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Abstract

The Dushnik—Miller Theorem states that every infinite countable linear ordering
has a nontrivial self-embedding. We examine computability-theoretical aspects of
this classical theorem.

1 Introduction

The Dushnik—Miller Theorem [5] states that every infinite countable linear
ordering has a nontrivial self-embedding, viz an order-preserving map from the
ordering to itself that is not the identity. It is a well-known piece of folklore that
this result fails to hold effectively in that there is a computable linear ordering
(even of classical type w) with no nontrivial computable self-embeddings. (See,
for example, Downey [1].) Downey and Lempp [3] constructed an example of a
computable linear ordering L whose classical isomorphism type is w and such
that any nontrivial self-embedding computes the halting problem.! They also
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! Downey and Lempp [3] also claim in their paper that their construction establishes
that the proof-theoretical strength of the Dushnik—Miller theorem is ACAy in the

Preprint submitted to Elsevier Science July 29, 2009 16:54



observed that for any computable infinite linear ordering L, 0” has enough
computational power to construct a nontrivial self-embedding of L. Later,
Lempp et. al. [7] examined the question of whether 0’ is actually enough to
construct a nontrivial self-embedding for a computable linear ordering. They
claimed that there is a computable linear ordering with no 0’-computable
nontrivial self-embedding. Unfortunately their proof contained a significant
error, and hence the question remained open.

In this paper we will show in two different ways (using different kinds of or-
derings) that there is a computable linear ordering of w with no nontrivial
0’-computable self-embedding. We will also show that certain computable lin-
ear orderings have nontrivial self-embeddings of degree strictly less than 0”.
A linear ordering L is discrete if each element of L except the greatest (if
any) has a successor and each element of L except the least (if any) has a
predecessor. We show first that every computable discrete linear ordering of
w has a nontrivial self-embedding of degree strictly less than 0”. In fact we
prove a result with a weaker hypothesis and a stronger conclusion for which
we now define the terminology. If L is a linear ordering, let S(L) denote the
set of elements of L which have a successor. If a and b are Turing degrees, we
say that b is PA relative to a (written b > a) if every a-computable partial
{0, 1}-valued function can be extended to a total b-computable function. We
prove the following result:

Theorem 1 If L is a computable linear ordering, S(L) is 0'-computable and
b > 0/, then L has a b-computable nontrivial self-embedding.

We then show that this result is best possible in a strong sense.

Theorem 2 There is a discrete computable linear ordering Ly such that every

nontrivial self-embedding of Ly has degree PA over 0 (and so strictly above
0).

The best possible result we might aim for would be to construct a computable
linear ordering all of whose nontrivial self-embeddings compute 0”. We do not
know if this is possible. We do know that no discrete linear ordering suffices
for this purpose.

If L is a linear ordering, let A(L) be the adjacency relation for L. Thus,
the elements a,b satisfy the adjacency relation if they are distinct and no
element of L lies strictly between them. The block relation B(L) is the smallest
equivalence relation on L which contains the adjacency relation. Thus the
elements a, b satisfy the block relation if there are only finitely many elements
of L which lie strictly between them. The equivalence classes of B(L) are called

sense of reverse mathematics. (Here we assume that the reader is familiar with these
notions.) This claim is correct, but the verification given in their paper is incomplete.
We take the opportunity to include a clarification by Downey and Lempp. It is
included with their permission. We put this clarification as an appendix at the end.



blocks. Clearly every block of L is either finite or order-isomorphic to one of
w, W* or w* 4+ w.

We might hope that if an ordering had many finite blocks it would be somehow
simpler to deal with. Strangely these are the very orderings for which we seem
to lack techniques. Indeed, even if an ordering has no infinite blocks, so that
its finite condensation is isomorphic to the rationals, it seems that it still can
be very complicated.

Theorem 3 There is a computable linear ordering with no infinite blocks such
that no nontrivial self-embedding is computable from O'.

The proof of Theorem 3 is the most technical one in this paper and is rather
more unsatisfying than the earlier results. That is because it is a direct priority
argument that fails to give much more insight than the fact that it is true.
Nevertheless, it might admit variations which would enable more coding to
happen.

Remark Dushnik and Miller [5, Theorem 1], actually proved their result in a
stronger form than we have stated. They showed that every infinite countable
linear ordering L has a proper self-embedding f, i.e. a self-embedding f whose
range is not all of L. Clearly every proper self-embedding is nontrivial, but
the converse fails. On the other hand, the two notions are equivalent up to
Turing reducibility; for any nontrivial self-embedding f of a computable linear
ordering L, there is a proper self-embedding g of L such that ¢ < f. To
prove this, fix a € L with f(a) # a, and assume without loss of generality
that a <z f(a). Then define g(z) to be f(f(x)) if @ <y z and f(x) otherwise.
Then g is a self-embedding of L, g <r f, and g is proper because f(a) is not
in the range of g. Our results are all stated for nontrivial self-embeddings but
also hold for proper self-embeddings by this remark.

