved that the critical probability for G, 4 is bounded away from
0 forall 2 <k < d.

We use a multigraph version of Gy, 4, known as “configuration model”
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([10], [11]) and a “principle of deferred decisions” to describe the dynamics
of percolation as a Markov chain, which is perfectly tailored for asymptotic
study. (The substitution is justified since the random multigraph is in fact
simple with probability bounded away from zero as n — 00.) A generic state
is the counts of currently active and nonactive vertices of various degrees of
percolation capabilities. We replace the chain by a deterministic dynamic
system, and use its integrals to show — via exponential supermartingales —
that the percolation process undergoes relatively small fluctuations around
the deterministic trajectory. The techniques are reminiscent of those used by
Pittel, Spencer and Wormald [26] for a k-core problem, by Aronson, Frieze
and Pittel [3] for a maximum matching problem on random graphs, and by
Aldous and Pittel [2] for a study of random graphs with immigrating ver-
tices. The approximation estimates are sharp enough to identify the critical
probability, and thus to confirm the conjecture, and also to estimate the crit-
ical width. The bound of the latter turns out to be dependent on whether
k<d—1lork=d-1.

2 Main results

First we introduce some definitions and notation. Let G, 4, the random
d-regular graph on n vertices, with d > 3 be the underlying graph of the
bootstrap percolation process. (It is well-known, [29], that G,, 4 is connected
with probability 1 — o(1), n — oco.) Assume that, for each vertex, the exci-
tation threshold is &k > 2. Suppose there is given a deterministic subset A
of vertices that are active at time ¢ = 0; Z = A° is the set inactive vertices
at time ¢t = 0. Let p denote A’s density, i. e. p = A/n, A = |N|. Let Zf
denote the random final set of inactive vertices for the bootstrap percolation
process initiated by the active set A, and Iy = |Z;|. The complete activation
means that I; = 0. The distribution of I; depends, of course, on p. (For
k = 1 the limiting probability of complete activation is 1 even if A = 1,
or p = 1/n.) Our task is to identify the critical density and to bound the
transition window enclosing it.
Introduce
) : def y
pr=1- b Ru.p) RWp) = pEnao1iog <h)

where Bin(d—1, 1 —1y) stands for the binomially distributed random variable,
with parameters d — 1 and 1 — y. For £ < d — 1 the infimum is attained at




an interior point y*; in particular for £ = 2 and d > 3,

@-D@-3) . (@d-2*F
d—22 P T T @-nd2(d—3)ds

*_

For k=d—1,
pP=1-F0+)=1—-(d—1)""

By the definition of p*, the equation

p=1—R(y,p)

has no roots y € (0,1) if p > p*. We will prove that for p < p* this equa-
tion has exactly one root §(p) in (0,1) if £ = d — 1, and exactly two roots
in (0,1) if k < d—1, in which case it is the larger root that we denote by 7(p).

Suppose that 2 < k < d— 1.

Theorem 1. Let w = w(n) — oo slowly enough, so that logw = o(logn).
(i) If p > p* +wn~'2, then

lim P(I; = 0) = 1.

n—oQ
(i) If p < p* —wn =2, then for each v > 1/2

lim P(I; = nh(§(p)) + O (n"*w?(p" —p) %)) = 1,

n—oo

where
h(y) < (1 - p)P(Bin(d, 1 —y) < k).

Note. Thus, for £ < d — 1, p* is the critical probability for complete acti-
vation. The part (ii) means intuitively that for p noticeably below p*, the
number of eventually active neighbors of an initially inactive vertex is dis-
tributed binomially in the limit, with success probability equal 1 —§(p). The
estimates show that the transition window has width of order n~/2 at most.

Suppose that £ = d — 1. In this case if there is a cycle formed by the
initially inactive vertices then these vertices will remain inactive since at no
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time any of them will have more than d — 2 active neighbors. Thus there
will be no complete activation. Now, with the positive limiting probability,
Gp,q does contain short cycles, of length 3 for example, [30]. Therefore, for
every fixed density p < 1, with a positive limiting probability there is a cycle
of length 3, with all three vertices inactive at ¢ = 0. Hence limsup, P(I; =
0) < 1 for every such p. In other words, the limiting probability of complete
activation is below 1 for every p < 1. If Iy # 0, its natural to consider the
density n~'I; of the inactive “diehards”. We say that w.h.p. there is an
almost complete activation if n= Iy —p 0.

Theorem 2. (i) Suppose p—p* > n=¢, where e = e(n) | 0 and elogn — oco.
Then
lim P(I; = O((p—p) %) = 1.

n—o0

(ii) Let p < p* —wn'?, 0 = 555, w = w(n) = oo, logw = o(logn). Then

lim P(I; = nh(j(p)) + O(n'~w™ (p* - p)™")) =1,

n—0o0
and the remainder term is negligible compared with the term nh(y(p)).

Note. Thus, for £ =d — 1, p* is the critical probability for almost complete
activation. If the bounds are tight, and we think they are, then the transition
window enclosing p* is quite asymmetric, unlike the case £ < d — 1. While
its lower part remains polynomially short, its length decreases as n_ﬁ,
which far exceeds n~'/2, the total window width for k¥ < d — 1. The upper
part of the window shrinks to p* as well, but infinitely slower than n=* for
any fixed a > 0.

Suppose that the set A of the initially active vertices is random, and inde-
pendent of G, 4. Suppose that A = |A| satisfies a condition

lim P(n~!|A — E[A]| < An~Y2) =1,
n—o0

for any A = A(n) — oo, A = E[A] + Op(n'/?) in short. These conditions
are met when, for instance, each vertex is initially active with probability p,
independently of all other vertices and G, 4.

