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ABSTRACT. The First-Fit chromatic number of a graph is the number of colors needed in
the worst case of a greedy coloring. It is also called the Grundy number, which is defined
to be the maximum number of classes in an ordered partition of the vertex set of a graph
G into independent sets Vi, Va, ..., V} so that for each 1 < i < j < k, and for each z € Vj
there exists a y € V; such that = and y are adjacent.

In this paper, we study the First-Fit chromatic number of outerplanar and planar graphs,
random graphs, and Cartesian products of graphs. We give asymptotically tight results for
outerplanar and random graphs. The results on Cartesian products of graphs allow us to

generalize some previous results.

1. INTRODUCTION

Given an ordering of the vertices of a simple graph G, a greedy (proper) coloring of G
assigns to each vertex the first available color not used on a neighbor vertex earlier in the
order. The First-Fit chromatic number is the number of colors needed in a worst-case greedy
coloring. An equivalent definition of First-Fit chromatic number is given below.

The First-Fit chromatic number of G, written as xpr(G), is defined to be the maxi-
mum number of classes in an ordered partition of the vertex set of G' into independent sets
Vi, Va, ..., Vi so that for each 1 <17 < j <k, and for each x € Vj there exists a y € V; such
that = and y are adjacent. A partition with this property is called a First-Fit partition or
simply FF-partition.

Historically, First-Fit partitions and the First-Fit chromatic number are also called Grundy
colorings and the Grundy number respectively. The study of Grundy coloring dates back to
the 1930’s [10], when Grundy used them in the study of kernels of directed graphs. Many
researchers have studied this coloring under different names, see |6] for details. It is believed
that Christen and Selkow [3| were the first to define and study the Grundy number as a
graph parameter. Some recent results about it can be found for example in Fiiredi, Gyarfas,
Sarkézy and S. Selkow [7] and Zaker [17].
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Stemming from a natural connection with the classical Dynamic Storage Allocation prob-
lem in computer science, Woodall [16] studied the First-Fit chromatic number of an interval
graph I with maximum clique size k& and showed xpr(Ix) = O(klogk). Kierstead [12]
eliminated the logarithmic term and showed that xpr(Iy) < 40k. After a series of papers by
Kierstead and Qin [13|, and Pemmaraju, Raman and Varadarajan [15], Brightwell, Kierstead
and Trotter [2] showed that xpr(Iz) < 8k. Kierstead and Trotter [14] improved the lower
bound by showing that for every € > 0, xpr(Ix) > (5 — )k when k is sufficiently large. We

study the First-Fit chromatic numbers of more general families of graphs.

Theorem 1. Let F be a family of graphs closed under taking subgraphs. Suppose that the
size of graphs in F is bounded linearly in the order; that is, there exists constants d and s,
d>1 and —2d < s < 0, such that e(G) < dn(G) + s for every G € F. Then for every
G e F,

xrr(G) < logd%rl(n) — logddil(d +1)+ (2d+2).

Irani [11] proved a similar result, showing that for the graphs above, xrr(G) = O(dlogn).
However, our constants are slightly better and the proof techniques are different.

As a corollary, we obtain upper bounds of the First-Fit chromatic numbers of planar and
outerplanar graphs.

Theorem 2. (i) Let G be an n-vertex planar graph. Then

xrr(G) <logys(n) + 8 —logy s(4).

(i) If G is additionally outerplanar, then
Xrr(G) < loggp(n) + 4 —logs s (3).

For infinite many integers n we construct planar graphs on n vertices with First-Fit chro-
matic number loggi/6n (note that 61/ ~ 1.348), and we show that the upper bound for
outerplanar graphs is asymptotically best possible.

We also study the First-Fit chromatic number of random graphs and give an asymptotically
tight result.

Theorem 3. Let G = G2 be a random graph with edge density 1/2. Then with high
probability (as n — oc),

36 n 10log, log, n n
1-— < G)<|1 .
( vIn n) log,n — xrr(G) < ( * log, n log, n
Note that the chromatic number of the random graph Gy ), is asymptotically n/(21log, n)

almost surely (see [1]), and the ratio of the two chromatic numbers is asymptotically 2. We

also obtain a tight concentration result of the First-Fit chromatic number of the random
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graph, which is analogous to the result of Shamir and Spencer (see [1]) about the tight
concentration of the chromatic number of the random graph.