We prove the results on discrete orderings in Section 2, and present a 0"
argument for Theorem 3 in Section 3. All linear orderings we consider are
linear orderings of w.

2 The discrete case

We begin with a straightforward effectivization of the original Dushnik—Miller
Theorem [5, Theorem 1]. Recall that A(L) is the adjacency relation and B(L)
is the block relation for the linear ordering L.

Proposition 4 If L is a computable linear ordering, then L has a nontrivial
self-embedding f which is Turing reducible to A(L) ® B(L).

Proof. The proof is essentially the same as the original proof of Dushnik and
Miller. There are two cases.

Case 1. Suppose that L has an infinite block B. Fix such a block B. Then
B must be either closed under successor or closed under predecessor. Without



loss of generality, suppose that B is closed under successor. Define f:w — w
as follows: f(x) is the L-successor of x if x € B, and otherwise f(z) = . Then
f is a nontrivial self-embedding of L and f <r A(L) @ B(L).

Case 2. Suppose that every block of L is finite. Then the finite condensation
of L (i.e. L/B(L)) is dense. (If there were two consecutive distinct blocks, they
would have to be a single block because they are finite.) Now build a nontrivial
self-embedding f of L in stages, adding one new element to the domain of f
at each stage. Maintain the property that if a < b, then f(a) <r f(b) and
f(a) and f(b) lie in distinct blocks, and neither lies in the least or greatest
block, if any. Also, fix ap € w, and begin by defining f(ag) to be different from
ag. All of this can be done since the blocks are dense and there are infinitely
many blocks. Furthermore, one obtains that f < B(L). O

Note that if L is computable, then the adjacency relation A(L) is I1? and the
block relation B(L) is ¥9. It follows that L has a nontrivial self-embedding

f <7 0" as is known. It also follows that f may be taken to be 0’-computable
if B(L) is 0’-computable.

In this section we will show that every discrete computable linear ordering
has a nontrivial self-embedding of degree strictly less than 0” and that there
is a discrete computable linear ordering L such that every nontrivial self-
embedding of L has degree strictly greater than 0’. The following notion, due
to Stephen Simpson [9], will allow us to state these results in a sharp form.

Definition 5 Let a and b be Turing degrees. Then b > a (or b is PA over
a) means that every infinite a-computable tree T C 2<% has an infinite b-
computable path.

The following lemma is well-known. If a is a Turing degree, define a function f
to be a-bounded if there is an a-computable function g such that g(n) > f(n)
for every n € w.

Lemma 6 Let a and b be Turing degrees. Then the following statements are
equivalent:

(1) b> a

(2) Every a-computable tree T C w<* which has an a-bounded path has a
b-computable path.

(3) Every a-computable {0, 1}-valued partial function has a b-computable to-
tal extension.

(4) For any two disjoint a-c.e. sets A, B there is a b-computable set C such
that C separates A and B, i.e. AC C and BNC = (.

Furthermore, if a and b are Turing degrees, then
b>a = b>»a = b>a.

Here is one further well-known lemma about the relation >>.



Lemma 7 For every degree a there is an infinite a-computable tree T C 2<%
such that every infinite path through T has degree > a.

This lemma is easily proved from Lemma 6 using the existence of a universal
a-computable {0, 1}-valued partial function. It follows from this result and the
Low Basis Theorem [6, Theorem 2.1] that for every degree a there is a degree
b > a such that b’ = a’.

We do not know whether for every degree b > 0’ every computable linear
ordering of w has a b-computable nontrivial self-embedding. However, the next
result shows that such embeddings exist for a fairly wide class of computable
linear orderings.

Theorem 8 Let L be a computable linear ordering of w and let S(L) be the
set of numbers which have an L-successor. Suppose that S(L) is 0'-computable.
Then for all b > 0, there exists a b-computable nontrivial self-embedding f
of L.

Proof. The following easy lemma applies to any computable linear ordering
L of w. It does not use the hypothesis that S(L) is 0’-computable.

Lemma 9 Let L be a computable linear ordering of w. Then the following are
equivalent:

(1) For every b > 0 there is a b-computable nontrivial self-embedding of L.
(2) There is a 0'-bounded nontrivial self-embedding of L.

