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Abstract

In this paper we extend a classical theorem of Corradi and Hajnal into the setting of sparse
random graphs. We show that if p(n) > (logn/n)'/?, then asymptotically almost surely every
subgraph of G(n, p) with minimum degree at least (2/3 + o(1))np contains a triangle packing that
covers all but at most O(p~?2) vertices. Moreover, the assumption on p is optimal up to the (log n)l/ 2
factor and the presence of the set of O(p~2) uncovered vertices is indispensable. The main ingredient
in the proof, which might be of independent interest, is an embedding theorem which says that if
one imposes certain natural regularity conditions on all three pairs in a balanced 3-partite graph,
then this graph contains a perfect triangle packing.

1 Introduction

1.1 Triangle packings in subgraphs of random graphs

Let H be a fixed graph on h vertices, let G be a graph on n vertices. An arbitrary collection of
vertex-disjoint copies of H in G is called an H-packing in G. A perfect H-packing (an H -factor) is
an H-packing that covers all vertices of the host graph. In other words, G has an H-factor (contains
a perfect H-packing) if n is divisible by h and G contains n/h vertex-disjoint copies of H. It has
been long known that for certain graphs H, if the minimum degree of G is sufficiently large, then G
contains an H-factor. For example, by the Dirac’s Theorem on Hamiltonian cycles [11], if H is a path
of length h — 1, then §(G) > n/2 guarantees that G has an H-factor. Corradi and Hajnal [9] proved
that 6(G) > 2n/3 is sufficient to guarantee a K3-factor and Hajnal and Szemerédi [15] showed that
d(G) > (1 —1/k)n suffices to guarantee a Kj-factor for an arbitrary k. Moreover, all these results are
easily seen to be best possible.

Finding a similar condition on the minimum degree that guarantees an H-factor for an arbitrary
graph H has turned out to be significantly harder. The first result in this direction was obtained
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by Alon and Yuster [2], who showed that §(G) > (1 — 1/x(H))n implies the existence of n/h — o(n)
vertex-disjoint copies of H in G. Later, the same authors [4] showed that 6(G) > (1—1/x(H))n+o(n)
guarantees an H-factor. Finally, Komlds, Sarkozy, and Szemerédi [25] showed that merely §(G) >
(1—=1/x(H))n+ c¢(H), where ¢(H) is a (small) constant depending only on H, suffices. Moreover, it
was observed in [4] that there are graphs H for which the above constant ¢(H) cannot be omitted.
Recently, Kithn and Osthus [30] replaced x(H) in the above inequality by another parameter x*(H),
which depends on the relative sizes of the color classes in the optimal colorings of H and satisfies
X(H)—1< x*(H) < x(H). Furthermore, they proved that the ratio (1—1/x*(H)) in the lower bound
for §(G) is optimal for every H. For further information on H-factors in graphs with large minimum
degree, we refer the reader to [29, 30].

An independent direction of research concerned with H-factors has been determining the thresholds
for the edge probability p for the property that the Erdds-Rényi random graph G(n,p) contains an
H-factor. The case H = Ky was solved by Erdés and Rényi [12], who proved that logn/n is the
threshold for the existence of a perfect matching in G(n,p). The solution for the case when H is
a path is a direct consequence of the result of Pésa [31]. Alon and Yuster [3] and, independently,
Ruciriski [32] determined the threshold for every H whose fractional arboricity! is larger than its
minimum degree. Later, partial results for the case H = K3 were obtained by Krivelevich [26] and
Kim [19] (a related work of Krivelevich, Sudakov, and Szabé [28] studied this case when the host
graph is a sparse pseudo-random regular graph). Finally, Johansson, Kahn, and Vu [18] determined
the thresholds for all strictly balanced H and determined them up to a sub-polynomial factor for
arbitrary H.

Much less is known about common extensions of the results of the above two types. To make it
precise, we would like to know whether it is true that for sufficiently large p, a.a.s. every spanning
subgraph of G(n,p) with sufficiently large minimum degree has an H-factor. Questions like these can
be naturally expressed in the framework of resilience, also called fault tolerance. Following Sudakov
and Vu [33], we state the following definition.

Definition 1.1. Let P be a monotone increasing graph property. The local resilience of a graph G
with respect to P is the minimum number r such that by deleting at most r edges at each vertex of
G, one can obtain a graph without P.

Using this terminology, one can restate, e.g., the aforementioned theorem of Corradi and Hajnal [9]
by saying that the local resilience of the complete graph K, with respect to the property of having a
triangle-factor is (at least) n/3.

Rephrasing our previous question, we would like to know if the random graph G(n, p) exhibits local
resilience with respect to the property of containing an H-factor for some fixed graph H. Sudakov
and Vu [33] showed that it is the case when H = K5 and p > logn/n or when H is a path and
p > (logn)*/n. Recently, Huang, Lee, and Sudakov [17] gave an affirmative answer to the above
question in the case when the edge probability p is a constant.

Theorem 1.2. Let H be a fized graph on h vertices, let p € (0,1], and let v be a positive real.

1. If H has a vertex that is not contained in any triangle, then a.a.s. every spanning subgraph

!The fractional arboricity of a graph H is the quantity max{%

ST }, where the maximum is taken over all
subgraphs H' of H with |[V(H')| > 1.



G C G(n,p) with 6(G) > (1 — 1/x(H) 4+ v)np has a perfect H-packing, provided that n is
divisible by h.

2. If every vertex of H is contained in a triangle, then a.a.s. every spanning subgraph G C G(n,p)
with §(G) > (1 —1/x(H) 4+ v)np contains an H-packing covering all but at most Dp~2 vertices
of G, where D is a constant that depends only on x(H).

Moreover, it was shown in [17] that in the case when each vertex of H belongs to some triangle,
the Dp~2 error term cannot be removed as a.a.s. G(n, p) has a spanning subgraph with large minimum
degree such that at least Q(p~2) of its vertices are not contained in a triangle (and hence they are not
contained in a copy of H). For other results on local resilience of random graphs with respect to the
property of containing spanning or nearly spanning subgraphs, see [5, 6, 7, 10, 13, 27].

In this paper, we extend the result of Huang, Lee, and Sudakov to the sparse random graph setting
in the case H = K3. A rather straightforward argument using the conjecture of Kohayakawa, Luczak,
and Rodl, which is known to be true for triangles, shows that if p > n~1/2, then a.a.s. every subgraph
of G(n, p) whose minimum degree exceeds (2/340(1))np contains a triangle-packing that covers all but
at most en vertices, where ¢ is an arbitrary positive constant (see Remark 2.7). Our main theorem
proves that under the same assumptions, one can make the set of uncovered vertices significantly
smaller. More precisely, we prove the following statement.

Theorem 1.3. For all positive vy, there exist constants C' and D such that if p > C(log n/n)l/Q, then
a.a.s. every subgraph G C G(n,p) with 6(G) > (2/3 + v)np contains a triangle packing that covers all
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but at most Dp~= vertices.

Clearly, the ratio 2/3 in the statement of Theorem 1.3 is best possible as for every positive 7,
a.a.s. G(n,p) has a subgraph G with 6(G) > (2/3 — v)np whose largest triangle packing covers no
more than (1 — 7)n vertices (e.g., we may let G be the intersection of G(n,p) with the complete
3-partite graph with color classes of sizes (1+v)n/3, n/3, and (1 —+)n/3). Furthermore, even though
it was proved in [18] that p > n=%/3(logn)'/3 guarantees that G(n,p) a.a.s. has a triangle-factor, the
lower bound on p in Theorem 1.3 cannot be relaxed by more than the (logn)/? factor as if p < n=1/2,
then a.a.s. one can remove all triangles from G(n,p) by deleting only o(np) edges incident to every
vertex. Finally, the presence of the exceptional set of Dp~?2
and [17, Proposition 6.3].

is indispensable, see Proposition 4.6

1.2 Embedding theorem for sparse regular triples

One of the main ingredients in the proof of Theorem 1.3 is an embedding theorem for large triangle
packings in sparse regular triples. Before we state this result (Theorem 1.4 below), we recall a few
basic definitions and briefly summarize what is known about embedding large graphs into regular
triples.

Let G be a graph on a vertex set V. Given a pair of disjoint subsets Vi, Vo C V, let e(V1, V)
denote the number of edges of G with one endpoint in V; and the other endpoint in V5, and let
the density d(V1,Va) of the pair (Vi,Va) be the quantity e(Vi,V2)/(|Vi||Vz2|). The pair (Vi,V3) is
called (g,p)-regular if for all V] C Vi and Vi C Vu with V]| > €|Vi| and |V]] > £|Va]|, we have
|[d(V1, Vo) — d(V{,V4)| < ep. An (g, 1)-regular pair is simply called e-reqular. The concept of regularity,
first developed by Szemerédi [34], proved to be of extreme importance in modern combinatorics and



played a central role in proofs of a range of results in extremal graph theory, Ramsey theory, and
others. For example, it is well-known that every triple of sets (V1, V2, V3) such that (V;, V}) is e-regular
and has sufficiently large density for all distinct ¢, j contains a triangle. An e-regular pair (V7,V3) is
called (9, €)-super-regular if it satisfies the additional condition that every vertex in V; has at least §|Va|
neighbors in V5 and, vice versa, every vertex in V5 has at least §|V;| neighbors in V;. Komlds, Sérkozy,
and Szemerédi [24] proved that super-regular triples are even more powerful than mere regular triples.
For instance, every triple (Vi,Va, V3) such that |Vi| = |Va| = |V3| and (V}, V) is (6, €)-super-regular
and has sufficiently large density for all distinct ¢, j contains not only a single triangle, but also a
family of vertex-disjoint triangles that cover all vertices of the triple.

However, if p < 1, then the power of (g, p)-regular pairs turns out to be significantly weaker. For
example, Luczak (see [22]) observed that there are (e, p)-regular triples which do not contain even a
single triangle. Still, Kohayakawa, Luczak, and Rodl [21] proved that most (e, p)-regular triples contain
a triangle provided that p is sufficiently large and conjectured that the same is true for arbitrary graphs
(see the survey [14]).

It is not much of a surprise that even less is known about embedding large graphs into sparse
regular pairs. For simplicity, from now on we will only consider sparse regular triples. Bottcher,
Kohayakawa, and Taraz [7] proved that if the triple is a subgraph of a random graph and each part
has size n, then (asymptotically almost surely) one can embed into the triple all 3-colorable graphs with
bounded maximum degree whose all color classes have size at most (1 —n)n, where 7 is a fixed positive
real. Since in an (g, p)-regular pair (Vi, V2), each set V; can have as many as c.|V;| isolated vertices,
one cannot hope to embed spanning graphs into the pair without imposing some further restrictions.
Moreover, imposing merely a minimum degree condition as in the dense case is not sufficient since we
can remove all triangles that contain a fixed vertex by deleting all edges in its neighborhood (this will
not effect regularity of the triple since the neighborhoods of this vertex have size o(n)). We suggest
one possible strengthening of the notion of super-regularity, which we call strong-super-reqularity, and
show that a sparse strong-super-regular triple in a subgraph of a random graph contains a collection of
vertex-disjoint triangles that cover all the vertices of the triple. The definition of a strong-super-regular
triple is given in Definition 2.10.

Theorem 1.4. For all positive § and & there exist € and C such that if p(n) > C(logn/n)'/?, then
G(n,p) a.a.s. satisfies the following. FEvery (6,¢,p)-strong-super-reqular triple (Vy,Va,V3) that is a
subgraph of G(n,p) with |V1| = |Va| = |V3| > &n contains a collection of vertez-disjoint triangles that
cover all the vertices.

It is possible that one can derive the same conclusion from weaker assumptions than strong-super-
regularity. However, we will later show that the restriction we imposed is not too strong to make our
theorem useless, as Theorem 1.4 will form an essential part in the proof of Theorem 1.3.