We discuss the First-Fit chromatic number of Cartesian products of graphs in the last sec-
tion. Effantin and Kheddouci [4] proved that if G is bipartite, then xpr(GOP3) > xpr(G)+2.
Using this, they proved that xpp(C,, 0C,,,0...0C,,, ) = 2k + 1, where k£ > 2, m; > 4 and
m; is even (the case when all cycles are C, requires additional work). Note that this result
gives a short proof for the First-Fit chromatic number of hypercubes which was originally
obtained by Hoffman and Johnson [9]: A k-dimensional hypercube @) has FF-chromatic
number k + 1 except that xpp(Q2) = 2.

Here we generalize the above result to include odd cycles and prove the same lower bound
for GOP; and GOP,, but allow G to be non-bipartite as long as xrr(G) is even. As a result,
XFrF(CrmOCy,0...0Cy,, ) = 2k + 1 for all £ > 2 and m; > 4. For contrast, we constructed
graphs G with the property that xpr(GOP,) is as large as 2xpr(G).

This paper is organized as follows: in Section 2, we show the results on planar graphs, in
Section 3, we discuss the upper bound and lower bounds of random graphs respectively, and

in Section 4, we prove the results on products of graphs.

2. FIRST-FIT CHROMATIC NUMBER OF PLANAR GRAPHS

We begin with a technical, purely combinatorial lemma about sequence of integers. The

reader might want to skip the proof at the first time of reading.

Lemma 4. Given a sequence ai,ao,...,a; of integers and two constants d > 1 and s €
[—2d, 0] which satisfy
(i) a; > 1 fori=1,...,t,
(it) Yooy ae = n,
(i) Sop_; (0 —i)ap < d () jae) +5, fori=1,...,t —d.
Then
t <logasi (n) —logasi (d+1) + (2d +2).

Proof. Given a sequence aq, as, . .., a; that satisfies the hypotheses, we define a “shift” oper-

ation S; on such a sequence as follows:
Sj(al, ag, ..., (Lt) =ai,-..,05-1,05 + 1,6Lj+1 - 1, Aj12y-- -, Q-

Clearly, if ay, a9, ..., a; satisfies (i) and (ii), then S;j(ai, as,...,a;) does as well if a1 > 2.
For each j =t —1,...,1, we repeatedly apply S; to a1, as...,a; while a;1; > 1 and (iii)

holds. After this process we obtain a new sequence b, b, .. ., b; that satisfies the conditions

of the lemma for the same d and s, but, for each j =1,...,t —1, either bj;; =1 or bj; > 2

and (iii) does not hold for S;(by, b, ..., b;).
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Let iy be the smallest index j such that
(a) for any i with j <i <t b; =1, and
(b) for any ¢ with 1 < i < j, b; > 2 and S;_1(b1, o, ..., b;) violates (iii).

Claim A.t— (2d+1) <4y <t—(2d —2).

Proof. Note that if by, by, . . ., b; satisfies (iii), then S;(by, bo, . . ., b;) satisfies (iii) for ¢ # j+ 1.
Thus, if S;(b1, ba, ..., b;) violates (iii), then the violation occurs for ¢ = j + 1:

(1) i(ﬁ—j—l)b52d<i bg)—d—i-s—l-l.

t=j+1 e=j+1

Since Sjo—1(b1,ba, . .., b;) does not satisfy (iii), by (1), we have (=2t — @) (¢ — 4p) — s >
d + 1, where we use the fact that b; = 1 for all 75 <7 < t.
On the other hand, (iii) where i = 4y implies that

t t .
- 1
> (t—idg)by < d (Z bg> + s, that is, (tZT” - d) (t—io) — s < dby,.
l=ig l=ig

Thus, if (% - d) (t —i9) —s > d+1, then b, > 1. Therefore,

f—ig+1
2 PTt L g) (t—ig)—s>d+1if and only if by > 1.
2 0

Define

fle) = (le—d)x—s:%xQ—(d—l/Q)x—s.

By (iii), we may always apply S; for j > ¢t —d as long as a; > 2, thus we have ip <t—d+1,
and so t — iy > d — 1. Note that f(x) is increasing on the interval [d — 1/2, c0).