Theorem 3. Under the above conditions, the statements in Theorems 1 and
2 hold for the parameter p wf n'E[A].
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Here is why. Conditioned on the set A, the random graph is still distributed
as G4, whence we have our standard case with a deterministic set of initially
active vertices. Thus Theorems 1, 2 apply. For w defined in Theorem 1, pick
A — oo such that A = o(w). We know that

P(B,) —1, B, {|A-EA]| < '/},

It remains to observe that on the event B, we can replace n 'A by its
expected value p = n 'E[A]. Indeed in all cases covered in Theorems 1, 2 we
have |p — p*| > wn~'/2, and on the event B,

nT'E[A] — n Tt A] < AnTV? < wnT Y2,

3 Bootstrap percolation process on G, 4.

3.1 Markov Chain

We begin with a model of percolation process on a given graph G = (V, F) in
which interactions between vertices are organized in rounds. We start with a
partition V' = A(0) |4 Z(0), .A(0) and Z(0) being interpreted as the initial set
of active vertices and the initial set of inactive vertices. Recursively, given a
partition V = A(t) l§ Z(¢t) after t > 0 rounds, we set

Alt+1) = A@)U{veZ®): T'(v)NA()| >k},
Z(t+1) = VNA(E+1);

here I'(v) is the set of neighbors of v in G. In words, every vertex still inactive
after ¢ rounds that has at least k£ active neighbors becomes active after the
(t + 1)-th round. The process terminates once either A(t) = 0 or Z(t) = 0.
Consider the case when G is Gy, 4, the (uniformly) random d-regular graph
on V = [n]. Clearly the distribution of {{A(t)}+>¢ depends only on [.A(0)].
Further, at each round we need to know only the neighborhoods of currently
inactive vertices, and partitions of those neighborhoods into active and non-
active vertices. Conditioned on the information about G, 4 gained after sev-
eral rounds, Gy, 4 remains uniformly distributed on the set of all d-regular
graphs compatible with this information. The power of these observations



is severely limited though, and an asymptotic study of the process is highly
problematic. To better appreciate the inherent difficulties the reader may
wish to look, for instance, at just the distribution of |A(1).

Our task is to find a surrogate percolation process which we can study
and be able to use to prove Theorems 1, 2. One important simplification is
that instead of rounds of activation we will use pairwise interactions, between
an active vertex and its inactive neighbor. (This is certainly analogous to
epidemic models in which it is customary to view pairwise interactions as
driving force in spreading epidemic diseases.) Each such interaction increases
activation level of an inactive vertex by 1. And once at some moment this
level reaches k, the inactive vertex becomes active. For this “slowed down”
percolation process the time is measured in those interactions, and at each
moment we have a partition of the inactive vertex set into k, some possibly
empty, subsets of vertices with activation levels 0,1,...,k—1. Of course, the
terminal set of inactive vertices for this process is the same as for the original
one. Since each step results in a relatively small change of the graph state,
one can expect that w.h.p. the scaled realization of percolation process will
be close to a solution of the approximating system of differential equations.
This device is quite similar to the approach developed in [26] for a core
problem.

However, pairwise interaction between two vertices can occur at most
once: Gy, q is a simple graph, so parallel edges are forbidden. Because of this
restriction, the Markov chain for the localized percolation process on G, 4
is forbiddingly complex. Our second crucial simplification is that instead of
Ghp,qa we consider MGy, 4, the random d-regular multigraph. (In [3] a similar
substitution was used for analysis of a matching algorithm on a sparse random
graph discovered by Karp and Sipser [23].) Now the parallel edges, and
even the loops, are allowed! (d-regularity means that for each vertex v the
double number of loops at v plus the number of parallel edges incident to v
is d.) MG, 4 is generated as follows, Bollobds [11]. Introduce sets Sy, ..., Sy,
|S;| = d, representing the vertices 1,...,n, respectively. Assuming that nd
is even, there are (nd — 1)!! complete matchings on S = U;S;. Let M,, be
the uniformly random matching on S. If s’ € §;,s" € S; are partners in M,,
we draw an edge between vertices ¢ and j. If ¢ = j, then we draw a loop
at vertex ¢. The resulting random multigraph is MG, 4, as it is uniformly
distributed on the set of all d-regular multigraphs. As we will see shortly,
the percolation process on MG, q is perfectly amenable to asymptotic study.
The question is then how do we translate the results in terms of G, 4 itself?

9



The key is that, conditioned on the event S,, = {no loops, no parallel edges},
MG, 4 2 Gh,4. Furthermore

lim P(S,) = exp(—(d —1)/2 — (d — 1)?/4) > 0,

n—oo

[10], [30]. So, for every multigraph property Q.,,
P(Gn,d € Qn) = O(P(MGn,d € Qn))a

whence
P(Gna € Qn) =0(1) if P(MGpa € Qn) =o0(1).

We are ready to describe the bootstrap percolation on MG, 4, or rather
on the random matching M,, which determines MG, 4. Let A(0) C [n] be a
set of vertices active at ¢ = 0. Let Z(0) = [n]\.4(0) denote the set of inactive
vertices at t = 0. It is natural to call all points of a subset S; active (inactive)
if the “host” vertex i is active (inactive). For the first step, we pick a pair
{si,s;} € My, s; € S;, s; € Sjsuch that, i € A(0), i. e. s;is active, and then
delete both s; and s; from S; and S; respectively. Recursively, after ¢ steps
we will have A(t), Z(t), the sets of currently active and inactive vertices, and
the sets S;(t) C S;, ¢ € [n]. At step t + 1 we (a) pick an active point

s € Si(t), i€ A,

(b) identify its partner
s" e S;(t), je€ln],

(c) delete both s' and s" from the sets S;(t) and S;(t). If s” is currently
inactive, i. e. hosted by a currently inactive vertex 7, and s” is the k-th point
deleted from the initial set S;(0) = S;, then 7 and the remaining points in
Si(t+ 1) are declared active from this moment on.

To specify the process completely, we label the points of S by indices
from 1 to nd, and at each step we pick as s’ an active point with the lowest
index.

Given the information on the active points and their partners picked and
deleted in the first ¢ steps, the random matching on the nd — 2¢ points still
present remains uniformly distributed. Effectively it means that, conditioned
on the full prehistory, at step ¢t + 1 we select s” uniformly at random in the

set Usem Si() \ {5/
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Let S(t) = {Si(t)}in)- The process {S(t),.A(t),Z(t)}+>0 is obviously
Markov. Introduce

L) ={ieZ): [Si()=d=j}, 0<j<k-1;

I;(t) is the total count of currently inactive vertices whose points were picked
as partners of active points j times after ¢ steps. In particular, Iy ;(¢) is the
total count of those vertices which are one pairwise interaction away from
becoming active. Introduce

k—

Ity =Y _(d - j)L(1),

0

—_

~

the total count of currently inactive points, and likewise

Aty =) IS,
i€ A(t)

the total count of currently active points. Let I(t) = (Lo(¢), ..., Ir—1(t)). It is

easy to see that {A(t),I(t)}+>0 is also Markov. Let us compute the one-step

transition probabilities. There are three possibilities.