1.3 Outline of the paper

In Section 2, we recall some known definitions and results and introduce a few notions that will be of
great importance in all subsequent sections. Section 3 contains an outline of the proof of Theorem 1.3.
In Section 4, we establish some properties of the random graph G(n,p) that we will frequently invoke
in subsequent sections. In Sections 5, 6, and 7, we prove a series of technical lemmas that culminate
in the proof of Theorem 1.3 and 1.4. For a brief outline of this part of the paper, we refer the reader
to Section 3. Finally, Section 8 contains a few concluding remarks.



1.4 Notation

Let G be a graph with vertex set V and edge set E. For a vertex v € V', we denote its neighborhood
in G by N(v) and let deg(v) be its degree. The minimum degree of the graph is denoted by 4(G).
For a set X C V, we let e(X) be the number of edges of G with both endpoints in the set X,
and deg(v, X) = |[N(v) N X|. We say that two edges are independent if they do not share a vertex.
For two subsets X,Y C V, we let e(X,Y) be the number of ordered pairs (z,y) such that z € X,
y € Y and xy is an edge of G; note that e(X,X) = 2¢(X). If X and Y are disjoint, we refer to
the quantity e(X,Y)/(|X||Y]), denoted by d(X,Y), as the density of the pair (X,Y). With a slight
abuse of notation, we will sometimes write (X,Y) to denote the set of all edges zy with z € X and
yeY. Let X,Y,Z C V be three pairwise disjoint sets. We say that the triple (X,Y, Z) is balanced if
|X| =|Y|=1Z|. The minimum density of the triple is the minimum of the numbers d(X,Y), d(X, Z),
and d(Y, Z). A triangle across (X,Y, Z) is any triangle with one vertex in each of X, Y, and Z. When
the implicit graph we are considering is not clear from the context, we will use subscripts to prevent
ambiguity. For example, degs(v) is the degree of v in the graph G.

We write y = 1 £ x to abbreviate y € [1 — 2,1 4+ z|]. We omit floor and ceiling signs when-
ever they are not crucial. Throughout the paper, log will always denote the natural logarithm. Fi-
nally, we often use subscripts such as in ¢3¢ to explicitly indicate that the constant csg is defined in
Claim/Lemma/Proposition/Theorem 3.6.

2 Preliminaries

2.1 Sparse regularity lemma

Let G be a graph on a vertex set V. Recall that a pair (V1, V2) of disjoint subsets of V' is (e, p)-regular
if for all V{ € Vi and V§ C V, with |V]| > ¢|Vi| and |VJ| > ¢|Va|, |d(V4, Vo) — d(V],V3)| < ep. We
call a triple (V1, V2, V3) of disjoint subsets of V' (g, p)-regular if (V;, V;) forms an (e, p)-regular pair for
every {i,j} C {1,2,3}. Let G(K3s, (n1,n2,n3), (d12,d23,ds1), (¢,p)) be the collection of all (&, p)-regular
triples (V1, V2, V3) such that |V;| = n; for all i and d(V;, V;) = d;p for every {3, 5} C {1,2,3}.

Below we establish two simple hereditary properties of regular pairs.

Proposition 2.1. Let positive reals €1, €2, and p satisfying e1 < €2 < 1/2 be given. Let (V1,V3) be
an (g1, p)-regular pair and for i € {1,2}, let V! C V; be an arbitrary subset with |V/| > e2|V;|. Then
(V{,V3) is an (£1/e2, p)-regular pair of density d(Vi,Va) £ e1p.

Proof. By regularity of the pair (V1,V2), for every pair of subsets V/ C V! such that |V/"| >
(e1/e2)|V]| > e1|V4| for ¢ € {1, 2}, we have

AV V5') = d(V], Vo)l < [d(VY", Vy') — d(Va, Vo)l + [d(V], V) — d(V4, Va)| < 2e1p.

Since max{ej/eg,2e1} = €1 /2, the pair (V{, V) is (£1/e2, p)-regular. The density condition immedi-
ately follows from the definition of regularity. O

Proposition 2.2. Let (V1,V3) be an (g,p)-regular pair in a graph G and let G' be a subgraph of G
obtained by removing at most e3p|V1||Va| edges from (V4,Va). Then (V1,Va) is (3¢, p)-reqular in G'.



Proof. For i € {1,2}, let U; be a subset of V; of size at least £|V;|. Note that

eq(U1,Usz) — e (Ur, Us) < 3p| Vi || Vsl -
|U1||U2| - U2 T

The conclusion easily follows from the triangle inequality. O

|dg (U, Us) — der (U1, Ua)| <

An (g, p)-regular partition of an n-vertex graph G is a partition (V;)¥_, of its vertex set such that
(i) the exceptional class Vj has size at most en, (ii) Vi, ..., Vi have equal sizes, and (iii) all but at most
ek? of the pairs (V;, V) are (g, p)-regular. Given a collection of subsets (W;)¥_, of the vertex set V(G),
the (6,¢,p)-reduced graph R of the collection is the graph on the vertex set [k] such that i, j € [k] are
adjacent if and only if W; and W; form an (e, p)-regular pair of density at least dp. Note that when
considering reduced graphs, the partition (W,;)fzo is not necessarily a regular partition and we ignore
the set Wy. Let n and b be reals such that n € (0,1], and b > 1. We say that G is (n, b, p)-upper-
uniform if d(Vy, Vo) < bp for all disjoint sets Vi, Vo with |Vi],|Va| > n|V|. With the above definitions
at hand, we may now state a version of Szemerédi’s regularity lemma for upper-uniform graphs (see,
e.g., [20, 23]).

Theorem 2.3. For every positive €, b, and ko with b,ky > 1, there exist constants n(e,b, ko) and
K (e, b, ko) with K > ko such that for every positive p, every (n,b, p)-upper-uniform graph with at least
ko vertices admits an (e, p)-regqular partition (V;)F_, such that kg < k < K, and each part forms a

reqular pair with at least (1 — e)k other parts.

2.2 Typical vertices and super-regularity
We start this section by introducing the notions of typical vertices and triples.

Definition 2.4. Let (V1, Va, V3) be a triple of sets (not necessarily regular) with densities d;jp between
Vi and V.
(A) Fix a vertex v € V; and for ¢ € {2,3}, let N; = N(v) NV;. We say that v is e-typical if for
i€{2,3},
(i) |Ni| = (1 & ¢&)dip|Vi| and
(ii) there exists N/ C N; satisfying |N]| > (1 —¢)|N;| such that (N3, N3) is an (e, p)-regular pair
with density (1 £ €)dazp.

(B) The triple (Vi, Va, V3) is e-typical if it is (g, p)-regular and for each i, all but at most €|V;| vertices
in V; are e-typical.

It turns out that an overwhelming majority of all regular triples are also typical. The following
lemma, which is a straightforward generalization of [14, Lemma 5.1], makes the above statement
precise. We omit its proof as it can be easily read out from the proof of [14, Lemma 5.1].

Lemma 2.5. For all positive 3, §, €', and £, there exist constants £o(8,9,€") and C(4,¢',&) such that
if e < eo, dia,dis, dag > 8, En < ni,ne,ng < n, and p > Cn~Y2, then all but at most

l85§2n2p< ning >< ninsg )( nans >
diapning ) \dizpning/) \dazpnans

graphs in G(K3, (n1,n2,n3), (d12, d13,d23), (¢,p)) are '-typical provided that n is sufficiently large.



The following proposition justifies why the notion of e-typical triples can be useful for our purposes.

Proposition 2.6. For every positive a, 6, and p, there exists an £(a,d) such that every e-typical
(e, p)-regular triple (V1, Va, V3) of minimum density at least 0p contains (1 — o) min; |V;| vertex-disjoint
triangles.

Proof. Note that without loss of generality, we may assume that o < 1/2. Furthermore, let ¢ =
min{d/4,a/20} and let &’ = 2¢/a. Let us greedily remove triangles from (V1, Vs, V3) until we cannot
do it anymore and denote the remaining triple by (V{, V3, V5). If |V/| < a|V;| for some i, then there
is nothing left to prove, so we may assume that |V/| > «|V;| for all i. Let W; be the set of all those
vertices in V' that were e-typical in the original triple and note that |W;| > |V/| — e|Vi| > (a/2)|V].
By Proposition 2.1, the triple (Wy, Wa, W3) is (¢/, p)-regular and the density of each pair (W;, W) is
at least (d;; — e)p. Since € < 1/2, there is a vertex v € Wy with deg(v, W;) > (dij — € — €’)p|W;] for
i € {2,3}. For i € {2,3}, let N; and N/ be the sets from the definition of an e-typical vertex for v and
let M; = N;NW; and M/ = N/ N W;. Since

|M]| > |M;] — |N; \ N}| > (d1; — e — €")p|W;| — e(1 + €)d1;p| Vi
> [(1—¢/6 —€'/6)(a)2) — e(1 4 €)]diip|Vi| = e(1 + €)dip|Vi| > €| N]]

and (N9, N3) was (e, p)-regular with density at least (1 — ¢)dp and (1 —€)dp > ep, then (M5, MS) has
positive density. It follows that (Wi, Wa, W3) contains a triangle, but this is impossible. O

Remark 2.7. It is quite easy to see that the combination of Theorems 2.3 and 2.15, Lemma 2.5
(see Proposition 4.8), and Proposition 2.6 implies the following statement. For all positive constants
v and e, there exists a C' such that if p(n) > Cn~'/2, then a.a.s. every subgraph G C G(n,p) with
d(G) > (2/3 4 v)np contains a triangle packing that covers all but at most en vertices of G.

The following concept will serve us as a generalization of super-regularity to the sparse setting.

Definition 2.8. A triple (V1, V2, V3) is (6, €, p)-super-regular if each pair (V;, Vj) is (e, p)-regular with
density at least dp and for every i, all vertices in V; are e-typical.

We close this section with the following proposition, which tells us how to trim a typical regular
triple in order to get a super-regular one.

Proposition 2.9. For all positive €' and ¢, there exists an e(¢’,0) such that the following holds. Let
(V1,Va,V3) be an (e,p)-reqular triple, where for each i and j, the density of (Vi,V;) is d;jp, where
dij > 9. For each i, let X; be an arbitrary subset of V; with | X;| < €|Vi|. Then every vertex v € Vi \ X3
that is e-typical and satisfies deg(v, X;) < ep|Vj| for every j € {2,3} becomes an &’'-typical vertex in
(Vi \ X1, V2 \ Xo, V3 \ X3).

Proof. Let v € Vi be any such vertex and for j € {2,3}, let N; = N(v) NVj. Since v is e-typical,
(1 = e)dijp|Vj| < |Nj| < (1 + ¢€)dijp|Vj|. Moreover, there exist subsets N; C Nj satisfying [Nj| >
(1—¢)|N;| such that (N4, N3) is an (e, p)-regular pair with density d,p, where d,, € [(1—¢)da3, (14¢)das].
Moreover, let M; = N; \ X; and similarly let M} = NI\ Xj.

For each 4, let W; = V; \ X; and recall that (1 —¢)|V;| < |[W;| < [Vi|. For every i and j, let d;;p be
the density of the pair (W;, Wj). Since (V;,V;) is (¢, p)-regular, d}; € [dij — €,d;; + €]. 1t follows that

[Mj| < INj| < (1+e)dyplVl < (1+€)(1 =)~ (dy; +e)pIWjl.
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And by the given condition deg(v, X;) < ep|V}|, we have
[Mj| > [Nj| = eplVj| = (1 =& = g/8)dyplVj| = (1 — e = £/6)(dy; — €)p[W;1.
Moreover, since |N;| > (1 — €)dp|Vj|, then

| Mj| > |Nj| — ep|Vj| = (1= €)|N;| = eplVj| = (1 —e —£/((1 = €)9))|Nj|
> (1 —e—¢/((1 —¢)d))|M;| = |[M;|/2.