First we have iy <t — (2d — 2). In fact, if d > 3 for z < 2d — 3, f(z) < f(2d — 3) =
—2d+4+3—5 < 3 < d+1. Thus by (2), b;_, < 1 for every z < 2d—3. Therefore iy < t—(2d—3),
that is, 30 <t — (2d —2) if d > 3. It is clear that for d < 2,45 <t —1 <t — (2d — 2) as well.

We also have i >t — (2d + 1). In fact, since f(2d+1) =2d+1—s>2d+1>d+1, by
(2) bi—(2a+1) > 1. By the definition of 4, ip > ¢ — (2d + 1). O

Claim B. b; > 2 for all i < iy, and as a consequence, S; 1(b1, bo,...,b;) violates (iii).

Proof. We use downward induction on the index i. The base case is when 7 = i3 and we are
done.

Thus, we assume the inductive hypothesis is true for ¢, where 1 < ¢ < i3. Hence

(3) i(ﬁ—i)beZd(ibg>—d+s+1.

=i =)
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(iii) for ¢ — 1 states that

(4) zt:(ﬁ—i+1)bg§d(2bg>+8.

(=i—1 l=i—1

Subtracting (4) from (3), we have

t
(5) Y obe<dba+d—1,
{=1

which implies

t
dbiy > by+1—-d>(t—i+2)+1—d sinceb; > 2,
=i

> (t—(d—3)) —io
>d+1 since 79 <t — (2d — 2).

Hence b;_; > 2, and additionally S;(by, bs, . .., b;) violates (iii) when j = i—2. This completes
the induction. O

By Claims A and B, for by, bs,...,b we have that (iii) holds and b; = 1 for i > iy and
b > 2 for i < iy.
For i < i, we also have from (1) that:
¢ ¢ t
d (Zb@> —d+s+1<)y (U—i)b<d (Zbg) + 5.

We know from (5) that for i =1,...,ip — 1,

t
db; > D b+1—d.

{=i+1

Let Sp := Zz:k b;. Then for k < iy — 1,
(6) d(Sk— (d—1)) 2 (d+1) (Sg1 — (d—1)).
Thus, iterating (6) on k, we have (note that S; = n)
n—(d—1)=8 - (d—1) > (%)io_l (Si = (d—1)).
Taking logarithms of both sides and solving for 4,

ip < logddil(n —(d-1)) - logd%l(Sio —(d—=1))+1.
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Note that for ig <t — (2d —2) we have S;, =t — 49 + b;, > 2d, and that for ip > ¢t — (2d + 1)

we have
t§i0+2d+1glog%(n—(d—1))—logd%1(d+1)+1+(2d+1)
< logddﬁ(n) —log%(d—k 1)+ (2d + 2). O

Now we are prepared to prove Theorems 1 and 2.
Proof of Theorem 1. Suppose that xpr(G) = t. Then there exists a First-Fit partition
(Vi,Va, ..., V) of V(Q).

For 1 < <'t, let G; be the subgraph G[V;, Vi;1, ..., V] induced by the last ¢t —i+ 1 parts.
By definition of (Vi, V5, ..., Vi),

t

2D (=) |Vil.

Z:
Since G; is a member of F, G; satisfies the edge bound

e(G;) <d (i |Ve|> +s.

=

Hence, the sequence |Vi]|,|Val,...,|V;| satisfies the conditions of Lemma 4, and so
xrr(G) < log%(n) — log%(d—i- 1) + (2d + 2).

O
Proof of Theorem 2. (i) If G is a planar graph with n > 3 vertices, then e(G) < 3n—6. Since
planarity is preserved when taking subgraphs, the result then follows by applying Theorem 1.
(ii) Since outerplanar graphs with n vertices have at most 2n — 4 edges, we similarly obtain
the result. O

Proposition 5. For every ng, there is an n > ngy such that there exists an n-vertex planar

graph with First-Fit chromatic number at least loggi /e n.

Proof. A planar graph is called a triangulation if all of its faces are triangles. There exists
a triangulation H (see Figure 1) with 18 vertices that has First-Fit chromatic number (at
least) 9 (the vertices with label i belong to the U; in an FF-partition U{_,U; of H). The
graph H has the additional property that the vertices of H can be covered by exactly 6
independent triangles.