(i) s” is currently active. The (conditional) probability of this outcome is

A(t) -1
AN —1+10)° (3)

The next state is
Alt+1) = A(t) — 2, (4)

(ii) s is in a currently inactive set S;(¢) of cardinality d — j, with j < k — 1.
The probability of this outcome is

(d—j)L;(t)
A -1+ 1) (5)

The next state is

Alt+1)=A() -1,
Lt +1)=L(@), ((#7,)+1), (6)
Li(t+1) = Iit) — 1,

Lipi(t+1) =L () + 1.
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(iii) s” is in a currently inactive set S;(¢) of cardinality d — k + 1. The
probability of this outcome

(d =k + 1) Ip_y(t)

AQ) —1+1() (M)
The next state is
At+1)=Alt)+d— k-1,
Lt+1)=1t), j<k-—1, (8)
Ik_l(t+ 1) = Ik_l(t) — 1.

Averaging over the possible transitions, we obtain the equations for expec-
tations E[-|o] of A(t+1), Io(t+1), ..., Ix—1(t+1) conditioned on A(t), Iy(t), ..., Ix—1(%):

(d—k+1)(d — k) Io_1(t) — 2A() — I(t) +2

E[A(t + 1)[o] =A(t) + FOFSIOES] :

B¢+ Dlel =hot) ~ o g5 =1 ()
E[I,(t + 1)|o] =I,(t) + (d—j+ D)) — (d—J)I;() 0<j<k-1).

A +1(t) — 1 ’

3.2 Differential equations approximation

The equations (9) make it plausible that n™' A(n7), n~'I;(n7) are likely to be
close to a(7), 4;(7), the (deterministic) solution of the system of differential
equations

, [(d—E4+1)(d—k)]ig_y — 2a —i

a = , ,
a-+1

. —di

I = 10
‘o a+1 (10)

d it Do — (d— )i
U R ROU S Sl Uik ) Ry P )
a+1i

under the initial conditions

a(0) = dp, i(0) = d(1 —p), iw(0) =1-p, i;(0) =0, (0 <j <k—1). (11)
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The system (10) has a surprisingly simple solution. Since A(t) + I(t) =
A(0) + 1(0) — 2t, we should expect that

a(t) +i(r) = a(0) + (0) — 27.
This is indeed true, because it follows from (10) directly that

%(a—ki) _ o

Introduce
w=u(r) = In(a(r) +i(r)) "2, (12)

(
so that 7 = 0 corresponds to ug := u(0) = In(a(0) 4 (0))~'/2. Using (12) we
obtain linear equations for f;(u) =i;(u(7)), (0<j <k —-1):

dfo
% __df(]: (13)
% =(d=j+1)f—(d—j)f; i>1.

For arbitrary u; and initial values f;(u), the solution is

() = ) 3 (d - ) (L= ey ), (14)

r=0 ‘7 -r
0 < j <k —1. This formula is obviously true for j = 0. Suppose it holds for
some j > 0. Then using
d —j—1)(u—u —j—1)(u—u .
L (FjpaeldI) = (TG ) (),

and the inductive hypothesis, we obtain

Fir(u)eld= D7) — g (uy)

= (d— ) ZJ: fr(u) (d B T) /u(1 e m)yire owm) g

r=0 J=r u1
j .
d—J d—r —(u—u1)\j—r
=3 g (1) 0 ety
r=0
J
d—r —(u—u1)\j+1l-r
=Ygt (17 Jame ey
r=0
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And this proves (14) for fji1(u).
Going back to 7, for u; = uy we transform (14) into

In particular, for the conditions a(0) = dp, i,(0) =1 —p, i;(0) =0, j > 0,
we have then

ij(r) = (1—p) (j’) S g, y= (1 20 )d) .

Consequently
alr) =d — 27 — 3 _(d - 1)is(r) = dS(u.p), (16
S(y,p) :==y* — (1 = p)yP(y) = yP(y)[R(y) — (1 - p)], (17)
P(y) :=P(Bin(d — 1,1 —y) < k), (18)
9
R(y) : P (19)

From the origin of S(y,p) it is clear that our focus is on §(p) = inf{y :
S(y,p) > 0}. Conjecturally, the percolation process terminates around the
time ¢t ~ n7(p), 7(p) being determined by

9(p) = (1 - 27(p)/d)".
According to (17), we need then to have a close look at R(y) defined in (19).

We have .
Ply) —yP'(y)
P2(y)
Using the definition (18) of P(y), after some algebra we obtain

R'(y) =

P =@ 1)) (20)

Therefore

P(y) —yP'(y) = —(d —1—k) (d !

d—k
L)t om) <o vio,

14



0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 1: The function R(y) for d = 4, k = 2, with infinum 8/9.

if K <d—1, because

P(y) = (Z: 1)yd‘k(1+0(y)), y 0.

At the other end,

P(1)-P(1)=P(1)=1>0.
So, staying with the case k < d—1, inf{R(y) : y € (0,1]} is attained at some
point of (0,1). Since P(y) — yP'(y) < 0 (resp. > 0) for y L 0 (resp. y 1 1),
and

(P(y) —yP'(y)) = —yP"

——@=B(y ) )= k=) =y 2] e o),

P(y) — yP'(y) = 0 has a unique root y* € (0,1). (Otherwise there would be
at least three roots, counting multiplicities, and P” = 0 would have at least
two interior roots.) In particular, a simple calculation shows that for k& = 2,
and d > 4,

. d=-1)(d-3)

(d o 2)2d—5
y - (d . 2)2 )

R(y") = (d— 1)d2(d—3)d3

Using the definition (17) of S(y,p) and k& < d — 1, we see that S(y,p) ~
y? > 0, y | 0, uniformly for p. From the above discussion it follows that in
fact S(y,p) > 0 for all y € (0, 1], iff

(d _ 2)2d—5
(d—1)42(d — 3)¢3"

p>p E1-Ry)=1-
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For p = p*, the graph of S(y, p) touches the interval [0, 1] from above at the
unique positive point y*; in particular

S(y*,p*) =0, Sy(y*ap*) =0, Syy(y*’p*) > 0.