By Proposition 2.1, the pair (M}, M3) is (2e, p)-regular with d)p satisfying
(1—e)(dyg —e) —e < d, < (1+¢)(dy +¢) +e.

Therefore, if € is sufficiently small, then deg(v,W;) = [M;| € [(1 — &")pdy;|W;l, (1 + " )pdy;|W;],
|Mj| > (1—¢")|Mj], and (M3, M3) is (€', p)-regular with density d;,p, where d, € [(1—¢")ds, (1+€")dag].
It follows that v is &’-typical in (W7, Wa, W3). O

2.3 Good edges and good vertices

As we established in Section 2.2 (see Remark 2.7), imposing certain regularity conditions on the
vertices of a regular triple suffices to guarantee the existence of an almost perfect triangle packing. In
order to assure that a triangle-factor can be found, we will need to impose some conditions also on the
edges of the triple. With hindsight (see the discussion in Section 3.2), we now introduce the notions
of good edges and good vertices.

Definition 2.10. Let (V1, V3, V3) be a triple of sets (not necessarily regular) with densities d;;p between
Vi and V.

(A) We say that an edge between Vo and V3 is e-good if its endpoints have at least (1 — ¢)diad13p?|V4|
common neighborhoods in V.

(B) We say that an e-typical vertex v € Vj is e-good if (N(v) N Va, N(v) N V3) contains at most
edy2d13da3p®|Va||Va| edges that are not e-good.

(C) We say that the triple (V1, Va, V3) is (9, &, p)-strong-super-reqular if it is (9, £, p)-super-regular and
for every i, all vertices in V; are e-good.

Next, we show that super-regular triples are not very far from being strong-super-regular. More
precisely, we prove that requiring a triple to be merely typical (recall Definition 2.4) and all pairs in
this triple to have non-zero densities forces most of its edges and vertices to be good.

Proposition 2.11. Let e, ¢/, and § be positive constants satisfying 3e+¢e/6 < €' and let (V1, Va, V3) be
an e-typical (g, p)-regular triple, where the density d;jp of each pair (Vi, V;) is at least 6p. Then there
are at most 4edasp|Va||V3| edges between Va and Vs which are not €'-good.

Proof. For an e-typical vertex v € Va, let Ny = N(v) N Vi and N3 = N(v) N Vs. Recall from
Definition 2.4 that |N;| > (1 — €)d;p|Vi| and that there exist N] C N; with |[N/| > (1 — ¢)|N;| for
i € {1,3} such that (N7, N3) is (e, p)-regular and has density at least (1 — ¢)d3p. It follows that at



least (1 — €)|N4| vertices w € N4 have at least ((1 — €)dy3 — €)p|Nj| common neighbors with v in V.
Since
(1 =e)diz — e)p|N{| > (1 — & —£/8)(1 — &)dazp| N1| > (1 — 3¢ — /8)draduzp®| VA,

and 3 +¢/0 < &', each such edge {v,w} is £’-good. Since there are at least (1 —¢)|Va| typical vertices
in V5 and
(1—¢)[N3| > (1 —e)’dasp| V3| = (1 — 3e)dasp| V3|,

the total number of £’-good edges between Vo and V3 is at least (1 — 4e)dasp|V2||V3]. Finally, since the
number of edges between V5 and V3 is exactly dasp|Va||V3|, the total number of non-¢’-good edges is
at most 4edasp|Va||V3l. O

Proposition 2.12. For every e’ and ¢, there exists a positive e(g’,0) such that the following holds. Let
(V1, Vo, V3) be an e-typical (e,p)-regular triple with minimum density at least ép. Moreover, assume
that the endpoints of no edge in (Va,V3) have more than 4p?|Vi| common neighbors in Vi. Then Vi
contains at most €' |V1| vertices that are not &'-good.

Proof. Let ¢ = min{e’/4,€'6/4,(¢'6)?/32}. By Proposition 2.11, at most 4edasp|Va||Vi| edges in
(Va,V3) are not €’-good. Let «|Vi| be the number of e-typical vertices in V; that are not &’-good.
By definition, the neighborhood of every such vertex contains at least ¢’dy2d13da3p®|V2|| V3| edges that
are not ¢’-good. Therefore, our assumption on the maximum number of common neighbors of the
endpoints of edges in (V5, V3) implies that

a|Vi| - € diadizdasp®|Va||Va| < 4p®|Vi| - dedasp|Val V3]

and hence a < 16e/(¢’d12d13) < €’/2. Finally, since at most €|V;| vertices in V; are not e-typical and
e < £'/2, the number of vertices in V; that are not £’-good is at most &'|V4]. O

We end this section by showing that the neighborhood of every typical (good) vertex contains a
regular subgraph with bounded maximum degree and many (good) edges.

Proposition 2.13. Let ¢, §, and p be positive constants with ¢ < 1/2. Let (V1,Va, V3) be a triple of
sets such that for all i and j, the density of (V;,V;) is dijp, where dij > 6. Then for every e-typical
vertex v € Vi, there exist sets N C N(v) NV for j € {2,3} such that

(i) there are at least (1 — 5e — 2¢/8)d12d13dasp®| V|| V3| edges in (NY, NY) and if v is e-good, then
there are at least that many e-good edges in (N3, NY), and

(ii) for all j and k with {j,k} = {2,3}, no vertex in N has more than (1+2¢/8)(1 4 &*)d1xdazp?|Vi|
neighbors in N}

Proof. Fix an e-typical vertex v € V;. For each j € {2,3}, let N; = N(v) N'Vj. Since v is e-typical,
there are N; C N; with [Nj| > (1 —¢)[N;| > (1 - £)?pdy|V;| such that (N5, Nj) is (e, p)-regular with
density djsp, where (1 — €)daz < dyz < (1 +€)daz. Let Ny be the set of vertices in N} that have at
most (dy3 + €)p| Ni| neighbors in Nj and note that [N}| > (1 — )| N}| by (e, p)-regularity of (N3, N3).
Since 1/dbqs < 1/((1 —€)da3) < 2/6, then

(dhs + €)p|NJ,| < (1 + 2¢/8)dhsp| Nig| < (14 22/0)(1 + €)*drdasp®| Vi,



and (ii) follows. Note that [N}| > (1 —¢)|Nj| > (1 — ¢)dy;p|Vj| and

e(Ny, N3) > (dys — e)p| N3 ||N3| = (1 — 2¢/8)dysp| N5|| N5 | > (1 —2¢/6)(1 — &)’ dradusdasp® (V2 |V].
Moreover, if v is e-good, then at most ediadizdazp’|Va||V3| edges in (N4, N§) are not e-good. Now (i)
follows. O

2.4 Graph theory

The following proposition, which we will be using several times in the proof of our main result, is a
simple corollary from Hall’s marriage theorem [16] and gives a sufficient condition for a bipartite graph
to have a perfect matching.

Proposition 2.14. Let H be a bipartite graph on the vertex set AU B with |A| = |B|. Suppose that
there is an integer L such that

(i) IN(S)| > |S| for each S C A with |A\ S| > L and
(i) |[N(T)| > |T| for each T C B with |T| < L.

Then H has a perfect matching.
Recall that the following theorem was proved by Corradi and Hajnal [9].
Theorem 2.15. Every graph on n vertices with minimum degree at least 2n/3 contains a perfect
Ks-packing provided that n is divisible by 3.
2.5 Bounding large deviations

Throughout the proof, we will extensively use the following standard estimate on the tail probabilities
of binomial random variables, see [1, Appendix A]. We denote by Bi(n, p) the binomial random variable
with parameters n and p, i.e., the number of successes in a sequence of n independent Bernoulli trials
with success probability p.

Theorem 2.16 (Chernoff’s inequality). Let p € (0,1) and let n be a positive integer. Then for every
positive a with a < 2np/3,

P(| Bi(n,p) — np| > a) < exp(—aQ/(ﬁnp)).

3 Outline of the proof of Theorem 1.3

Let G be a subgraph of G(n, p) with minimum degree at least (2/3+0(1))np. Throughout this section,
we will tacitly condition on a few events that hold in G(n,p) asymptotically almost surely. The proof
of Theorem 1.3 breaks down into the following four simple steps.

1. Apply the regularity lemma and the Theorem 2.15 to partition the vertex set of G into regular
triples with positive density and a small exceptional set of vertices.

2. Remove from G a collection of vertex-disjoint triangles so that all but at most O(p~2) remaining
vertices lie in balanced super-regular triples.
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3. Decompose each of those super-regular triples into a triangle packing, a balanced strong-super-
regular triple, and a set of O(p~!) leftover vertices.

4. Find a triangle-factor in each strong-super-regular triple.

Since step 1 is a straightforward application of the regularity lemma (Theorem 2.3) and Theo-
rem 2.15, we will only describe the basic ideas of steps 2, 3, and 4 in this section. The details of each
step will be given in Sections 5, 6, and 7, respectively.

3.1 Step 2

In order to construct super-regular triples from the regular triples we obtained in step 1, we first move
all non-typical vertices to the exceptional set V). Since we have no control over Vj and |Vj| can be
linear in n, we need to cover most of it with vertex-disjoint triangles. At the same time, we do not want
to use too many vertices from any of the regular triples in order not to destroy their structure, i.e., to
keep them close to being super-regular. This will be achieved by a careful application of Lemma 4.5
which allows us to strategically find triangles. After we absorb the exceptional vertices into a triangle
packing, some triples in the remaining graph might become imbalanced. Since in order for any triple
to have a triangle-factor (or at least an almost perfect triangle packing), the sizes of all three of its
parts must be equal, we have to balance the sizes of the remaining triples. We will do that by adding to
our triangle packing some triangles whose vertices lie in two different triples, see Lemma 5.1. Finally,
since at the beginning we removed all non-typical vertices from each triple and later we did not alter
it too much, we can make every triple super-regular by deleting at most O(p~!) of its vertices (see
Proposition 2.9).

3.2 Steps 3 and 4

Our general strategy for finding a triangle-factor in a super-regular triple (V4, V5, V3) can be summa-
rized as follows.

(i) For each {3, j} C {1,2,3}, randomly select a small set M;; of independent edges in (V;,V}).
(ii) Find an almost perfect triangle packing that does not hit any endpoints of the edges in M;js.

(iii) Match the remaining vertices with the edges in M;;s in order to extend the triangle packing to
a triangle-factor.

Assume that the first two steps have been performed as expected. Then, in order to verify Hall’s
condition (see Proposition 2.14) to prove that an appropriate matching can be found in (iii), we need
to know, in particular, that the endpoints of each edge in Ms3 have many common neighbors in the
remaining part of V7 and that each vertex in Vj is incident to both endpoints of many edges in Mog
(and that similar conditions hold for other choices of indices). Therefore, it would be convenient if
M>3 consisted only of good edges and V; contained only good vertices (see Section 2.3). Unfortunately,
super-regular triples can generally contain vertices that are not good. This is the reason why in step
3, we need to break down each super-regular triple into a triangle packing and a strong-super-regular
triple.
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Therefore, we will perform the above described process twice. First, in step 3, we will absorb all
the non-good vertices into a small triangle packing by performing (i) and (iii), see Theorem 6.6. In
step 4, once we are left with a balanced strong-super-regular triple (after deleting at most O(p~1!)
further vertices), we can finally perform (i)-(iii), now using only good edges to construct M;;s, to find
a triangle-factor inside this triple, see Theorem 7.3.

4 Properties of Random Graphs

In this section we establish several properties of the random graph that will be useful in later sections.

Proposition 4.1. For every positive real p, there exists a constant C(p) such that if p > C(logn/n)'/?,

then G(n,p) a.a.s. satisfies the following properties.