Given a triangulation G; and a set F of triangles that cover every vertex of G';, we can
substitute a copy of H for every triangle of . This forms a new triangulation G5 where
n(Gy) = 6n(G1) and xpp(Ga) > xrr(Gh) + 6 (indeed, V(Gy) = UL} U with U; = Vg
when i > 7 gives an FF-partition of G5, where U;Zl V; is an optimal FF-partition of Gy).

Note that G5 has a set of 6|F| triangles that cover every vertex of Gj.
6



FIGURE 1. An 18-vertex graph H with First-Fit chromatic number 9.

By iterating this procedure starting with G; = (5, we obtain a sequence G; of graphs
with 3 - 6'7! vertices and First-Fit chromatic number at least 3 4+ 6(¢ — 1). Hence, we have
constructed a series of planar graphs whose asymptotic First-Fit chromatic number is at

least loggi/s n, where n is the number of the vertices of the graph. O

By considering some more complicated graphs H, we could get a better lower bound, but
we do not believe this method can show that the upper bound is tight.
The following construction gives a lower bound for the First-Fit chromatic number of

outerplanar graphs.

Proposition 6. For every ng, there is an n > ng such that there exists an n-verter outer-

planar graph with First-Fit chromatic number at least log% (n+2)— log%(5) + 3.

Proof. We construct a sequence of outerplanar graphs as follows:

(].) GO - 03.



(2) Suppose the outer face of G; is v1vy . . . vy, in order, where n; is the number of vertices

of G;. Generate G4 by adding k = [n;/2] vertices uy, ..., u such that u; is adjacent

to vgj—1 and vy;, where j =1,...,k (if n; is odd, then u; is adjacent to v,, and v).

Then G;,; is also outerplanar and Xxrr(Git1) > xrr(Gi) + 1. As xrr(Go) = 3, we
have xpr(G;) > i+ 3. Since n; = n; 1 + [n;-1/2] < 3n; 1/2+ 1 and ny = 3, we have
n; < 5(3/2)' — 2. Thus xrp(Gy) > i+ 3 > logs (n; + 2) — loga (5) + 3. O

So the upper bound given by Theorem 2 (ii) for outerplanar graphs is asymptotically
sharp.

3. THE FIRST-FIT CHROMATIC NUMBER OF RANDOM GRAPHS

Proof of Theorem 3. Recall that G, , denotes the random graph on n labeled vertices in

which every edge is chosen randomly and independently with probability p. Let ¢ = e(n) =

10log, logs

o . Since n is large, for the sake of clarity of exposition, we will ignore the issue of
g2 T

integrality of quantities.
Upper Bound. Let £ = (1+¢)-2—. A k-partition (V1,..., Vi) of V(G) is good if for every
J > 2, every vertex in V; has a neighbor in V; for each 7 < j. Note that a good partition, as its

logyn”

classes are not necessary independent sets, may not be an FF-partition, but an FF-partition
is always a good partition.

Let £ = xrr(G) and assume that £ > £. If G has a good k-partition, then it also has a
good /f-partition by combining parts.

For an {-partition P of V(G), define

1, if P is a good ¢-partition of G;
f(G,P) =

0, otherwise.

Then the number of good /-partitions of G is ), f(G, P). Therefore, the expected number
of good f-partitions in G is

=E|> f(GnupP
P

Let p(P) be the probability that P is a good ¢-partition for G.

= ZE[f(Gn,l/Q, P)] = ZPT(P is a good f(-partition of G).
P P

Claim C. For every partition P, p(P) < 27 "l%e2n,

Proof. For G = Ghp1/2, consider an /-partition P = (Vi,...,Vy) of V(G), with |V;| = t,.
Define T; = (1 — 27%)"~2i<i%i, Then it follows from the definition of good partitions that