Let p < p*. Since R(y) decreases for y < y*, and increases for y > yx,
there are exactly two points in (0,1) —y;(p) < y* and y2(p) > y*— where the
graph of S(y,p) crosses y-axis; in particular, y,(p) is §(p) introduced above.
And y1(p) 1T v*, vo(p) | y* as p 1 p*. Let y(p) denote a minimum point of
S(y,p) for p < p*. Clearly y(p) € (y1(p), y2(p)), so that y(p) — y* as p 1 p,
and

S(y(®),p) <0, Sy(y(p);p) =0, Sy (y(p),p) > 0.

We need to extend y(p) to p > p*, and to determine a sharp estimate of
S(y(p),p). To this end, let us prove first that S,,(y(p),p) > 0 for y > y(p)
and p < p*.

Since S(y,p) ~ y%, vy | 0, S(y,p) has a (local) positive maximum on
(0,y(p)). So Syy(y,p) = 0 has at least two roots in (0,y(p)), separated by
the maximum point. Furthermore, direct computation yields

Syy(y,p) =2—(1—p)(d—k) (Z: 1)
Xy R — )2 (d -k + 1 — dy).

It follows from this formula that Sy, (y,p) > 0fory | 0 and y 1 1. If Sy, (y, p)
changes its sign, or has a root of even multiplicity, somewhere between y(p)
and 1, then Sy, (p) = 0 has at least four roots, counting multiplicities. If so,
Syyy (Y, p) must vanish at three or more points in (0,1). But, differentiating
the last expression, we obtain that for £ > 3

Syyy(y) = byd_k_Z(l - y)k_g(a2y2 + a1y + ao),

and for k = 2
Sy (y) = Bry® *(ony + o).

S0 Syyy(y) may vanish only at two interior points. Thus Sy, (y, p) is positive,
and bounded away from 0, uniformly for y > y(p), p < p*.

Positivity of Sy,(y,p) on [y(p), 1) implies that y(p) is a unique stationary
point of S(y,p) on [yi1(p),1). And y(p) is continuously differentiable as a
function of p on [0, p*]. Moreover, y(p), defined as a root of S, (y, p) = 0, has
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Figure 2: The function S(y,p) for d =4, k=2 and p < p*, p=p*, p > p*.

a differentiable extension for p close enough to p* from above. This time y(p)
is the local minimum point of S(y,p) on (0,1]. Thus, for ¢ > 0 sufficiently
small, y(p) is well defined on [0, p* + ¢] and

Sy(y,p) > 1 >0, (ye€lylp),1], pel0,p"+e]). (21)

Convexity of S(y,p) on [y(p),1] implies that in fact y(p) is the absolute
minimum point of S(y, p) on [y(p), 1]. Finally, using differentiability of y(p),

dS(y(p), p) (35d_y+35>

. a5 08§
dp

dy dp ~ 9p y=y(p) Op y=y(p)
=y(p)P(Bin(d — 1,1 —y(p)) < k) >0, (Vp<p"+e).

Therefore, for p — p*,
S((p),p) ~clp—p"), =S8y p") >0. (22)
Consider now the case 2 < k =d — 1. It is easy to see that in this case

S(y,p) =y* —y(1 —p)[t - (1 —y)*'].
In particular 0 is the root of S(y,p) = 0 of multiplicity 2. Furthermore
S(y,p) 2 y°[1 — (1 —p)(d—1)],
so S(y,p) >0, y € (0,1], if p > p*, where
pr=1-(d-1)"

If p < p*, then

17



Figure 3: The function R(y) for d = 4, k = 3 with infinum 1/3.
2 *
y'(p—p")
S ~

(v,p) 1

As S(1,p) = p > 0, S(y,p) = 0 has another root §(p) € (0,1). From
convexity of (1 — y)¢! it follows that this root is unique. Unlike the case
k<d-1,9(p)|0asp1p*. More precisely

<0, ylo.

2(d — 1)
d— 2

y(p) ~ -(p*—p), ptp". (23)

Thus we anticipate that the percolation process is likely to terminate after

nd . nd .
5 (L=9()°) = = = O(n(p” = p)*)
of pairwise interactions, i. e. after using almost all pairs in M,,.
Furthermore, S(y,p) attains its negative minimum at y(p) € (0,9(p)),
and a simple computation yields: for p 1 p*

y(p) N% -(p* = p), (24)
S(y(p).p) ~ —ci(p* —p)°. (25)

In addition, for p 1 p*,
Syy(y(p),p) ~ c2(p” — p). (26)

From
Syy(¥:p) = (1 = p)(d —1)(d - 2)(1 — »)**(3 — dy)
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Figure 4: The function S(y,p) for d =4, k=3 and p < p*, p=p*, p > p*.

it follows, like in the case k < d — 1, that Sy, (y,p) > 0 for y > y(p). In fact,
for y < d/3, Syyy(y,p) > 0 and consequently

Syy(y(),p) < Syy(y,p) < Syy(y(p),p) +c3(y —y(p)), v € [y(p),3/d].

Therefore, see (26),

Sy(y,p) > Sy(y(p), p) + Syy (y(p), p)(y — y(p)) > cs(p” — p)(y — y(p)). (27)
On the other hand, invoking (25),
S(y,p) < S(p),p) + 5Su (), p)(y — y(0)* + L(y — y(»)®
< (=@ -+ -p)y—y®)*+ @y —yp)). (28

Both (27) and (28) hold for y € [y(p), 3/d].

3.3 Concentration of the process

Our task now is to show that w.h.p. the percolation process stays close to
the deterministic trajectory described in the previous section.
To this end we need to find some “good” functions Fj(x), (x := (a, i, - - -, k—1)),
0 < j <k —1, that remain constant on every solution of (10). Replacing in
(14) uy with u, and u with 0 say, we obtain

J
. d—r )
(dij)u 1 — U -77Tf :f 0 0< <k—]_ 29
€ . € r U ) 7= :
> (57r) 0 he =50 29
Given u, let M(u) be a lower-triangular k& X k& matrix with

d—r
j—r

[M(u)];r = e<dj>“< )(1 —e"YTT 0<r<j<k-1.
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Comparison of (14) and (29) shows that actually

d—r

(M (u)), = e (j - 7‘> (L—e™y™, 0<r<j<k-1 (30)

The entries of M~'(u) are uniformly continuous on [0,00). Now e* = (a +
i)~1/2 so

J

: d— j—T

(a +14)~(@=9)/2 E (j B :) (1-(a+ i)_l/Z)J ir = const, 0<j<k-—1,
r=0

on every solution of (10). So we are led to the k functions

Fi(x) = (a+1) 7@ 37 (d - ) (L= @+

| — T
r=0 J

(0 < j <k —1), whose values are preserved on every solution x(7) of (10).
Equivalently, denoting the right hand side vector function in (10) by R(x),
we have

R(x)*gradF;(x) =0, 0<j<k-—1. (31)

Notice also that each Fj(x) is of order (a +4)~%? for a +i — 0, and its first
and second order derivatives are of order (a -+ 1)~ (*2/2 and (a + j)~(¢+4)/2
respectively.