(i) Every vertex has degree (14 p)np.
(ii) Every pair of distinct vertices has (1 £ p)np? common neighbors.
(i1i) For all X, Y C V with |X|,|Y| > pnp, we have e(X,Y) = (1 £ p)|X||Y|p. In particular,
e(X) =e(X,X)/2=(1=%p)|X|*p/2 for all X of size at least pnp.

Proof. Without loss of generality we may assume that p < 1/2. Assertions (i) and (ii) follow from
Chernoff’s inequality and the union bound, we omit the details. For (iii), let X and Y be fixed sets
with |X| = k1 and |Y| = k2. By Chernoff’s inequality, the probability that e(X,Y") # (1 £ p)|X||Y]|p
is at most e~?"k1k2P for some positive constant ¢. Thus by the union bound, the probability of the
existence of sets X and Y of size at least pnp each that do not satisfy e(X,Y) = (1 + p)| X||Y|p is at

most
- - n n 2 en\ ' [en\*? 2
e~ kikop <2 wlhe oo e CP kikop
2 2 <k1> <kz> 2 k1 ko
k1=pnp ka=pnp pnp<ki<ka<n
e2n2 ) ko .
<2 Z <k:2€—cp k‘lp) < 2n2((e/p)2p—2e—cp Ty Pnp
prp<ki<ko<n 1

< 20%((e/p)*n! =7 )V" = o(1),

where we assumed that C' is a sufficiently large constant. O

Proposition 4.2. For every p € (0,1/2), G(n,p) satisfies the following.

(i) Let D be a positive real. For a fixed set W C V', with probability 1 — e(l_p2D/12)”, all but at most
nDp~t/|W| vertices in V \ W satisfy

deg(v, W) = (1 & p)|Wp.

(ii) For every positive real &, there exists a constant D(p, &) such that a.a.s. the following holds. For
all W C V with |[W| > &n, all but at most Dp~" vertices in V' \ W satisfy

deg(v, W) = (1 £ p)|W|p.
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Proof. To prove (i), as a first step, we fix a set W C V. We may assume that Dp~in/|W| < n as
otherwise, the claim is vacuously true. Suppose that there are Dp~!n/|W| vertices v € V '\ W such
that deg(v, W) # (1 £ p)|W|p. Then there exists a set B C V \ W of size Dp~'n/(2|W|) such that
either deg(v, W) > (1 + p)|W|p for all v € B or deg(v, W) < (1 — p)|W|p for all v € B. This clearly
implies that e(B, W) # (1 £ p)|B||W]|p for some B as above. Since e(B, W) is a sum of independent
binomial random variables and E[e(B, W)] = |B||W|p = Dn/2, then by Chernoff’s inequality,

P(e(B,W) # (14 p)|B||W|p) < e #"Pr/12,
By the union bound, the probability that such a set B exists is at most one=r*Dn/12,
Now that (i) is proved, we easily get (ii) by applying the union bound. O

Proposition 4.3. For all £ € (0,1), there exists a C(£) such that if p > C(logn/n)Y2, then a.a.s. for
every x € [1,&n/2], G(n,p) does not contain a set W of x vertices and a set E of x independent edges
outside W (i.e., no edge in E has an endpoint in W) such that either the endpoints of each edge in
E have at least Enp? common neighbors in W or each vertez in W is adjacent to both endpoints of at
least Enp? edges in E.

Proof. Fix z, W, and E as in the statement of this proposition. For a vertex w € W and an edge
{u,v} € E, let B(u,v,w) denote the event that w is adjacent to both v and v. Let X be the
random variable denoting the number of events B(u, v, w) that occur in G(n, p). Note that each of the
“bad” events described in the statement of this lemma implies that X > &np?z > 22%p®. Moreover,
observe that X < 22, so we can restrict our attention to the case z > &np?. Since all B(u,v,w)
are mutually independent, X has binomial distribution with parameters 2 and p?, and hence by
Chernoft’s inequality,
P(X > énp?z) < e cknp’e

for some absolute positive constant c. Since for each z, there are at most (7)n®® pairs (W, E) with
|W| = |E| = z, the probability that some “bad” event occurs is at most

&n/2
Z <n> n2re—c§np2:r: )
x

r=£Enp?

Finally, note that

n _ 2 _ 2 _
< )ane cnp“x < e3xlogn cnp“x <n 27
T

provided that np? > (4/c€) logn. O

Proposition 4.4. Let p > n~'/2. For every positive reals € and p, there exists a positive real D(e,p)
such that G(n,p) a.a.s. satisfies the following property. For every set X with |X| > Dp~2, there are
at most en®p edges {v,w} in G|V \ X] such that v and w do not have (1= p)| X |p? common neighbors
mn X.

Proof. The constant D(e, p) will be chosen later. Let X be a fixed set of size at least Dp~2. Without
loss of generality we may assume that p < 1/2.

First expose the edges between X and V' \ X and call a pair of vertices {v,w} € V'\ X bad if v
and w do not have (14 p)|X|p? common neighbors in X. By Proposition 4.2 (i), with probability 1 —
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e(1=P?D'2/500n there are at most D'Y2p=1n /| X| vertices that do not satisfy deg(v, X) = (14 p/2)| X |p.
Even if each of these vertices forms bad pairs with all n vertices, there are at most DY/?p~'n?/|X|
such bad pairs. For each vertex that satisfies deg(v, X) = (1 £+ p/2)|X|p, again by Proposition 4.2 (i),
with probability 1 — e(1=P*D"*/50n there are at most 2DY?p=1n/(|X|p) other vertices w which do
not have (14 p)|X|p? common neighbors with w in X. Therefore, if D is sufficiently large, then with
probability at least 1 — e~2", the total number of bad pairs is at most

DY2p=1p2  oD/2p~1p2
| X| [ X|p

< 3D 122 < 5n2/2.

Finally, expose the edges within V' \ X. By Chernoff’s inequality, with probability 1 — e=en’p/ 20 at
most en’?p bad pairs will form an edge.

Since n?p > n, if we fix the set X, both of the above events happen with probability at least
1 —e~2". Since there are at most 2" choices for X, we can take the union bound over all choices of X

to derive the conclusion. O
Using the above propositions, we now prove the following generalization of [17, Lemma 6.4].

Lemma 4.5. There exist C, D, and ¢ such that if p > C(logn/n)'/?, then G(n,p) a.a.s. has the
following property. For every spanning subgraph G' C G(n,p) with 6(G') > (2/3)np and every set
T C V(G") with |T| < en, all but at most Dp~2 vertices of V\T are contained in a triangle which does
not intersect T'.

Proof. For the sake of brevity, denote G(n,p) by G and let V.= V(G). Let € be a small posi-
tive constant (we will fix it later), let C' = Cy1(¢), and let Dy(e) be a constant satisfying Dy >
maX{D4_2(ii) (5, 8), Dy4 (8, 6), 1}.

Without loss of generality we may assume that |T| = en. Let Xo € V \ T be an arbitrary
set of size 2Dgp~2. By assuming that the events from Propositions 4.1, 4.2 (ii), and 4.4 hold, we
will show that there exists a triangle in G’ which intersects Xy but not 7. This will prove that
there are at most 2Dgp~? vertices that are not contained in triangles that do not hit 7. Let T’
be the collection of all the vertices v that satisfy deg(v, XoUT) > (14 ¢€)|Xo U T|p and note that
|T"| < Dop~! by Proposition 4.2 (ii). Let 7" = T UT’ and X = Xy \ T’. Note that |T"”| < 2en and
|X| > |Xo| — |T'| > Dop~2. Let D be the constant defined by |X| = Dp~2 and note that D > Dg. It
suffices to show that there exists a triangle in G’ which contains a vertex from X but not from T".

Let Y =V \ (X UT”) and fix a vertex 2z € X. Note that

dege (z,Y) = degew (x) — dege (v, X UT") > dege(z) — degen (z, Xo UT) — |T7|
> (2/3)np — (1+€)|T U Xolp — Dop™" > (2/3 — 3¢)np,

where the last two inequalities follow from the fact that x € T' and our assumption on p. Finally, let
N, = Ng(xz)NY and fix an arbitrary subset N, C Ng/(z) NY of size (2/3 — 3¢)np.

It suffices to show that the number of triangles xy;ys in G’ such that z € X and y1,y2 € N, is
nonzero. Let this number be M. To bound M from below, first bound the number of triangles zy;y9
in G such that z € X,y1,y2 € N,, and y192 is an edge of the graph G’ (we will later subtract the
number triangles whose y; or y2 is not in N.). Let this number be My. Since | X UT"|,|Y] > en),
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then by Proposition 4.1 (iii),

2\ n? 2 2
(V) 2 caV) = ca (V. X UT") - e (X UT") > (3 ) "5~ Olemn = (5 - 006)) "5
By Proposition 4.4, the number of edges {v,w} in G'[Y] that form a triangle in G with fewer than
(1 — ¢)D vertices in X is at most en?p given that Dy is large enough. Thus,
Dn’p

My > (eG/(Y) - €n2p>(1 —e)D > (2 — O(E)) 5

To obtain a bound on M from My, we can subtract the number of triangles zy,y2 as above such that
either y; or ys is not in N/. Since |N,| < (1 4 &)np by Proposition 4.1 (i), then

N\ N2 = [Nol = [N2] < (1+ )np — (2/3 — 3e)np = (1/3 + de)p.
Thus, if € is small enough, by Proposition 4.1 (iii) we have,

M > My =Y (eq(No \ Ny, Np) + e (No \ N7))

zeX
1 2,4 (1 2 n2p?
>My— Y (1+¢) <<3+O(5)> 3P <3+O(a)> —
zeX
2 Dn?p ) n?p? 1 Dn?p
> (2 — — = — === .
> <3 O(a)) 5 Z <9 —|—O(€)> 5 <9 O(E)> 5
zeX
Therefore there exists a triangle as claimed, provided that ¢ is sufficiently small. 0

The following proposition establishes the fact that it is necessary to have Q(p~2) vertices not
covered by triangles. Its proof closely follows the argument from [17, Proposition 6.3].

Proposition 4.6. Let e > 0. There exists a positive constant C(g) such that if Cn~ Y2 <p <1, then
G(n,p) a.a.s. contains a spanning subgraph of minimum degree at least (1 — £)np such that Q(p~2) of
its vertices are not contained in a triangle.

Proof. Let C be a constant satisfying C' > 2 and eC?/15 > 8e/e. If p > (logn/n)'/2, then by
Proposition 4.1, a.a.s. §(G(n,p)) > (1 — e/4)np and each pair of vertices of G(n, p) has at most 2np?
common neighbors. If Cn~1/2 < p < (logn/n)'/?, then still a.a.s. 6(G(n,p)) > (1 — /4)np, but
G(n,p) may contain some edges whose endpoints have more than 2np? common neighbors. Let H be
the subgraph consisting of all such edges, and let v be an arbitrary vertex. By Chernoft’s inequality,
the probability that v and some other vertex have more than 2np? common neighbors is at most
e—mp*/15 Therefore,

n oo\ ED (denp oo s\ EDP -
> < e~ /15 < . .—C?/15 _ 1
P(degH(v) = (5/4)”])) = ((8/4)np> (p e ) = ( enp € > O(n )?

so a.a.s. A(H) < (¢/4)np. Finally, let G = G(n,p) — H. Clearly, the endpoints of every edge of
G have at most 2np? common neighbors. Moreover, without loss of generality, we may assume that
I(G) > (1 —¢/2)np.
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Let X be an arbitrary fixed set of (¢/4)p~2 vertices of G and let W = {v ¢ X : deg(v, X) > 2|X|p}.
By Chernoff’s inequality, the probability that a vertex v belongs to W is e~ (¥~ ") and these events are
independent for different vertices. Since p > e_Q(pil), Chernoff’s inequality implies that a.a.s. |IW| <
(e/4)np. Moreover, since our assumption on p implies that | X| < (¢/8)n, then by Chernoff’s inequality,
a.a.s. deg(u, X) < (¢/4)np for every vertex u.