-1

p(P) < [](1 - 274 st —HT

=1
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We claim that

-1
HT; < g—nlogyn
i=1
It is clear that 7; <1 for all 4. If
(7) ti < (1—¢/2)logym
and
n
(8) n—th:th>m,
j<i i>i 82
then we have a sharper estimate on T; : T} < (1 — 2-(1=¢/2)logzn)n/login
We observe that there are at least g2~ many ¢’s that satisfy (7) and (8). Indeed, there
are at most m many 4’s violating (7), thus there are at least £ — (175/273 oggn = 41§g2n

many 7’s satisfying (7).
On the other hand, for every ¢ such that £ — i > log”%n we have Ejm- t; > ﬁ, that is,

n— it > oz Note if i < (1+7/8s)"— then ¢ —i > —%—. So there are at least

logs n logs n

(14 7/8¢)="— many i’s satisfying (8). Hence there are at least

logy
en n en
C— (- - £-(1+7/8 >
( 4log2n> ( (1+ /E)log2n> ~ 8logyn

many i’s satisfy both (7) and (8) (for log, log, n > 8).

Therefore,

_(1_6/2)}5n2/(810gg n)

_n_~en/(8logyn)
} = [1 -n

p(P) S [(1 — 2_(1_5/2) log, ”) log% n

en’? €
< ex _n—(1—5/2)7> = ex (—nH‘E/2 7) < exp(—nlog, n),
- P ( 810gg n P 810g§n < exp( g21)

where in the last inequality we used the fact that en®/? > 810g§n for our choice of ¢ and

sufficiently large n. O

Since there are at most n!2" ordered partitions of an n-vertex set, with Claim C, we have
s < nl2n 27nlogen o, o (p fe)y/2n 271082 = (2/e)"\/2mn — 0. Thus with high probabil-
ity, there are no good k-partitions when k& > £. So xrr(G) < ¢, and we completed the proof
of the upper bound.

Lower Bound. For a vertex z in a graph G, let N(z) be the set of non-neighbors of = in
G. Let N(A) = NgeaN(z) — A. In our proof the key statement is Lemma 8, whose proof

based on repeated use of Chernoff’s inequality.
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Lemma 7. [Chernoff bound; see [1] p 263] Let G = G,,1/2 be a random graph, T a subset of
V(G) of size t, and x a vertex in V(G) —T. Then

— 1
Pr [‘N(m) nT|> (5 + 7) t:| < e,

Let § = 18/+/log, n.

Lemma 8. Let G = G172 be a random graph. Then for large n, G' contains a mazimal
independent set C of size at most (1 + 6)logyn with probability at least 1 — n™2. Note
that during the process of choosing C there is no information used on the graph spanned by

V(G)-C.

Proof. We construct a maximal independent set S iteratively in three phases. We start with
S% = ). In the first phase we extend this set, in each step by adding a vertex v;, having
Sl = St U {v;}.

Phase I. This phase lasts for r iterations, until N[S"] > (Inn)3.

Let o := a(n) = 1/vInn. Let z; be an arbitrarily chosen vertex of G. We pick a sequence
of vertices xo, 3, ..., 2, inductively as follows: let A; = ﬂ;zl N[z;]. While |A;| > (Inn)3,
arbitrarily choose x;,1 in A;.

Note that the selection of the vertices i, xs,...,x; is independent of the edges in the
subgraph of GG induced by A;. Hence, the subgraph induced by A; is a random graph with
distribution G‘ AL and we expect that z;,, is adjacent to about half of the vertices in A;.
By Lemma 7, and using that |A;| > (Inn)3,

(9) Pr [|N($Z+1) N Az| > (1/2+ 04)|A1H < e—2a2|A1’| < e—2a2(lnn)3 < g 8nn _ -8
Thus,
Pr[[N(zig1) N A < (1/2+ )4 forall1<i<r] >1—rn®>1-n"",

As |Ayg| = n and for every i < r we have |A;11| < (1/2 + «)|4;|, we can conclude that

8
10 r<log i n<log,n|l+ ————| <log,n |1+ ——1|.
( ) g%ia g2 1112 loan] g2 \/@]

The middle inequality follows from the inequalities 1 —2/2 > -~ > 1—x and In(1 — ) >

14z
—2x.
Phase II. In the second phase we have the same process, but because of |[N[S"]| = o(n),
we shall have (9) type of estimate only after adding m := Inlnn vertices, at each iteration,
to the independent set. We proceed with this phase until 18022 < N[S1].

