
Fall 2010, POPQUIZ1, M413, NAME (credits): Score................

You have to show your work and write down your proof.

1. A student has 37 days to prepare for an examination. She will study n hours, where n

is an integer, n ≤ 60. She plans to study at least 1 hour per day.
Show that no matter how she schedules her study time (integer hours per day), there are
consecutive days during which she will have studied exactly 13 hours.

Proof. Let ai be the total number of hours that the student has studied from the first day,
till the end of the i-th day. Observe the following:

1 ≤ a1 < a2 < . . . < a37 ≤ 60.

Then we have also

14 = 1 + 13 ≤ a1 + 13 < a2 + 13 < . . . < a37 + 13 ≤ 60 + 13 = 73.

Consider the set a1, a2, . . . , a37, a1+13, a2+13, . . . , a37+13. It contains 2∗37 = 74 numbers,
and each is between 1 and 73, so some two of them should be the same. By the two inequalities,
the only way it could happen that there is some i > j such that ai = aj + 13.

By the definition of ai, it means that on days j+1, . . . , i the student studied exactly 13 hours.

Comments of the grader:

The following is the grading scheme I use, each line is worth 1 point.
setting up the variables ai correctly
since at least 1 hour per day
we have 1 ≤ a1 < ... < a37 ≤ 60
adding 13 to the inequality
since they are integers
there 74 integers that are equal to 73 possible numbers
we have two same integers by PHP
since ai’s are not the same and ai + 13’s are not the same
the two same integers are from different sequences (ai = aj + 13)
conclusion: from day j+1 to day i, exactly 13 hours are studied.
I graded pretty tough I think.
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