Let G’ be the subgraph of G obtained by deleting all edges within X, all edges between X and W,
and deleting edges incident to every y ¢ X U W according to the following rule — for every triangle
zyz in G with z € X and z ¢ X UW, remove the edge yz. It is quite easy to see that no vertex of X
is contained in a triangle in G’. Let us now estimate 0(G’). Since a vertex u € X UW lost only edges
connecting it to X and W, then

deger(u) > (1 —e/2)np — deg(u, X) — deg(u, W) > (1 —e/2)np — deg(u, X) — |W| > (1 —e)np

Since a vertex y ¢ X UW is incident to at most (¢/2)p~! vertices € X and it has at most 2np?
common neighbors with each such z, then

dege (y) > (1 —¢/2)np — (¢/4)p~ ' - 2np* > (1 — &)np.
Thus G’ has the required properties. ]

We end this section with two propositions. Proposition 4.7 asserts that in a typical random graph
G(n,p), the reduced graph of a regular partition of a subgraph G C G(n,p) inherits the minimum
degree condition that we impose on G. Final proposition, Proposition 4.8, shows that every regular
triple in a random graph is typical.

Proposition 4.7. Lety > 0 and p > n~'. There exist eo(y) and 5o(7y) such that if e < g9 and § < g,
then the following holds. Given a subgraph G of G(n,p), let (Vi)f:l be its (e, p)-regular partition such
that |V;| < en for alli and every part forms an (g, p)-regular pair with at least (1 —e)k other parts. Let
R be its (0,¢e,p)-reduced graph. If G has minimum degree at least (2/3 + v)np, then R has minimum
degree at least (2/3 +v/2)k.

Proof. Let m = |V;| and note that since |Vj| < en, then (1 —e)n < mk < n. Thus, we have the bound
m > (1 —¢)n/k. Since p > n~!, then Chernoff’s inequality implies that a.a.s. for every pair X, Y
of sets with | X|,|Y| = Q(n), we have e(X,Y) = (1 £ ¢)|X||Y|p. Hence, without loss of generality
we can assume that eg(Vi, V;) < (1 + €)|V;||V;|p and eq(V;) < |V;|?p for all i and j. Furthermore, if
{i,5} ¢ E(R) and (V;,V;) is a regular pair, then eg(V;, V;) < dm?p. Thus for a vertex i € V(R),

e

a(Vi, VAVY) =Y ea(Vi, Vj) < (k — degg(i)) - om®p + (degg(i) + ek) - (1 + &)m”
7=1

On the other hand, by the minimum degree condition on G,
ea(Vi, VAVD) = [ D degg(v) | — ea(Vi, Vo) — 2ea(Vi) > (2/3 + v)npl|Vi| — 4en|Vilp.
veV;
Combine the bounds, divide each side by m?p and use the bound n > mk to get

(2/3 4+ )k —4ek < (k — degpr(i)) - 6 + (degr(i) + k) - (1 +¢) < kd + (1 + ¢)(degg(i) + k),
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which is equivalent to (2/3 +v —4e —§ — (1 +e)e)k < (1 + &) degp(i). Hence, if ¢ and § are small
enough with respect to 7, we conclude that degp (i) > (2/3 + v/2)k. O

Proposition 4.8. Let p > n~Y2. For all positive €, §, and &, there exists a constant £o(g’,0) such
that a.a.s. in G(n,p), every copy of a graph from G(K3, (n1,n2,n3), (di2,d2s,ds1), (,p)) is €' -typical
provided that € < g¢, dy2,do3,d31 > 6, and ny,ne, ng > &n.

Proof. Given ¢’ and 4, let 5(d) be sufficiently small, let eg = e25(8, d,¢’), and assume that € < 9. By
Proposition 4.1 (iii), it suffices to consider only the range dy2, d2s,d3; < 1+ 0.
By Lemma 2.5, there are at most

Bag2n2p< ning > < nan3 ) ( ngny )
diapning ) \daszpnang) \dsipnzni
non-&’-typical graphs in the collection G(K3, (n1,n2,n3), (di2, d2s, ds1), (¢,p)). Thus the expected num-

ber of such graphs in G(n,p) over all possible choices of n1, na, ng, mia = dizpning, mas = dagpnans,
and mg; = dz1pngn, is at most

(14+8)pnine (1+4d)pnans (14+6)pn3sny

Z Z Z Z 5525}7712 <7;’;717’22> <n2n3> <n3n1>pm12+m23+m31

ma3 ma1
n1,n2,n3=En mi2=0pninz maz=0pnanz ma1=dnzni

n (14+68)pn?

S S e (e

op
n1,n2,n3=En m1,ma,m3=06£2pn?

0 (eﬁé%/(sma)) ) s
5

mi12+m23+m3i1
pm12+m23+m31

<n

< =o(1),
where the last equality comes from the fact that § is sufficiently small. The statement now easily
follows from Markov’s inequality. O

5 Obtaining balanced super-regular triples

In Section 3.1, we mentioned that the process of absorbing exceptional vertices into a triangle packing
may cause some regular triples in our graph to become slightly unbalanced. The following lemma
describes a greedy procedure that finds a small triangle packing which restores the balance in each of
these triples.

Lemma 5.1. Let p > n~Y2. For all positive reals 8, €, and v, there exists an e0(0,€",7) such that if
e < gq, then the following holds. Let G be a subgraph of G(n,p) and let Vi, ..., Vs be disjoint subsets
of V(G) satisfying |Vi| € [(1 —e)m, (1 + €)m] for some m = Q(n). Let R be a graph on the vertex set
[3k] of minimum degree at least (2 4+ v)k such that {3t — 2,3t — 1,3t} forms a triangle for all t € [k]
and assume that (V;)2%, is (8, ¢, p)-reqular over R.

Then there exist subsets B and S of V(G) such that the following holds.

(i) |B| < 4k,
(11) G[S] contains a perfect triangle packing,
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(iii) [V; N (BUS)| <e'm for alli € [3k], and
(iv) Vi \ (BUS) have equal sizes for all i.

Proof. Let &1 = €2.4(3,6) and gp = min{m,q,g(al, g), g,el}. Assume that € € (0,¢0) is given.

Let Cp = {3t — 2,3t — 1,3t} for ¢t € [k] be triangles of the graph R. For each vertex i € [3k], call
an index t € [k] i-rich or rich with respect to i if i is adjacent to all three vertices of Cy, and assume
that there are g; ¢-rich indices. Then by the minimum degree condition on R, we have

3g; +2(k —gi) > (2 + )k,

which is equivalent to g; > k. Thus for each vertex i € [3k], we can assign an i-rich index t € [k] to
it so that every index in [k] is chosen by at most (3k)/(vk) = 3/~ vertices.

Consider the following process that adjusts the parts one by one. Throughout the process, we
will maintain sets B C V(G) and Z; C V; for each i € [3k]; they are empty at the beginning. Call
a triangle C; balanced if the sets V3;_o \ Z3;—2, V3i—1 \ Z3t—1, and V3; \ Z3; have equal cardinalities.
Assume that the triangles C1, ..., Cy_1 are already balanced and we are trying to balance the triangle
Cy. Without loss of generality, we may assume that |Va;—; \ Z3i—i| — |Va¢ \ Z3¢] = x;m and 0 < x; < 2¢
for i € {1,2}. Thus we have to remove x;m vertices from V3;_; for ¢ € {1,2} in order to make C;
balanced. By moving at most 2 arbitrary vertices from each set V3;_1 and V3;_5 to B and also to Z3;_1
and Zs3;_o, respectively, we may assume that both x1m and xzom are divisible by 3. First consider the
set V3;_1 and let s be the rich index with respect to 3t — 1 which we have chosen above. As we will later
establish, for every i € [3k], |Vi\ Zi| > m/2 throughout the process. Therefore by Proposition 2.1, the
triple (Vai—1 \ Zst—1, Vas—j \ Z3s—j, Vas—k \ Z3s—) inherits the regularity of (Va;_1, Vas—j, Vas—i) and is
always (2e, p)-regular of density at least §/2 for every pair {i,7} C {0,1,2}. By Proposition 4.8, it
must also be e1-typical. Thus by Proposition 2.6 we can find z1n/3 triangles across this triple. Do this
for each pair {7, j} and update the sets Zs;_1, Z35—2, Z3s—1, and Z3, by placing all the vertices of these
triangles into corresponding parts. Note that even though the sizes of the sets in Cs have decreased,
the number by which they decreased is the same for all three of them and thus after performing the
same procedure for Vs;_o, the triangles C1, ..., C; will be balanced.

Note that in the end, |B| < 4k. Moreover, throughout the process, by the restriction that every
index is the chosen rich index for at most 3/7 other indices, we always have, |Z;| < 2em - (3/7+1) <
min{e’m, m/2} as claimed. Define S = (U, Z;) \ B and we have the sets B and S as claimed. [

Below is the main theorem of this section. It says that we can partition our graph into balanced
super-regular triples, a collection of vertex-disjoint triangles, and a set of at most O(p~2) exceptional
vertices. We would like to remark that the upper bound imposed on the sizes of the common neigh-
borhoods in (v) will come in handy in the proof of Theorem 6.6, where we show that the triples
(Ws3y—a, Way_1, W3;) are close to being strong-super-regular, see Proposition 2.12.

Theorem 5.2. For an arbitrary v, there exist §(v) and £o(vy) such that for all € € (0,e9), there exist
constants C(g), D(e), and &(¢) satisfying the following. If p > C(logn/n)Y/2, then a.a.s. for every
spanning subgraph G' C G(n,p) with §(G") > (2/3 4+ v)np, there exist a further subgraph G" C G' and
a partition of V(G) into sets B, S, and (W;)3*,, where k < D, such that

(i) |Bl < Dp~2.
(i) G'[S] contains a perfect triangle packing.
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(iii) (Wsi—2, War—1, Way) is a (8, ¢, p)-super-reqular triple in G for all t € [k].

(1v) |Wap_a| = [Wai_1| = |[Wat| > E&n for all t € [k].

(v) In the graph G", for all t € [k], the endpoints of every edge in (Wsi_o, Ws,_1) have at most
4]W3t]p2 common neighbors in W3, and a similar statement holds for other choices of indices.

Proof. Given a ~, let § = d47(y) and g9 = e47(y). Moreover, for a given ¢ € (0,e9), let g7 <
min{e/2, e2.9(e,6),8/2}, €2 < min{e 5 /362, e7/400,e51(5,€1/3,7/2)}, e3 < (1/27) min{eq s(e2,6)3, e2}.

Let K = Ko 3(e3,2,1/e3), n = min{na3(e3,2,1/e3),1}, £ = e3/(4K), C = max{Cs1(n),Cs5}, and
D = max{3Dys5, 18K Dy (i1 (1/3,€), 24K }.

Proposition 4.1 (iii) implies that G(n,p) is a.a.s. (1,2, p)-upper-uniform. Thus we can apply the
regularity lemma, Theorem 2.3, to obtain an (e3, p)-regular partition Vp, Vi, ..., Vs of the graph G,
where each part forms a regular pair with at least (3 — 3e3)k other parts. Let m = |V;|, note that
m > n/(2K), and let R be the reduced graph with parameter §. Since G’ has minimum degree at least
(2/3 + v)np, by Proposition 4.7, the reduced graph has minimum degree at least (2 + v/2)k. Thus
by Theorem 2.15, we may assume that (V3;_2, V31, Va;) forms an (g3, p)-regular triple of density at
least § for all ¢ € [k]. By Proposition 4.4, there are at most (g3/2)pm? edges in (V3;_1, Va;—_2) whose
endpoints have more than 2|V3;|p? common neighbors in Vz;. Similar estimate holds for the edges in
(Vai—o,Va) and (Var—1, Var). Delete all such edges for all ¢ € [k] to obtain the subgraph G”. Then in
the graph G”, each triple (Vs;_o, Va1, Vay) is (35§/3,p)—regular by Proposition 2.2.