Inlnn

We will add m independent vertices y%, 45, ..., y% to S% one at a time.
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Subphase A(i): Addition of the i*" group of m vertices to S*~'. Let
S'(j) =S5 Ud{yt, uh, -, i
As before, pick y arbitrarily in B*(j — 1) := N[S*(j —1)], (note that 5*(0) = S*~!). While

j <mand |[Bi(j —1)| > L8582 arbitrarily choose y in Bi(j — 1). To summarize, addition

of {yt, v, ...yt } to St forms S°.
By Lemma 7, and using the fact that |B(j — 1)| > 18n

Inlnn ?

Inlnn

P [|50)] > 218G - )] < exp [ 518°6 - 1) < exp [10.52 .

These events are independent for different pairs of ¢ and j. Thus, the probability that each
pair (i, j) has more than 2|B*(j — 1)| non-neighbors in B(j — 1) is

. . 2 . nn\ ™
Pr {‘N(y;-) NB(j—1)| > 3B~ 1) forall 1 <i < m} < (e—%ﬁl‘nn) =n10

Since [N[S]| > 2|N[S"~!]| implies that |N(y}) N B*(j — 1)| > 2|B(j—1)| for all 1 < j < m,

we have

(11) Pr |[N[S7]| < g\ﬁ[sﬂn] >1-n10,

We repeat Subphase A(i) while N[S7] > 189182 If in the last iteration of Subphase A(i)
we cannot choose m vertices, then we 81mply add the vertices chosen so far to S. Suppose
that Subphase A is repeated ¢ times. By (11), ¢ < log> ((Inn)?) +m = O(Inlnn). The
“+m” comes from the last possibly-incomplete iteration of Subphase A. Hence, O ((Inlnn)?)
vertices are added to S during Phase II.

Phase III. N[S] < 150nn

We choose a maximal independent set C' in N[S] to add to S in the same greedy way
as in Phase I. As N[S] spans a random graph with edge-density 1/2, it does not have an

independent set of size 104/log, n with probability at least

- <1OW[SH >2—(1° ) 51 -nd

log, n

Thus, |C| < 104/log, n.

Thus, S is a maximal independent set of G of size at most log 1+ n + O ((Inln n)?) +

3+a

10+/Tog, n with probability greater than (1 — n3)° > 1 — n"2. Note that

log_1_ n+ O ((Inlnn)?) +10y/log,n < (1 + 6)logy n

7+0¢

when ¢ = 18/4/log, n and n is large. Hence the lemma is proved. O
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We create a First-Fit-partition by iterating removing small maximal independent sets .S;
from G using Lemma 8. Set G; = G, and for i > 1, G; = G — U,<;S;. Let n; = |V(G,)].
We use the following important observation that G is a random graph distributed as Gy, 1/2
since the edges of GG; were never considered when the independent sets Sy,S5,,...,S; were
removed. By Lemma 8, there exists a maximal independent set S; in G; of size at most
(14 6) log, n; with probability greater than 1 —n;2. Let G;;1 be the subgraph of G; induced
by V(G;) \ S;. We iterate until [V (G;)| < n'/2log, n. After that point, we greedily partition
the remaining vertices into independent sets. Clearly, xpr(G) > t. Note that

Pr(|S;| < (1+6)logyn; for all 1 < i <#]>1— ¢ (n'/? logzn)_2

A
n (logy, n) (logyn)

Hence,

n —n'?log, n 1 n 1 n

>t = — 1250126

xrr(G) 2 1+40)logy,n 140 \logy,n 1+(5n > )log n
2 2 2

for 6 = 18/4/log, n and as n — oc. O
Note that we have not tried to optimize the constants appearing in Theorem 3.

v

3.1. Concentration. We next consider the concentration of the First-Fit chromatic number

of random graphs.

Proposition 9. Let G be a graph, and H a subgraph of G' formed by deleting one edge from
G. Then |xrr(G) — xrr(H)| < 1.

Proof. Let k = xrr(G), and let (Vi, Vs, ..., Vi) be a First-Fit partition of V(G). Let e be the
edge of GG missing from H with endpoints u and v. Let V; contain v and V; contain v, where
i < j (note that 7 # j since V; is independent). We create a First-Fit partition for H by greed-
ily coloring the vertices of V' (H)—Vj first (in the order given by Vi, Vo, ..., Vi_1, Vi1, ..., Vi)
and then by coloring the vertices of V. This creates a First-Fit partition with at least k —1
parts. Hence x(H) > x(G) — 1.