Proof. We show first that (2) implies (1). Let f be a 0’-bounded nontrivial
self-embedding of L, and fix @ € w with f(a) # a. Let P be the class of all
self-embeddings g of L with g(a) # a. Then P is a II{ class, so there is a
computable tree T" C 2<% such that P is the set of all paths through 7', and
furthermore, by hypothesis, there is a 0’-bounded path through 7'. Hence by
Lemma 6 for every b > 0" there is a b-computable path through T, and of
course every path through 7T is a nontrivial self-embedding of L.

Now assume that (1) holds. By Lemma 7 there is an infinite 0’-computable
tree T' C 2<% such that every infinite path through 7" has degree b > 0'. By
the hyperimmune-free basis theorem [6, Theorem 2.4] relativized to 0', there
is a path B through T such that every B-computable function is 0’-bounded.
By (1), applied to the degree b of B, there is a B-computable nontrivial self-
embedding f of L. Then f is 0’-bounded by choice of B. O

We return now to the proof of the theorem. We are assuming now that S(L)
is 0’-computable and that b > 0. We must show that L has a b-computable
nontrivial self-embedding. By the lemma just proved, it suffices to show that
L has a 0’-bounded nontrivial self-embedding. This is done by considering the
following two cases.



Case 1. The ordering L has a block B which is closed under successor. Fix
such a block B. Define f : w — w as in the proof of Case 1 of Proposition 4.
Then f is a nontrivial self-embedding of L. Furthermore, f is 0’-bounded since
A(L) and S(L) are 0'-computable. (Specifically, let g(n) be the numerically
greater of n and its L-successor if n € S(L), and otherwise let g(n) = n. Then
g is 0’-computable, and g(n) > f(n) (in the standard ordering of w) for all n.)

Case 2. Assume now that Case 1 does not hold. Under this assumption, we
prove that there is a 0’-computable nontrivial self-embedding of L. Note first
that the block relation B(L) for L is 0’-computable. To see this, observe that
if @ <z b then a and b lie in different blocks if and only if there is a ¢ ¢ S(L)
such that a < ¢ < b. (If such a c exists, then there are infinitely many numbers
between ¢ and b, and hence there are infinitely many between a and b. If @ and
b lie in different blocks, then such a ¢ must exist, since otherwise the block of
a would be closed under successor, and Case 1 would apply.) This gives a I19
definition of the block relation, and as mentioned the block relation is X9 in
every computable linear ordering. It now follows from the remarks after the
proof of Proposition 4 that there is a 0’-computable nontrivial self-embedding
of L. O

Corollary 10 Suppose that L is a computable discrete linear ordering. Then
L has a nontrivial self-embedding of degree b < 0", in fact with b’ < 0”.

The following is a corollary to the proof of Theorem 8.

Corollary 11 Suppose that L is a computable linear ordering and that 0" <L
0'@® S(L). Then there is a function f such that 0" L f and f is a nontrivial
self-embedding of L.

Proof. Let C = 0/ & S(L). Suppose first that L has a block closed under
successor, so that Case 1 in the proof of Theorem 8 applies. By the discussion
in Case 1, there is a C-bounded nontrivial self-embedding f of L. Fix a € w
with f(a) # a, and let P be the class of order-preserving maps ¢ from L into
L with g(a) # a. Then P is a I subset of w* with a C-bounded element, so it
follows from [6, Theorem 2.5] relativized to C, that P has an element f which
does not compute 0”. If Case 2 in the proof of Theorem 8 applies, we show that
L has a C-computable nontrivial self-embedding, which suffices since 0" £, C
by hypothesis. By Proposition 4 it suffices to show that A(L) & B(L) <r C.
Clearly, A(L) <7 0/ <7 C. Also B(L) € 2 = £9% € 2%, Finally B(L) €
$05@) € 529€ by the proof of Case 2 of Theorem 8, so B(L) <r C, as needed
to complete the proof. (The authors thank Joseph Mileti for pointing out an
error in their original proof of this corollary and for supplying this corrected
proof.) O

We now show that Theorem 8 is optimal in a certain strong sense.

Theorem 12 There is a computable discrete linear ordering L of w such that
every nontrivial self-embedding of L has degree > 0'. (In particular S(L) is



computable, so by Theorem 8 the degrees b which compute nontrivial self-
embeddings of L are precisely the degrees b > 0'.)

Proof. We first need another standard lemma.

Lemma 13 Let a be a Turing degree. Then there are disjoint a-c.e. sets Ag,
Ay such that every set which separates Ay and Ay has degree > a.

Proof. Let 6 be a universal a-computable partial {0, 1}-valued function, and
let A; =6071(i) for i = 0,1. Apply Lemma 6. O

By the previous lemma (with a = 0’) there exist disjoint X9 sets Ay, A; such
that every set C' which separates Ay, A; is of degree > 0'. Since each A; is 39
there exist uniformly computable sets A; ; for i < 1,s € w such that, for all x
and for 7 <1,

x € A; if and only if (V*s)[x € A; 4.
(Here (V*°s) means “for all but finitely many s”.) To obtain the computable
approximations A; s, let h be a computable function such that for all a € w
and 7 <1,

a € A; if and only if Wy, ) is finite.