By Proposition 4.8, we may assume that every (35:15/ 3, p)-regular triple of density at least J is ea-
typical. Thus for each index i, if we let X; C V; be the collection of non es-typical vertices, then
| X;| < e2|Vi|. Furthermore, let X3; be the collection of those vertices v € Va; such that deg(v, V3;—;) #
(1 £ e9)dst 3t—p|Vse—j| for some j € {1,2} and define X3, and X3;_9 accordingly (there are at most
4e9n such vertices by regularity). By adding arbitrary vertices to X; if necessary, we may assume that
|X;| = 5e2|Vi|. Move all the vertices in X; from V; to Vy and denote the resulting partition by (V/)2K,.
We then have |[Vj| < |Vo| + >, | Xi| < 6ean.

Consider the following process of finding triangles that absorbs the vertices in V{. Let T be the
empty set; we will update it throughout the process. Apply Lemma 4.5 to find a triangle which hits
Vi but not T" and move all the vertices of this triangle into 7. If |T'NV/| > /22|V/| — 3 for some index
i € [3K], then move all the vertices of V/ into T'. This way, we will have

] < 31Vg]- (1//22) + 3|Vg| < 36y/Zn < cam

throughout the process. Terminate the process when we cannot find such triangles anymore. Then,
we must have |Vj| < (D/3)p~2. Let By be the collection of all the remaining vertices of V, and Sy be
the set of vertices in the copies of the triangles that we found. Let V} = V/\ Sy = V; \ (Bo U Sp) and
note that for all 4, since |V; N (Bo U Sop)| < | Xi| + v/€2|Vi| < (€1/6)|Vi|, then |V| > (1 —e1/6)|Vi].

By Proposition 2.1, (V3;_o, V4;_1, V4;) forms a (2e3, p)-regular triple of density at least § —e3 > /2
for all t € [k]. Apply Lemma 5.1 to (V/")3¥, to obtain sets By and S;. Observe that |By U B;| <
(D/3)p~2 +4K < (2D/3)p~2 and G[Sy U S1] contains a perfect triangle packing. Also, most crucially,
if we let BS = ByUSoUB1 US| and W; = V;\ BS = V/"\ (B US)), then all W; have equal sizes and
moreover, |W;| > (1 —¢1/6 —e1/3)m > (1 —e1/2)m.

We will remove some vertices from each set W; to make the triples (Ws;_o, W31, W3;) super-
regular for all ¢ € [k]. Since &n < |X;| < [BSNV;| < (e1/2)m for all i, by Proposition 4.2 (ii), there
are at most (D/(18K))p~! vertices which have more than (2¢1/3)pm neighbors in BS NV; for each
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fixed i € [3k]. Let Y] be the collection of such vertices for the set BS NV, and BS N V3 which lie in
V1 and similarly define Y5, Ys;. By placing arbitrary vertices into Y7, Ys, or Y3 as necessary, we may
assume that |Yi| = |Ya| = |Y3] < (D/(9k))p~!. Consider the set W/ = W; \'Y; for i € {1,2,3}. Then
since |Y;|+|BSNV;| < (D/(9K))p~ ! +(e1/2)m < e1m, in total we removed at most e1m vertices from
each part of (V1,Va,V3) to obtain (W], Wy, W3). By the definition of the sets X; at the beginning,
all the vertices in W] were e;-typical in the triple (Vi,Va, V3), and by the choice of Y7, they have
at most (2e1/3)pm + |Ya| < e1pm neighbors in the deleted portion in Va (similar for V3). Thus by
Proposition 2.9, all the vertices in W/ are e-typical in the triple (W{, W3, WZ). Also, since all the
vertices of Vi not in X had (1 &+ €1)di2p|V2| neighbors in Va, they will still have (1 £ 2¢;)d12p| V2]
neighbors in W and similar for other choice of indices. Moreover, the triple (W7, W3, W3) inherits the
regularity of (V1, Vo, V3) and is (2e3, p)-regular of density at least  —e3 > §/2. Thus by the fact 21 < ¢
and 2e3 < e, (W{, W3, Wj) is (§/2, ¢, p)-super-regular. Repeat the above process for all other triples.
Let B be the union of By, By, and Y; for all i € [3k] as above so that |B| < (2D/3)p~2 + (D/3)p~ ! =
Dp~' and S = Sy U S;. We also have the bound |[W/| > |Vi|/2 > &n for all 4. Moreover, (v) will
hold since in G” all the edges between W4 and W} have at most 2|V;|p? common neighbors in V4, and
therefore at most 4|W{|p? in W (similar for other indices). O

6 Obtaining balanced strong-super-regular triples

In the previous section, we managed to decompose the graph into balanced super-regular triples, a
triangle packing, and a small set of exceptional vertices. In this section, we will show how by slightly
enlarging the triangle packing and the exceptional set, we can make these triples strong-super-regular.
Our main tool, which will also be used in the next section, is the following lemma, which constructs
small quasi-random matchings in super-regular triples; see the discussion in Section 3.2. We would
like to remark that even though the stronger assumption (A1) implies the weaker assumption (A2),
we state both of them, as (A1) is much simpler and in one of the two applications of Lemma 6.1, we
can verify that this stronger condition is satisfied.

Lemma 6.1. For all positive § and n with n < 1/140, there exist £(6) and C(d,n) such that the
following holds. Let (Vi,Va,V3) be a (6,¢,p)-super-reqular triple with m = |Vi| = |Va| = |V3| and
p > C(logm/m)Y2. For each i and j, let dijp be the density of (V;,V;), let ¢ij = n/(dijpm), and
let E;; be a subgraph of (V;,V;) with |E;;| < ndijpm?®. Form a set M;; by selecting every edge in
(Vi, Vi) \ Eij independently with probability g;; and let M;; C Mi’j be the set of all selected edges in
(Vi,V;) that are not incident to any other edge in M{y U Miq U Mjs. Moreover, for each i, let Q; be
the set of all vertices in V; that are covered by some edge in Mis U Mz U Mas. Assume that for each
i, j, and k, there is a set V! such that

(A1) the neighborhood of every v € V! contains at most ndijdikdjkp‘gmz edges of Eji, or

(A2) for every v € V/, every subgraph (N}, Ni/) of (N(v) NV, N(v) N Vi) such that deg(w, Nj|) <
2d;xdjkp*m for all w € Ny and deg(w, N) < 2d;;d;kp*>m for all w € N contains at most
ndijdikdjkp?’mQ edges of Ejp.

Then Myo U M3 U Mas is a matching and with probability tending to 1 as m tends to infinity, for each
i, j, and k,
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(M1) (n/2)m < |M;;| < 2nm,
(M2) every v € V; has at most 3nd;jpm neighbors in Q;,
(M3) the neighborhood of every v € V' contains at least (n/2)6*p*m edges of My, and

(M) the endpoints of each n-good edge in (V;, Vi) have at least (1 — 4n)d;;jdp*m common neighbors
in Vi \ Q.

Proof. Let ¢ = min{1/100,4/50}. Fix i, j, and k with {4,7,k} = {1,2,3}. For a vertex v € V;, let
N; = N(v) NVj and N = N(v) NVj. By construction, Mia U Mi3 U Mas is a matching.

Claim 6.2. With probability 1 — o(1), (n/2)m < |M;;| < 2nm.

Proof. By our assumption on |E;j|, there are at least (1—n)d;;pm? edges in (Vi, V;)\ Eij, so E[|M;]] >
(1—n)dijpm3q;j = (1—n)nm, and Chernoff’s inequality implies that |M;| > (3n/4)m with probability
1—o(1). In order to estimate |M;;|, note that [M];| —|M;;| is at most the number of vertices in V; UV;
that are incident to an edge of Mi’j and some other edge in M], U M;{;UMJ,. Let A, denote the event
that w is such a “bad” vertex. Since (V1,Va,V3) is (0, ¢, p)-super-regular, deg(v,V;) < (1 + €)d;jpm
and deg(v, Vi) < (1 + €)djxpm for every v € V;. Hence, if w € V;, then

P(Ay) < deg(w,V;)g;; - (deg(w, V;)gi; + deg(w, Vi)gix) < (14 €)*2n°

and the expected number of such “bad” vertices in V; is at most (14+¢)22n?m. The events {A,: w € V;}
are mutually independent, so by Chernoff’s inequality, with probability at least 1 — o(m ™), there are
at most 3n?m “bad” vertices in V; and similarly, there are at most 3n%m “bad” vertices in V;. Hence,
|M;;| > (3/4 — 6n)nm > (n/2)m with probability 1 — o(1). Finally, since the number of edges in
(Vi, Vi) \ Eij is at most d;;pm?, we have E[|M;]] < dijpm?q;j = nm, and Chernoff’s inequality implies
that [M;;| < |Mj;| < 2nm with probability 1 — o(1). O

Claim 6.3. With probability 1 — o(m™1), deg(v,Q;) < 3nd;jpm.

Proof. Let Q) be the set of vertices in V; that are covered by some edge in M{j U M}, and note that
Q) O Q; (similarly define Q;. and @Q)). For a vertex w € Vj, let B,, denote the event that w € Q}.
Since (Vi, Va, V3) is (8, €, p)-super-regular, deg(w,V;) < (1 + €)d;jpm and deg(w, Vi) < (1 + €)d;ppm.
Hence,

P(By) < deg(w, Vj)qij + deg(w, Vi)gix < 2(1 +¢€)n.

The events {B,,: w € V;} are mutually independent and |N;| > (§/2)pm, so by Chernoft’s inequality,
|N; N Q5| < (57/2)|Nj| with probability at least 1 — e~“MP™ for some absolute positive constant c. It
follows that

deg(v, Q;) < deg(v,Q}) = |N; N Q| < (51/2)(1 4 €)dijpm < 3ndipm
with probability 1 — o(m™1). O

Claim 6.4. Ifv € V/, then with probability 1—o(m™1), the pair (N;, Ny.) contains at least (n/2)d;jdp*m
edges of My.
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Proof. Without loss of generality, we may assume that (i,7,k) = (1,2,3). Since v is e-typical, (1 +
e2)(1 + 2¢/8) < 2, and 5¢ + 2¢/8§ < 1/7, Proposition 2.13 implies that there are sets Ny C Ny and
NY C Nj such that (N}, NY) contains at least (6/7)d12d13d23p®>m? edges, no vertex in NJ has more
than 2d13da3p®m neighbors in N¥, and vice versa, no vertex in N has more than 2d;2da3p®m neighbors
in NJ. Since at most ndiadi3dazp®m? edges among (N4, NY) belong to Ea3 by either (A1) or (A2), it
follows that

E[|Mé3 N (Nél, Nél)H > (5/7)d12d13d23p3m2q23 = (5/7)d12d13np2m.

Since |Mjs N (Ny/,N3)| is a sum of independent indicator random variables, Chernof’s inequality
implies that for some absolute constant c,

P (|Mgy 1 (N5, N§)| > (4/T)dradignp?m) > 1— =P > 1 -1 /m?,

provided that C' is sufficiently large.

In order to estimate |Mas N (N, N5')|, note that [Msys N (Ny, N&')| — | Mag N (Ng, N5')| is at most
the number of vertices in Nj U Ny that are incident to an edge in M}, N (NS, NY) and some other
edge in M{, U M{3U Mjs. Let C,, denote the event that w is such a “bad” vertex. If w € NJ/, then

P(Cy) < deg(w, N3)ga3 - (deg(w, V3)qas + deg(w, V1)g12)
< 2dy3dasp®maos - (1 + €)daspmaos + (1 + €)dizpmai2) = (1 + €)dn’di3n’p.