Denote X(t) = (A(t), Iy(t), ..., Ix_1(t)). Following the method developed in
[26], and in [3], we will use these integrals to show that w.h.p. Fj(n 'X(t))
stays very close to F;(n 'X(0)), as long as A(t) + I(¢) remains sufficiently
large.

Proposition 4. Let w = w(n) — oo however slowly. Introduce T the first

time t when either min{A(t),I(t)} =0 or A(t) + I(t) < nw @2 . Then

P {max (0 X(0) ~ Fy(n X)) > 2 =0 (e /"),

t<T

uniformly for z > 0. Consequently, for some absolute constant ¢ > 0,

t<T

P {max ‘n_IX(t) — X(n_lt)| S Z} -1-0 (e—cz(n/w)1/2) ‘
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Proof. Consider j = 0 for instance.

1
(I) Suppose that ¢ is such that min{ A(¢), I(¢)} > 0 and A(¢)+1(t) > nw™ 4,
i. e. t <T in other words. Introduce

Q(t) = exp { (n/0) 2 [Fo(n™X(1)) ~ Foln ' X(0))]}.
Let us evaluate E[Q(t + 1)|o]. First of all,
QU +1) = Q1) exp {(n/u) P [Foln X (¢ + 1) — Fo(n™ X ()]} (32
Here
Fo(n'X(t+1)) — Bp(n™'X(t) = (n'X(t+1) —n~'X(t))*grad Fy (X), (33)

where X is a point on the line segment connecting n'X (¢ + 1) and n'X(#).
Since |X (¢ + 1) — X(t)| is bounded by an absolute constant, we see that

At +1)+ I(t+1) > 0.5nw @,

Consequently )
lgrad Fy(%)| < c(@+1)"@2/2 < w2,

It follows then from (33) that
(n/w)?|Fy(n X (t + 1)) — Fy(n X (2)] < con™ 2. (34)
Therefore

exp {(n/w)l/2 [Fo(n'X(t 4+ 1)) — Fo(n'X(¢))] } (35)
<1+ (nfw) 2 (Fy(n X (t +1)) = Fy(n™1X(t)) + csn™ L.

Applying to the increment of Fj in this formula the second-order Taylor
approximation yields: for some intermediate % on the line segment [n ™' X (¢+

1),n7' X (1)),

Fy(n ™' X(t+1)) — Fo(n™'X(2)) (36)
=(n"'X(t+1) — n'X(t)) grad Fo(n'X(t)) + O(n2(a + 1)~ @9/2),

Since .
a-+1>0.5w a2,
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the remainder term in (36) is O(n"!). So (35) reduces to

exp { (n/w)?[Fy(n 'X(t + 1)) — Fo(n 'X(¢))] } (37)

<14 (nfw)?(n1X(t+1) — n X (t))*grad Fy(n 1 X(t)) + can !
Since the right hand side in (37) is linear in X(¢ + 1), we can compute its
conditional expected value using (9). Denoting by R(X(t)) the differences
E[A(t + 1)[o] — A(t),...,E[lx_1(t + 1)|o] — Iy 1(t), determined in (9), and
comparing them with R(x) (the right hand side of the differential equations
(10)), we evaluate

E[(n'X(t+1) — n 'X(¢))*grad Fy(n "X(t))|o]
=n "R(X(t))"gradFy(n "X(t)) (38)
=n""R(n~'X(t))grad Fy(n ' X(t)) + O(n~ ' (A(t) + I(2)) ™).

The remainder term follows from the observation that |R(X)| is bounded by
a constant and that consequently

IR(X()) = R(n™'X(t))| < es(A(t) +1(1)~"
And —punch line- the first term in (38) equals zero, see (31). Therefore
E [exp {(n/w)'? [Fo(n™'X(t + 1)) — Fo(n™'X(1))] }| o] (39)
<1+en™ +O0((n/w) /2™ (A®) + I(t )) ) <1+esnl.
Combining (32) and (39) we get
EQ(t + 1)o] < Q) (1 +esn ), VE<T. (40)

(II) Define
ol QU)1+en™)™, t<T,
M +en ™), t>T.
It follows from (40) that {Q(t)}i>0 is a positive supermartingale. Given
z > 0, introduce 7T the first ¢ < T such that |Fy(n X (t))—Fy(n X (0))| > z;

set 7 =T + 1 if no such t exists. Obviously 7 is a stopping time. So by
Optional Sampling Theorem (Durrett [17], Ch.4),

E[Q(T)] < Q(0) = Q(0) = 1.
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On the event {7 < T},
Q(T) > (1 + 65771_1)_Tez(n/w)l/2 > e_C5T/”6Z(”/w)1/2 > e—csez(n/w)lﬂ.

At the last step we used 7 < n; that’s where the O(n ') remainder term
came up so handy! So

P {I?SaTX |Fo(n™'X(t)) — Fo(n~'X(0))| > z}
EQ(T)]

6—05e,z(n/w)1/2
1/2

<P{Q(T) > s/ <

— 605e—z(n/w)

The same argument works for every Fj, j < k.

(IIT) Using the definition of Fjs, we have therefore: with probability
1— O(e‘cz("/w)lp),

| M(U1))(n™'L(1)) = M(U(0))(n~"1(0))| < 2.