Similarly, let £ = xpr(H), and let (V1,V3,...,V;) be a First-Fit partition of V/(H). Let
e be the edge of G missing from H with endpoints v and v. Let V; contain u and V}
contain v, where 7 < j. Again, we create a First-Fit partition for G by greedily coloring the
vertices of V(G) — V; first (in the order given by (V3, V5, ...,V 1, Vji1,..., V) and then by
coloring the vertices of V;. This creates a First-Fit partition with at least £ —1 parts. Hence
Y(G) > x(H) - 1. O

Proposition 10. Let G be a graph, and H a subgraph of G formed by deleting one vertex

from G. Then xpr(H) < xrr(G) < xpr(H) + 1.
12



Proof. Let v be the vertex deleted from G to form H. Let £ = xpp(H), and let V1, V5, ..., Vp
be a First-Fit partition of V(H). We create a First-Fit partition for G by greedily coloring
the vertices of V(H) first in the order given by (Vi, V5, ..., V}), and then by coloring v. This
creates a First-Fit partition with at least ¢ parts. Hence x(G) > x(H).

Let k = xpr(G), and let V1, V5, ..., Vi be a First-Fit partition of V(G). Let V; contain
v. We create a First-Fit partition for H by greedily coloring the vertices of V (H) — V; first
(in the order given by Vi, Vs, ..., V,_1,Vji1,...,Vk) and then by coloring the vertices of V;.
This creates a First-Fit partition with at least £ — 1 parts. Hence x(H) > x(G) — 1. O

Note that there are graphs whose first fit chromatic number drops when an edge is added.
The smallest such example is P;, which has xpr(Py) = 3, while xpr(Cy) = 2.

Since the First-Fit chromatic number satisfies the edge Lipschitz condition, we obtain a
tight concentration via the vertex exposure martingale and Azuma’s inequality (see [1, pp
95-96):

Theorem 11. Let G = G, for any probability p. Then
Pr [|xrr(G) — Elxrr(G)]| > Wn — 1] < 2¢ X/2,

This concentration result is analogous to the result of Shamir and Spencer [1] about the

tight concentration of the chromatic number of the random graph.

4. FIRST-F1IT CHROMATIC NUMBER OF PRODUCT OF GRAPHS

In this section we will discuss the First-Fit chromatic number of GO1P,, GLIP; and GUP;.

Theorem 12. Let xpr(G) be even. Then
xrr(GOP;) > xrr(G) + 2.

Proof. For simplicity let V(Ps) := {1,2,3}. Suppose xrr(G) = 2k. Then there exists a
First-Fit partition of V' (G) into 2k non-empty sets (V1, V3, ..., Vor). We construct a partition
(Ui, ..., Usye) of V(GOP;) as follows:
(1) for 1 <i<k—1,let Uy 1 ={(u,1),(u,3),(v,2) | u€ Vo 1,v € Vy}, and
Uy = {(v,1), (v,3),(u,2) | u€ Vo_1,v € Va;},
(2) for k < i < k+1, choose two adjacent vertices u € Vo1 and v € Voi. Let
Uske—1 = {(1,3), (v, 1)}, Uz = {(u,1), (v,3)}, Uz = {(u,2)}, Uois2 = {(v,2)}.
(3) for the remaining vertices, fit them into the previous parts greedily.
Since the V; (1 < i < 2k) are all independent, it is easy to see that all U; (1 < i < 2k +2)
are also independent.
For each 1 < j <4 <k —1 and each u € V5,_1, v € V5, there exist vertices z1,y; € V1

and vertices zg,y» € Va; such that z;,z, are neighbors of v and y;,y. are neighbors of v.
13
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Thus by the construction, (u,a) is adjacent to (z1,a) € Usj_1 and (z2,a) € Uy; for a = 1,3
and (u,2) is adjacent to (z2,2) € Uyj_1 and (z1,2) € Us;.

Similarly, (v,a) is adjacent to (y1,a) € Uszj—1 and (y2,a) € Us; for a = 1,3 and (v,2) is
adjacent to (y2,2) € Usj—1 and (yi,2) € Us;.