Since |NJ/| < |N2| < (1 + ¢)diapm, the expected number of such “bad” vertices in N4 is at most
(1+¢)24n%d12dazp®m. The events {Cy,: w € N} are mutually independent, so by Chernoff’s inequality,
for some absolute constant ¢, with probability at least 1 — 6_652”27327”, there are at most 5n?diadizp’m
“bad” vertices in NJ and similarly, there are at most 5ndjadi3p®m “bad” vertices in NJ. Hence, with
probability 1 — o(m™1),

| Moz N (N3, N3)| > (4/7 — 10n)diadaznp®m > (n/2)dradizp*m,
provided that C is sufficiently large. O

Claim 6.5. With probability 1 — o(1), the endpoints of every n-good edge in (V;, Vi) have at least
(1 — 4n)dijdip*m common neighbors in Vi \ Q;.

Proof. For an arbitrary vertex v € V;, let D,, denote the event that v € Q). Clearly,
P(Dy) < deg(v, Vj)qij + deg(v, Vi)gir < 2(1 +&)n.

Fix some 7n-good edge in (V}, Vi) and let A C V; be the set of common neighbors of its endpoints.
Then E[|[AN QL] = Y ,c4 P(Dy) < |A| - 2(1 + &)n. Moreover by definition, |A| > (1 — n)d;;dixp*m >
(1/2)82p®m. Since the events D, are mutually independent, Chernoff’s inequality implies that

_s2.2
P(JAN Q]| = 3n|Al) < e= 7w

for some absolute positive constant c¢. Hence, if C' is sufficiently large, then with probability at least
1—1/m3,

(AN Qil > [A\ Qi = (1= 3n)|A] = (1 = 30)(1 — n)dijdwp®m > (1 — 4n)dijdixp*m.

Since there are at most m? good edges, the claim is proved. O
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Finally, note that Claims 6.2-6.5 imply that (M1)—(M4) are satisfied with probability 1—o(1). O

Below is the main theorem of this section. It says that we can partition our graph into balanced
strong-super-regular triples, a collection of vertex-disjoint triangles, and a set of at most O(p~2)
exceptional vertices. In the next section, we will prove that each of those strong-super-regular triples
contains a triangle-factor.

Theorem 6.6. For an arbitrary positive -y, there exists a positive § such that for all e, there exist
constants C, D, and & that satisfy the following. If p > C(logn/n)'/?, then a.a.s. every G C G(n,p)
with 6(G) > (2/3 + v)np contains a subgraph G' C G whose vertex set can be partitioned into sets B,
S, and (W})3E,, where k < D, such that

(i) 1Bl < Dp2,

(11) G[S] contains a perfect triangle packing,
(1it) (W3y_o, Way_1, Wa,) is a (8,€,p)-strong-super-reqular in G' for all t € [k], and
(i0) [Why_ol = Wiy = [Why| = n for all t € [K).

Proof. Let § = min{d5.2(7)/2,3/4}. Without loss of generality, we may assume that ¢ < 2/4. Further-
more, let e3 = e9.9(g,20), 61 = min{e6?/1180,e302/40}, €2 = min{ea12(e1,20),e5.2(7), €6.1(8),€/2},
and & = &59(g2)/2. Let n = 12¢1 /8. Moreover, let

D = (6/¢&) max{ D5 5(c,), Dyoiiy(1/4,€1), Daa(e1£26°6% /4,1/4)}

and C = max{C’5_2(€2), 04.3(3€1§)}.

By Theorem 5.2, there exists a further subgraph G’ such that the vertex set of G’ can be partitioned
into sets By, So, and (W;)3*, such that |By| < (D/2)p~2, G[So] contains a perfect triangle packing,
and for all t € {1,...,k}, the triple (Wsi_o, W31, Ws;) is (20, £2, p)-super-regular in G’. Moreover,
the endpoints of no edge in (Ws;_2, Wa3;_1) have more than 4|W3;|p? common neighbors in W3; (and
a similar statement holds for other choices of indices). We will show that each such triple contains a
slightly smaller (d, ¢, p)-strong-super-regular triple in such a way that all but at most O(p~!) leftover
vertices can be covered by vertex-disjoint triangles. Obviously, this will imply the assertion of the
theorem.

Without loss of generality, we will only consider the triple (W7, Wa, W3). For the sake of brevity,
let m = |Wy| = |Ws| = |Ws| and note that m > 2¢n. Without loss of generality, we can condition on
the event that G(n,p) satisfies the assertions of

e Proposition 4.2 (ii) with p = 1/4 and £ = eym/n,
e Proposition 4.4 with € = g1226°m?/(4n?), and p = 1/4, and
e Proposition 4.3 with £ = 6e1m/(2n).

For each i, let X; C W; be the collection of vertices that are not £1-good. By Proposition 2.12,
| X;| < eym and we may assume that |X;| = e;m. While constantly updating the sets X;, X3, and
X3, repeat the following. If there exists an i and a vertex v € W; \ X; such that either

(A) |N(v) N X;| > 4e1pm for some j or
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(B) the neighborhood of v contains more than eodiadi3dagp>m? edges whose endpoints have more
than 5¢1p?m common neighbors in X;,

then move v to Xj.

Claim 6.7. The cleaning-up procedure finishes with eym < |X;| < 3eym for all i.

Proof. Suppose that at some point in time, |X;| > 3e;m for some 4, and consider the earliest such
moment. Without loss of generality, we may assume that i = 1. Clearly, 3eym < |X1| < 4e1m
and |X;| < 3eym if j # 1. Since at the beginning, every X; contained at most e;m vertices, W
contains either e;m vertices satisfying (A) or eym vertices satisfying (B). The former is impossible,
since | X;| < 3eym for j # 1 and we assumed that G(n,p) satisfies the assertion of Proposition 4.2 (ii)
with & = e;m/n. Since the endpoints of each edge in (Wa, W3) have at most 4p>m common neighbors
in W1, the latter would imply that (Ws, W3) contains

(51m) . (52d12d13d23p3m2)/(4p2m) Z (616253/4)pm2

edges whose endpoints have more than 5e1p?m common neighbors in X;. Since |X;| < 4eym,
this is impossible by our assumption that G(n,p) satisfies the assertion of Proposition 4.4 with
€ = £1620°m?/(4n?), and p = 1/4. O

It is not hard to check that (W7 \ X1, Wa \ Xo, W3 \ X3) is (0/2,¢’, p)-strong-super-regular. Un-
fortunately, this conclusion is too weak for us at the moment — we first need to absorb X7 U X5 U X3
into vertex-disjoint triangles.

For every i, let Y; C X; be the set of vertices in X; that have more than 4e1pm neighbors in X;
for some j with j # i. Since |X;| < 3eym and we assumed that G(n,p) satisfies the assertion of
Proposition 4.2 (ii) with ¢ = e;m/n, then |Y;| < Dp~!/(6k). By adding arbitrary vertices of X; to
Y, we can guarantee that |Yi| = |Y2| = |Y3|. For every i and j, let E;; = (X;, W;) U (W;, X;). Since
(Wi, Wj) is (€2, p)-regular and | X;| > 1|W;| > e2|W;|, then

|Eij| < (dij + ©)p(| Xal W] + Wil | X;]) < (1 +¢/6)6e1dijpm® < ndijpm?®.

Fix a vertex v € W; \ Y;. We check that (A2) in Lemma 6.1 is satisfied. Let (N}, V}/) be as in (A2)
in Lemma 6.1. Since [N} N X;| < |N(v) N Xj| < 4e1pm and similarly, [N}/ N Xj| < 4e1pm, then

|Ejk N (NJI-/, N]/C/)| S 451pm(2dijdjkp2m + QdikdjkPZm) S (1661/5)dijdikdjkp3m2 S ndijdikdjkpng.

Lemma 6.1 implies that for each i and j, there exists an M;; C (W; \ X;, W; \ X;) such that (MI)-
(M4) in Lemma 6.1 are satisfied with V; = W; and V/ = W; \ Y] for each i. Let Q; be defined as in
Lemma 6.1.

Claim 6.8. The sets X1\ Y1, Xo\Ya, and X3\ Y3 can be covered by vertez-disjoint triangles that use
only vertices in Q1 U X1, Q2 U Xa, and Q3 U X3.

Proof. Since M1oUM;3U Mass is a matching whose edges are not incident to any vertex in X;U XU X3,
it suffices to show that for each 4, j, and k, the vertices of X; \ Y; can be paired with some |X; \ Y;|
edges of M}, to form vertex-disjoint triangles.

Let H be the bipartite graph on the vertex set (X;\ Y;) U M, where a vertex w € X; \'Y; is
adjacent to an edge {u,v} € Mj; if and only if {u,v,w} is a triangle in (W7, Wy, W3). Clearly, it
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suffices to prove that H contains a matching that covers X; \ Y;. We check that Hall’s condition holds
in H. Fix an arbitrary non-empty set S C X; \ Y;. If [Ng(S)| < |S|, then there would be an = with
1 <z =S| < |X;i| < 3eym such that G(n,p) contains some z independent edges and z vertices,
each of which is adjacent to both ends of at least (n/2)5%p?>m of those edges, see (M3) in Lemma 6.1.
This would contradict our assumption that G(n,p) satisfies the assertion of Proposition 4.3 with
¢ =n6%m/(2n) = 6eym/(2n). Hence, [Ny (S)| > |S| for all non-empty S C X; \ Y;. O

Fix any such triangle packing and for each 4, let X/ = X; UT;, where T; C Q; is the set of vertices
in W; \ X; that are covered by the triangle packing. Note that |T;| = |X; \ Yj| + | X} \ Yi|. Let
W/! = W; \ X/. Since for each i, |X]| = |X;| + |T;| = | X1 \ Ya| + [ X2 \ Yo| + | X3 \ Y3| + |Yi| and
[Y1] = |Ya| = |Y3], the sets Wy, W3, and W} have the same number of elements. Denote this number
by m’ and note that m’ > m — 9e1m > m/2 > &n.

Claim 6.9. The triple (W{, Wy, W3) is (e, 0, p)-strong-super-regular.