Here I(t) = (Iy(t), ..., Tr—1(t)), U(t) = In(n " (A(t) + I(t)))~/?, and M (u) is
the kxk matrix defined by the linear transformation (29). Since M~ (u) M (v)
= M~'(u —w), and the entries of M~!(u) are bounded for u € [0, c0), we see
that

|n='L(t) — M1V (£))n~'I(0)| < 2,

with probability 1 — O(e-=("/«)""*) Here

n~tA(0) + nt1(0)
Vit)=In ( nLA(t) + n—1I(t)

)1/2 = In(1 — 2t/nd) /%,
so that
M=V (#)n~'1(0) = i(t/n),

with i(7) the solution of the linear differential equations (13) subject to the
initial conditions 4;(7)| _, = n~'I;(t)|,_,- Combining this with

nTA®t) +n () =d - 2t/n = a(t/n) +i(t/n),

we conclude that

t<T

P {maX "I’L_]‘X(t) — X(n_lt)‘ S Z} -1— O(e_czz(n/w)l/z).
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4 Phase transition window

4.1 Casek<d-1.

Corollary 5. Let p—p* > wn™"/2, where w = w(n) — oo sufficiently slowly,
so that logn > logw(n). Then, for some absolute constant o > 0,

P {I(T) < nw_dTer} =1-0w™).
Consequently, for each € > 0, w.h.p. the terminal number of inactive vertices
15 below en.

Proof. Notice first that if I(7") > nw” @+ then, by the definition of 7', we
must have A(T) = 0 and I(T) = nd — 2T. Further, by Proposition 4 with

z = (w/n)/?70 § = 31?5“’ — 0, for the event

1/2-6
B, = {max 5@ =500 < ()}

P(B,)=1-0w™®), a>0.
On the event B, N {I(T) > nwfd_}ﬂ}, by the definition of i(7) and S(y, p),

we have

d (9)” S (D) — i(n T = dS(Y, p), (41)

n
9T\ /2
Yi=(1-— .

Since p — p* > wn~'/2, using (22) we obtain
S(y(p),p) > cwn™ %,
here y(p) is the local minimum point of S(y,p), (y(p) — y* as p | p*).

Observe that
1y 1/2—6
wn >>( ) ,
n

as

1 logn 1 1
- logw — &logn = > (== 2 ) logw — oo.
(2+(5) ogw — dlogn <2+(5 5logw> ogw > (2 3) ogw — 00
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Then (41) and the properties of S(y,p) imply that Y? is small, of order
(w/n)?7% and so

I(T) = ndY? = O(n(w/n)?>7%) = O(n(w/n)*?) < nw .

Thus we have proved that I(T) < nw” @ on the event B,, such that
P(B,)=1—-0(w™®). O

Lemma 6. Let m < m, = o(n). The random d-regular multigraph on n
vertices has no submultigraph on m vertices with 3m/2 or more edges with
probability 1 — O(n™1).

Proof. We use the equivalent configuration model. There are n disjoint
sets Si,...,Sn, each of cardinality d, and we consider the random pairing
chosen uniformly at random among all (nd — 1)!! pairings on U;S;. Let us
compute E(m,r) the expected number of unordered collections S;,, ..., S;,
such that there are exactly r pairs of points in US;;. There are (") collections
Siis---,95i,,. Given such a collection, we pick 2r points from their union in
(Tgf) ways, and pair them in (2r —1)!! ways. The remaining md — 2r points of
these sets are matched with some md — 2r points from the remaining n — m

sets S;, and this step can be done in

(n —m)d [(n —m)d]!
(md —2r ) (md —2r)! = [(n —2m)d + 2r]!

ways. Finally we pair the remaining (n — 2m)d + 2r points in [(n — 2m)d +
2r — 1]!! ways. Multiplying all the numbers, dividing by the total number of
pairings, (nd — 1)!!, and using (2m — 1)!! = (2m)!/2™m!, we obtain

(n (md)! [(n—m)d]!  (nd/2)!
E(m,r) = (m) 22r—md pl(md — 2r)! (nd/2 — md +r)! (nd)!

Notice that r < md/2 < m,d/2 = o(n). For this range of m,r, the above
expression yields

(md)!
mlri(md — 2r)!’

E(m,r) < (14 O(my/n))"E*(m,r); E*(m,r):=n""

Observe that, for r, m in question,

E*(m,r +1)

E*(m,) = 0(n~"m"/r) = O(m,/n) = o(1),
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Z E(m,r) < (14 O(my/n))*™2E*(m, 3m/2).

r>3m/2
Furthermore
(md)! (md)! md —m/2 12
— < m m
m!(3m/2)!(md — 3m)!  (md —m/2)! \m,3m/2,md —3m/) — (md)™=3™,

so, as my, = o(n),

> (14 0(mp/m))*™2E*(m, 3m/2)

1<m<n

<O(m™M)+ ) <(mz)l#)m =0(n™).

2<m<my,

Hence the expected number of submultigraphs with the number of vertices
m < m,, falling below the number of edges by a factor 2/3 or less is of order
n~1. So, with probability 1 — O(n™!), no such submultigraph is present. [

Corollary 7. For p — p* > wn~'/2, with probability 1 — O(w™®) no inactive

vertex remains at the end of the process.

Proof. By Corollary 5, with probability 1 — O(w™?), I(T) the number of
inactive points at the stopping time 7', is nw~"{*?) at most, and then so
is the size of Zy, the final set of inactive vertices. Such a set, if present,
induces a submultigraph of minimum degree at least d — k + 1 > 3, thus
having at least 1.5|Z| edges. For |Z;| < nw™/(+2) = o(n), by Lemma 6, the
probability of the last event is O(n~!). Hence the probability of incomplete
activation is of order w™® +n~! — 0. O

Corollary 8. Let p — p* < —wn™ 2, where w = w(n) — oo sufficiently

slowly, so that logn > logw(n). Let §(p) denote the larger positive root
of S(y,p) = 0, (g(p) — y*, p — p*), and 7(p) denote the smaller root of
a(t) =0, 7(p) = (d/2)(1 — §(p)?). Then, for each v > 1/2, with probability
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A(T) =0,
ZI (T) =nP(Bin(d,1 — §(p)) < k) + O(nl/Quﬂ(p* —p)_l/z),
7= ”Qd(l — ) + O (" = )

=n7(p) + O(nl/Qaﬂ(p* — p)’1/2).

Note. Thus w.h.p. the stopping time 7T is the termination time, n='T is
asymptotic to the smaller root 7(p) of a(r) = 0, and n~'I; is asymptotic to
P(Bin(d, 1 — §(p)) < ).