We can also find a vertex u; € Vo;_; that is a neighbor of v. Then for any vertex in Uy,
(v,1), (v,3) is adjacent to (uy,1),(u1,3) € Usyj—1 and (u,2) is adjacent to (u,1) € Usyj_.
Hence any vertex in U;,1 <4 < 2k — 2 has a neighbor in all the lower indexed subsets.

Similarly, we can check that any vertex in Usg_1, Usg, Usg11, Us 12 has a neighbor in the
lower indexed subsets.

Thus (Ui, ...,Usy) is a First-Fit partition of GOPs, so xrpr(GOPs) > xrr(G) + 2 if
xrr(G) is even. O

We next consider the First-Fit chromatic number of GOPFP;.

Theorem 13. For every graph G,
xrr(GOP) > xrr(G) + 2.

Proof. Suppose xrr(G) = t.

If ¢ is even, since GOIP; is an induced subgraph of GO Py, hence x pp(GOP,) > xprp(GOP;) >
xrr(G) + 2.

If t = 2k — 1 is odd, then we can make a partition similar to the one in the proof of

Theorem 12 as follows:

(1) For 1 <i<k—1,let Uy = {(u,1), (u,3), (v,2), (v,4)| u € Vai_1,v € Vy;}, and
Uy = {(v,1),(v,3),(u,2),(u,4)| u € Voi_1,v € Va;}, where {1,2,3,4} is the vertex
set of Pj.

(2) Choose a vertex u € Vor_1. Let Uy = {(u, 1), (u,4)}, Uk = {(u,3)}, Usgy1 =
{(u,2)}.

(3) Color the remaining vertices greedily.
14



It is easy to check that the above partition is a First-Fit partition following an argument

similar to the one in the proof of Theorem 12. 0

Theorem 14. [4] xpr(Cp,0Cy,0...0Cy,,) = 2k + 1, where k > 2, m; > 4 and m; is

even.

Corollary 15. Let Cy,,,Cp,, ..., Cn, be cycles of size my,my, ..., my respectively, where
k>2and m; > 4. Then

X8 (Coy OC, 0. .. OCh,, ) = 2k + 1.

Proof. The upper bound follows from the obvious degree bound, xrr(G) < A(G) + 1. For
the lower bound, we first reorder m;’s to place the even m;’s first, followed by the odd ones.

Case 1: If no m; is odd, then the corollary follows by Theorem 14.

Case 2: If we have k; > 2 even m;’s, then the product graph of k; even cycles has
FF-chromatic number 2k; + 1 by Theorem 14. Then for the following odd cycles, we can
repeatedly apply Theorem 13.

If we have at most one even cycle which is not Cy, then by the fact that xpr(C,) = 3 for
n > 5 and repeatedly applying Theorem 13 proves the corollary. If the sole even cycle is CY,
then we use the fact that ypr(C40P;) =5 and again repeatedly apply Theorem 13. O

In the following example we show that xpr(GOP,) can be as large as 2xpr(G). Since
GOP; is an induced subgraph of GOP; and GOP,, xpr(GOP;) and xrr(GOP;) can be as
large as 2xrr(G) as well.

Proposition 16. Let G be a graph formed by removing a prefect matching M from Kop,.
Then xpr(GOPy) = 2xrr(G).

Proof. Suppose V(Koy,) = {u1,...,us,} and the deleted matching is M = {ujus,...,
Uom—1Uam }. Consider a First-Fit partition (V3, ..., V;) of V(G), where xpr(G) = t. Without
loss of generality, suppose u; € Vi. Then except us, all other vertices are adjacent to u;, so
they cannot be in V;. Then u; must be in Vi, otherwise it does not have any neighbor in V.
So Vi = {uy,us}. Inductively, we can see that V; = {ug;_1,us}. So xpr(G) =t = m. For
GOP,, we can make a partition as follows:
for 1 < i<t Usy1 = {(u2i-1,1), (ug;,2)}, Ugi = {(u2i-1,2), (ugs;, 1)}, where {1,2} is
the vertex set of Ps.
So xrr(GOP,) > 2xrr(G). For the upper bound, xrr(GOP,) < A(GOP) +1 = (2m —
1) + 1 = 2m. Hence xpr(GOP,:) = 2xrr(G) in this case. O

We believe that xrr(GOP,) < 2xrr(G) for every graph G.
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