Proof. Since (Wq, Wa, W3) is (g£/2, p)-regular with density at least 26p and m’ > m/2, Proposition 2.1
implies that (W7, W3, W3) is (e, p)-regular with density at least dp. Fix an index i, recall that | X/| <
9e1m < egm, and let v be an arbitrary vertex in W;. Without loss of generality, we may assume that
i =1. Since v ¢ X1, (A) implies that deg(v, X;) < 4e1pm for every j. Moreover, (M2) in Lemma 6.1
implies that deg(v, @;) < 3nd;;jpm. Hence,

deg(v, XJ/) < deg(v, X;) + deg(v,Tj) < deg(v, X;) + deg(v, Q;) < e3pm,

and by Proposition 2.9, v becomes e-typical in (W], W3, W3). It remains to show that v is also e-good.
Since v ¢ X, it was €1-good in (W7, Wo, W3) and it satisfies (B). Hence, the endpoints of all but at
most (g1 + €2)d12d13da3p®m? edges in the neighborhood of v have at least (1 — &1 — 5e1/02)d12d13p*m
common neighbors in W7 \ X7. Moreover by (M4), they have at most 4ndj2d13p*m common neighbors
in Q. Since 1 — &1 — 5e1/8% —4n > (1 + e2/3)2(1 — €), each such edge is e-good in the new triple. It
follows that v is e-good. 0

Finally, let B = By U, Vi and let S = Sy (T U (X, \ Y;)). Clearly, the sets B, S, and
(W!)3F, partition the vertex set of G,

3k
|B| < |Bo|+ Y _|Yi| < Dp~?/2+ 3k - Dp~'/(6k) < Dp~?/2,
=1

and G][S] contains a perfect triangle packing. Finally, by Claim 6.9, for each ¢t € [k], the triple
(W5,_o, W3,_1,Ws,) is (g, 0, p)-strong-super-regular and satisfies |W3,_o| = |[Wa,_4| = |[W4,| > &n. O

7 Perfect triangle packing in strong-super-regular triples

In the previous section, we managed to decompose the graph into balanced strong-super-regular triples,
a triangle packing, and a small set of exceptional vertices. In this section, we will show how to find
a triangle-factor in each of those triples. We start this section by showing how to construct sets of
“buffer” vertices and edges that will allow us to complete an almost-spanning triangle packing into a
triangle-factor.
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Lemma 7.1. For all positive constants ¢, &, and n with n < 1/140, there exist constants C(9,n,§)
and £(8,n) such that if p > C(logn/n)'/?, then G(n,p) a.a.s. satisfies the following. Let (Wi, Wy, W3)
be a (,¢e,p)-strong-super-reqular triple in a subgraph of G(n,p) such that |Wi| = |[Wa| = |[W3| > &n.
Then there exist edge sets Mys, Mis, Mog and vertex sets X1, Xo, X3 with the following properties:

(P1) Myo U My3 U Mas is a matching.
(P2) For all j and k, Mj, C (W;,Wy) and (n/2)|W;| < | M| < 2n|Wj)|.

(P3) For all i, |X;| < (n/4)|W;| and X; C W; \ Qi, where Q; is the set of vertices in W; that are
covered by some edge in M;; U M.

(P4) Foralli, j, and k, if Z; C W; has size | M| and contains X;, then the subgraph of (Wi, Wo, W3)
induced by Z; and M;j, contains a triangle-factor.

Proof. For the sake of brevity, let m = |W;| = |Wy| = |W3|. Without loss of generality, we may
assume that § < 1. Let a = §2/24 and let 3 be a positive constant satisfying Zlog(e/B) < an/30.
Moreover, let ¢ = min{d/2,1/4,e6.1(0), 8 - (€0)1.8(0/16,0/2),35/16} and let &’ = 4e/0. Finally, let
C be sufficiently large so that C'(logn/n)Y/? > Cg.1(logm/m)'/? and without loss of generality we may
assume that G(n, p) satisfies the assertion of Proposition 4.3 with & = n6?m/(2n) and & = né*m/(12n),
and Proposition 4.8 with ¢} ¢ = «d/16 and d,.8 = §/2.

For all i and j, let ¢;; = n/(di;mp) and select each &’-good edge of (W;, W;) independently with
probability ¢;;. Let Mi’j be the set of all selected edges in (W;, W;) and let M;; C Mi’j be the set of all
those edges that are not incident to any other selected edge. By Proposition 2.11, (W;, W) contains
at most ndijpm2 edges that are not €’-good. Since each v € W is e-good, its neighborhood contains
at most nd12d13d23p3m2 edges that are not ¢’-good. Therefore, Lemma 6.1 applies with E;; being the
set of non-¢’-good edges in (W;, W;) and V; = V/ = W;.

Claim 7.2. With probability 1 — o(1), every set Y; C W; of size Bm satisfies the following. All but at
most anm edges of M, belong to the neighborhood of some vertex of Y;.

Proof. Fix a Y; C W; of size fm. By Proposition 2.1, the triple (Y;, W;, W}) is (¢/3,p)-regular,
and the densities of all three of its parts are at least §/2. Moreover, since we assumed that G(n,p)
satisfies the assertion of Proposition 4.8, (Y;, W;, W) is ad/16-typical and by our assumption on ¢, it
is (a§/16, p)-regular. By Proposition 2.11, all but at most («/2)despm? edges between W; and Wy, are
a/2-good, so in particular all but at most («/2)d2spm? edges in (W;, Wy,) belong to the neighborhood
of some vertex in Y;. Hence the expected number of edges chosen among those “bad” edges is at most
(a/2)dagpm?qe3 = (an/2)m. Chernoff’s inequality implies that the probability that more than anm
of those edges are chosen to M ]'k is at most e~ "™/30  Since there are ( ,BTn) Bm-subsets of W;,

psm
Mmoo em — Blog(e/Bym
Bm) — \ Bm ’

and an/30 > Blog(e/), the probability that all sets Y; have the claimed property is 1 — o(1). O

Lemma 6.1 and Claim 7.2 imply that there exist My2, Mi3, and Ms3 such that Mo U M3 U Mas
is a matching and for all 4, j, and k:
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L (n/2)m < | M) < 2m,
2. the neighborhood of every vertex in V; contains at least (1/2)6%p?*m edges of Mjy,
3. the endpoints of each edge of M;; have at least (1/2)d?p*m common neighbors in W; \ Q;,

4. for every set Y; C W; of size fm, all but at most anm edges of M, belong to the neighborhood
of some vertex of Y.

Fix any such Mja, Mis, and Mas. Next, for each i, let X; be a random binomial subset of W; \ Q;,
where each element is included with probability /5. A simple application of Chernoff’s inequality
shows that if C is sufficiently large, then with probability 1 — o(1), for all 7, j, and k:

5. |1Xi| < (n/4)m,
6. the endpoints of each edge of Mj; have at least (1/12)6%p?*m common neighbors in X;.

Let X1, X9, and X3 be arbitrary sets satisfying 5 and 6 and note that properties (P1)—(P3) are
satisfied. It remains to show that (P4) is also satisfied.

Fix a Z; C W; of size |Mj| such that X; C Z;. Let H be the bipartite graph on the vertex set
Z; UMy, where a vertex w € Z; is adjacent to an edge {u,v} € Mj; if and only if {u, v, w} is a triangle
in (W7, Ws, W3). Clearly, it suffices to prove that H contains a perfect matching. We check that H
satisfies the assumptions of Proposition 2.14 with A = Z;, B = Mj;,, and L = anm.

Fix an S C Z;. If 0 < |S| < (n/4)6®m, then |Ng(S)| > |S| or otherwise there would be an
x € [1,(n/4)6?m] such that G(n,p) contains some z independent edges and x vertices, each of which
is adjacent to both ends of at least (7/2)d%p?*m of those edges, see 2. This would contradict our
assumption that G(n,p) satisfies the assertion of Proposition 4.3 with & = 76%m/(2n). On the other
hand, if |S| > (n/4)6*m > Bm, then by 4, M, \ Ng(S)| < anm. Hence, |Ny(S)| > |S| as long as
|Z; \ S| > anm

Finally, fix a T C M), with 0 < |T| < apm = (n/24)6*m. If [Ny (T)| < |T|, then there would be
an z € [1,(n/24)6*m] such that G(n,p) contains x vertices and x independent edges whose endpoints
have at least (17/12)6%p*m common neighbors among those z vertices (recall that X; C Z;), see 6.
This would contradict our assumption that G(n,p) satisfies the assertion of Proposition 4.3 with
&€ =nd%m/(12n). O

With Lemma 7.1 at hand, without much effort we can prove Theorem 1.4 which says that a
balanced strong-super-regular triples has a triangle-factor.

Theorem 7.3. For all positive constants 6 and &, there exist constants £(§) and C(9,§) such that if
p > C(logn/n)Y/2, then G(n,p) a.a.s. satisfies the following. Let (Wy, Wa, W3) be a (6, ¢, p)-strong-
super-reqular triple in a subgraph of G(n,p) such that |Wy| = |Wa| = |W3| > &n. Then (Wy, Wa, W3)
contains a perfect triangle packing.

Proof. Let n =1/140, 1 = €26(3n/2,0/2), and € = (n/4) min{e7.1(d,n),e1}. Let C = C7.1(3,n,§). Let
(W1, Wa, W3) be a (4, ¢, p)-strong-super-regular triple and m = |W;| = |[Ws| = |W3|. By Lemma 7.1,
there exists a matching Mja, Mi3, Moz and sets Q1, Q2, Q3 and X7, X9, X3 satisfying (P1), (P2), (P3),
and (P4). Let W/ =W, \ (Q; U X;) and note that

(Wil = [Wi] — Q1] — | X1| = [Wh| — [Mia| — |My3]| — | X3
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Let x = m — |My2| — |Mi3| — | M23| and note that 1 —6n < x < 1 —3n/2. By applying Proposition 2.6,
we can find = vertex-disjoint triangles inside the triple (W{, W, W3).

Note that the remaining |W/| — 2 = |Mas| — | X1]| vertices in W] together with the set Xi, can be
matched with the set Mas to construct |Mas| vertex-disjoint triangles, by property (P4). Similarly,
the vertices W3 U X9 and W3 U X3 can be matched with M3 and Mia, respectively. Therefore, we
have found a perfect triangle packing of (W7q, Wa, W3). O

Finally, we briefly summarize Sections 5, 6, and 7 in the proof of our main result, Theorem 1.3.

Proof of Theorem 1.5. Let 6 = d66(7), € = €7.3(9), £ = &6.6(0,¢) and C = max{Cs¢(¢), Cr3(c,€)}, D =
Dg (). By Theorem 6.6, there exist set B, S, and (W;)3F, which satisfies (i) - (iv) of Theorem 6.6. Fur-
thermore for each t € [k], by Theorem 7.3, each (4, €, p)-strong-super-regular triple (Ws;_o, W1, Way)
contains a perfect triangle packing. Therefore all the vertices except B can be covered by vertex-disjoint
triangles. Since |B| < Dp~2, this completes the proof. O

8 Concluding Remarks

An immediate question we would like to ask is whether the assumption on p in Theorem 1.3 can be
relaxed. Even though our argument breaks down (for a few reasons) if p < (logn/n)'/?, we believe
that the conclusion of Theorem 1.3 still holds under the (weaker) assumption that p > n~1/2. If this
was true, it would completely resolve the problem of determining the local resilience of G(n,p) with
respect to the property of containing an almost spanning triangle packing.

We also believe that a similar argument can be used to obtain an extension of the theorem of
Hajnal and Szemerédi [15] for larger cliques to the setting of sparse random graphs. Clearly, the edge
probability p would have to be sufficiently large so that a corresponding form of Lemma 2.5 holds.
However, in our opinion, the importance of such a result does not justify the technical complications
one would have to face in order to prove it.

The more intriguing and interesting question comes from the attempt to embed general spanning
or almost spanning graphs (by general we mean graphs that are not disjoint unions of a fixed graph)
into sparse regular pairs. This gives rise to the following question.

Question. Can we develop an embedding lemma for general graphs into reqular pairs in random graphs
for some p =n"°M 2 How should the definition of strong-super-reqularity be extended?

It is quite likely that such an embedding lemma will provide another proof of the theorem of
Béttcher, Kohayakawa, and Taraz [7] on embedding almost spanning subgraphs. However, one can
hope for a better result where the graph we want to embed is smaller than the host graph by a
sublinear number of vertices. To achieve this, one will most likely need to develop a tool similar to
that of Theorem 6.6.

Another question can be asked regarding embedding of spanning subgraphs. Proposition 4.6 shows
that as many as Q(p~2) vertices have to be left out from the largest triangle packing. More generally,
if every vertex of some graph H is contained in a triangle, then we cannot hope to embed H into a
sparse host graph of the same order. However, this is no longer the case when H is bipartite. Thus
we recall the following question posed by Béottcher, Kohayakawa, and Taraz [8].

Question. Is it possible to have a perfect embedding for bipartite graphs?
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In fact, it might be true that what actually matters is not that the graph is bipartite, but the fact

that there are enough vertices which are not contained in a copy of a triangle. See [17], where such a
result is proved for dense graphs.
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