Proof. The argument runs parallel to the proof of Corollary 5. First of all,
since now p — p* < —wn~/2,

S(y(p),p) = min{S(y,p) : y € [y(p), 1]} < —cwn /2,

Introduce 7(p) = (d/2)(1 — y(p)?). By the definitions, a(7(p)) = dS(y(p), p)-
Set T(p) = [n7(p)]. Intuitively it is unlikely that 7" > T'(p) since otherwise
n~'A(T(p)) would be close to a(r(p)), which is negative! Let us make it
rigorous. As in the proof of Corollary 5,

P(Bp) =1 - 0O(w™),
B, ::{ max |n~1I;(8) — ij(n~'1)] < (8)1/26}, 5 :ﬁlogw.

t<T, j<k logn

On the event B, N {T > T(p)}, we have

W\ 1/2-0

T A(T(p)) <n”(nd - 20(p)) = i(n 7' T() + 1 (5
=as((p).p) +er (2)
< — cown 1/2+cl (n)l/Q 5,
and the last expression is negative for n large, by the definition of §. Thus

B,N{T > T(p)} is empty, and B, C {T' < T'(p)}.
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Further, on the event {T" < T'(p)},
A(T) + I(T) =nd — 2T > nd — 2T (p)

=nd (1 2765 )) +0(1) = ndy(p)* + O(1),

which is of order n exactly. Likewise

1/2—6
n YI(T) >i(n 'T) —03( )
2

so that I(T) is of an exact order n as well. Therefore A(T') = 0 on the event
B,.

Assume that B, happened. We already know that 7" < T'(p). Having
proved that A(T) = 0 allows us to show that in fact 7"~ n7(p) and Iy, the
size of the final inactive set Zy is close to nP(Bin(d, 1 — 4(p)) < k).

First,

0= n~1A(T) d—%—z( -17) 4 0 [(n>1/2 ‘5] (42)

=dS(Y,p) + O [(n)l/2 6} LY = (1— %)m.

Y > (1 - QTEip))m - (1 - 2:510))1/2 = y(p),

Here

n

where y(p) is the minimum point of S(y,p). (42) means that S(Y,p) is of
order (w/n)'/?7%, so that ¥ must be close to §(p), the root of S(y,p) =0 to
the right of y(p). Indeed, since S,(y(p),p) =0,

S(y,p) < S(y(p),p) +ci(y —y(p))? ¢ =05 max{|Sy,(y,7) : y,m € [0,1]}.

So, using this inequality for y = §(p) and y = Y together with S(¢(p),p) = 0,
(42), and (22),
Y —y(p), 9(p) —y(p) > "(p* — p)'/%. (43)
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Now notice that by (21), for y > y(p) + ¢"(p* — p)*/?,

Sy(y.p) = Sy(y(p), p) + c1(y = y(p)) > erc"(p* — )2, (44)
Combining (43), (44) with S(9(p),p) = 0, (42), we obtain
. (w/n)l/Q—d
Y —g(p)| < CQW-
Therefore
d d
T =" (1-Y%) = (1= j0)°) + O(n"* ' " — p)7*7%)

=nt(p) + O (n*?w*P (p* — p) /2.
Consequently, by the definition of the event B,,,
Iy =) L(T)

j<k

=n Y [(1=p)ij(n 'T) +O((w/n)"* )]
j<k
=n(1—p) Y _i;(#(p)) + O(n' /> (p* — p)~1/?)
j<k

=n(1 — p)P(Bin(d,1 — 4(p)) < k) + O(n1/2w1/2+ﬁ(p* -p)" %), O

Proof of Theorem 1. Corollaries 7 and 8 together constitute Theorem 1.
U
4.2 Case k=d— 1.

Corollary 9. Let p > p*. If w — o0 and logw < logn then, for some
absolute constant v > 0,

P {I(T) < nw*ﬁ} =1-0w™).
Proof. For p € [p*,1) and y € (0, 1),
1-y*'-

S(y,p) =y [1—(1—p)(d—1)+(1—p) 1—(d—1)y)]

S |~




So (see the proof of Corollary 5) on the event B, N {I(T) > nw_ﬁ}, we
have

W\ 1/2-6
d(ﬁ) > U(T) — i(n'T) > dS(Y,p) > cdY?,
Y = (1 — 2T/nd)*/?. Therefore
1/2-6 W\ 1/2-96
-1 < i(n-1 w _ _ (1 _ vd-1 w
n~'I(T) < i(n T)+d<n) dY(1—p)l—(1-Y) ]+d(n)
1/2—6
<d2(] — 2 w
<d?(1 1ﬁY’4—d(n>

w\ 1/3—26/3
Scl (_) )
n

so that

1/3—-25/3
w> / / < cln2/3wl/3.

I(T) < ein (ﬁ

It follows then that B, N {I(T) > nw‘dlﬁ} = (), so that

P@@Ugmﬁﬁ}zpw0:1—owﬂy

O
Since I(t) decreases with ¢ we obtain that w.h.p. the final set Z; of inactive
vertices has cardinality Iy = O(nw_dlﬁ), for w — oo sufficiently slowly. Since
k = d — 1, the submultigraph induced by Z; has minimum degree at least 2.

Lemma 10. Let p — p* > 0, and let A = A\(n) — 0o however slowly. Let S,
denote the total size of all induced submultigraphs of minimum degree 2 or
more on initially inactive vertices, each having at most £, = n\~(p — p*)?
vertices. Then

E[S,] = O((p—p*)~*?).

Consequently,
Sn = Op((p = p*) ™).

Proof. Again we work with the configuration model. Given ¢ < /,, let
N, ¢ denote the total number of induced submultigraphs of minimum degree
2 or more, containing ¢ initially inactive vertices. Let us compute E[N,, ;].
A collection of ¢ initially inactive vertices, i. e. the sets S;,,...,S;,, can
be chosen in ("(1[ p)) ways, as there are exactly n(1 — p) of initially inactive
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vertices, i. e. sets S;. Then we select from each S;; some §; € [2,d] points
such that A =} d; is even; this can be done in

()

ways. Lastly, we match the selected A points among themselves, in (A —1)!!
ways, and then match the remaining (nd — A) points among themselves, in
(nd — A — 1)!! ways. Consequently,

E[Ny ] = (n(lg—p)) > H( > ;;;ni 1)% =

2< 61,00 <d j=1

Therefore
")
Q(A) :=(A —1)!Y(nd — A = 1)!! Z H ( )

We need a sharp bound for the last sum. Generating functions and Chernoft’s

method to the rescue! Denoting f(z) = Z;LQ (;i) 27,

> H( ) -wrer < vese

2<6 <d
S14oiop=
Therefore
( n(1 p) at
E[Ny ] < !, > Q:
A=2¢
N V4
O(A) :=(A — 1)I(nd — A — 1)!!6? , V>0

Now, using A < df < nd\*(p — p*)?,

QA+2) A+1
Q(A)  (nd—A—1)?

1
9’
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if

. p—p
T
and c is chosen sufficiently large. For this x, we get then
("(1K—p)) 5
< =2—=—"0)(20).
]E[Nn,é] = En,é z(nd — 1)”Q( E)
Notice that , ‘
flx d
9 _ (D) a+owy,
and
(nd —2¢—-1)" p e 9vr g s
i =1+ O (nd) ™ = (1+ 0(a)(na)
1— l 1— J4 V4 1— Y4
("( , p)) —1+ 0™ 2~ (11 o™
Putting things together,
20— 1)
Boe =ar(1+ 0@ P a1 - )
2 ¢
— e@ 1-p
=c1(14+ O(x)) 520 (1 —p*) )
The fraction 272(*) is of order ¢~'/2. Since
l-p _,_pP- VP
1—p* 1—p*’
and = = o(p — p*), we see that >, , (E, is of order
1—p\* 1_p\ 32
A ((1—{—0(3:))1 p*> ~0 [(1 - 1‘1)
= —p —p
=0((p—p")™?).
]

Corollary 9 and Lemma 10 can be combined as follows.
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Corollary 11. Suppose p—p* > n ¢, wheree =¢(n) | 0, and €logn — oo.
Then w.h.p. the terminal inactive set contains at most O((p — p*)~%/?) ver-
lices.

Proof. By Corollary 9, with probability 1 — O(w %), I(T) the number of
inactive points at the stopping time 7', is nw” 2 at most. Then so is I [
the size of the final set of inactive vertices. Such a set, if present, induces a
submultigraph of minimum degree at least d — k + 1 > 2. Suppose that w
and A are such that .

nw @ < nA7H(p - pH)Z (47)
Then by Lemma 10 w.h.p. I; < O((p — p*)~%/?). If p — p* > n~¢ then (47)
satisfied for A = n® and w = n%(@*?) and the conditions of Corollary 9 and
Lemma 10 are satisfied as well. O

m, with A = A(n) — oo,

log A = o(logn). Then the statement of Corollary 8 holds, with the remainder
term O(n'=39\% (p* — p)~1).

Corollary 12. Let p — p* < —An" %, 0 =

Proof. As in the proof of Corollary 8, we introduce

d
() = (1 —y®)* T() =),
where y(p) is the minimum point of S(y, p). According to (24) y(p) is of order
p* — p, and —S(y(p), p) is of order (p* — p)® if p 1 p*. Let B, be the event
used in the proof of Corollary 5, with w — oo (w = o(n)) to be determined
later and § = 282 By Proposition 4, P(B,) = 1 — O(A™®), a > 0. On the

logn*

event B, N{T > T(p)}, under the assumption

w> 1/2—6 (48)

* 3
B> (_
(p* —p) -
we have

W AT() <dSi)p) o (2)

w) 1/2—46

<—@ -p’+a (g

<0.
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Therefore B, C {T < T(p)}. Further, on {T' < T(p)},

A(T) + I(T) =nd — 2T > nd — 2T (p)
—nd (1 - 275”) +0(1)
=ndy(p)* + O(1),

so that A(T)+I(T) is of the exact order n(p* —p)?. Next, for y = (1—27/d),
i(r)=dy(l-p)[1-(1-y)"] > ey
So, since I(T) > I(T(p)),

W (T >i(n” ' T(p)) — c3 (%)” 0

>c (1 - %?) — e (%)1/25

1/2-6
> (p" —p)® —cs (g) :

which means that I(T) is of the exact order n(p* — p)? too, if

. W\ 1/2-8
(" —p)*> (5) : (49)
But notice that if .
(p* —p)* > w T, (50)

then 1
I(T) > nw™ .

Thus on the event {T" < T'(p)}, I(T) far exceeds nw~ . By the definition
of the stopping time 7" we must have A(T) =0 on {T < T(p)}.

To comply with the restrictions (48), (49), (50) we have to choose w such
that

= s s, (2) 0 ()1

n n

A closer look at this restriction shows that our best choice is to set w = ni_ig,
1

which also explains the condition p* — p > An 2@ | with A = A(n) — oo,

log A = o(logn).
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Suppose the event B, has happened. We have proved that then neces-
sarily T < T'(p) and A(T) = 0. Then, see (42),

S(Y,p) =0 {(%)U”} . Y = (1 - %)1/2 > y(p),

so that, by (28),

(- =9+ 0 - DY )+ (- 2 0| (£)7].

This relation and (48) imply that

Y —y(p) > cs(p" = p)-
Recall, (23), that

~

9(p) —y(p) > cs(p” — p).
Using (27) we see that
min{S,(y,p) : p € [Y,§(p)]} > ¢*(p* — p)*.
Combining this estimate with S((p),p) = 0 and S(Y,p) = O((w/n)'/?~?)

we conclude that

Y =4(p)+0 [(E)I/H (r* - p)ﬂ :

n

Consequently

T=2(0- V?)

-+ [o(2)" o -0

=nt(p) + O(nlfz(dSTs)’L"(l)(p* _ p)*l).

Also
Iy =30 L) = n 3 [i,(T/m) + O((w/m) 1)

=n Y [(1 = p)ij(+(p)) + O(n” DA (p* — p) ™)

=n(1 — p)P(Bin(d, 1 — §(p)) < k) + O(n' X% (p* —p)™).
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Here

. . dy . .
nP(Bin(d, 1 — §(p) < k) ~n (2> 7*(p) > en(p* — p)®
>>n1—3<7)\60’(p* _ p)—l,

asp*—p>An°. O

Proof of Theorem 2. Corollaries 11 and 12 constitute Theorem 2 (i) and
(i). O
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