Then define
Ai,s = {(l : Wh(a,i),s = Wh(a,i),s+1}-

We will define a computable linear ordering L. First we give an intuitive sketch
of the construction. Let f be a nontrivial self-embedding of L, and suppose
that f(ao) # ap. We give a strategy (independent of f and ag) for defining
L so as to show that the degree of f is > 0'. Suppose for the moment that
ap <1 f(ap). We will let 0 be the least element for L and 1 be the greatest
element. By replacing ag by f(ag) if necessary, we may assume that ag # 0.
Define
S={b:b<pagorb<y f(b)}

Note that 0 € S and 1 ¢ S. The following simple lemma is crucial.

Lemma 14 Ifb e S, b <y ¢, and the L-interval [b, c| is finite, then c € S.

Proof. It suffices to show that S is closed under successor, so suppose for a
contradiction that b € S, ¢ is the successor of b, and ¢ ¢ S. If b <, f(b), then
c<p f(b) < f(c),so c € S, a contradiction. Since b € S and it is not the case
that b <, f(b), it follows that b < ag. Hence ¢ <y, ag, as ¢ is the successor
of b. Since ¢ ¢ S, we have also that ¢ > ag, so ¢ = ag. But ag € S since
f(ag) > ag, and hence ¢ € S, which is the desired contradiction. O

Note that S is f-computable, so it suffices to show that there is a set C' < S
such that C separates the disjoint 39 sets Ay and A; described above. To do
this, we first choose a number wqy # 0,1 and decree that 0 < wy <; 1. We
use the computable approximations A; s to ensure that the interval [0, wy] is



finite if 0 € Ay, and the interval [wy, 1] is finite if 0 € A;. Since 0 ¢ Ay N A,
this is compatible with making the field of < infinite (in fact all of w).

Suppose that 0 € Ag. Then [0, wy] is finite by construction, and also 0 € S,
as already mentioned. It follows from Lemma 14 that wy € S. One may show
by a parallel argument that if 0 € A;, then wy ¢ S. Thus, in constructing
an S-computable set C' which separates Ag and Ay, it is safe to put 0 into C'
if and only if wy € S. We now bisect the interval [0,1] into the subintervals
[0, wp] and [wg, 1]. One of these subintervals, say [a, b], has the property that
a € S if and only if b ¢ S. Thus, to ensure that C(1) is computable from S,
we can repeat the same process, but starting with [a, b] in place of [0, 1]. That
is, we pick a witness w; in the interval (a,b) and ensure that [a,w;] is finite
if 1 € Ay and that [wq,b] is finite if 1 € A;. We then put 1 into C' if and only
if w; € S. This bisection process is then iterated in the obvious way to code
a separating set C' into S.

One small difficulty with the above argument is that L must be computable
and not merely S-computable. Unfortunately, there is no reason to think that
we can compute effectively which subinterval of a given interval to use. The
solution is simple. We allow the construction to use both subintervals. For
example, there is only one “version” of wg, but there may be two “versions”
of wy, one in the subinterval (0, wy) and the other in the subinterval (wy, 1).
In general, there may be up to 2™ “versions” of w,, but S can compute which
is the correct version, w?, and we let C' = {n : w} € S}.

Given the above intuitive description, it is straightforward to work out the
details, and the reader may wish to do this as an exercise. However, a con-
struction and verification are included below for completeness.

In the construction, we define a computable partial function # which associates
with certain intervals [a, b] a c.e. set Wy(, ). When we do this, we are requiring
that the interval [a,b] be finite if Wy is finite. Let R, denote the set of
elements which have been put into the field of L by the end of stage s. 6(a, b)
will be defined if and only if there is a stage s such that a and b are L-
consecutive elements of R,. We also define a computable function r. When
we set r(z) = n, we are letting = play the role of some version of w, in the
intuitive sketch.

Stage 0. Let Ry = {0,1} and decree that 0 <; 1. Choose 0(0,1) so that
Wo,1) = w. Let r(0) = (1) = —1.

Stage s + 1. Call an interval [a, b] receptive at stage s + 1 if

(1) a,b€ Ryand a <1, b

(2) There is no ¢ € Ry such that a < ¢ <y b

(3) For every interval [a/,b'] with a/,b' € R, @’ <p a <p b <, ¥, 0(d,V)
already defined, and (a’,0') < (a, b), it is the case that Wy ».s| > (a,b).



(Condition (3) above says roughly that putting a new element in the interval
[a, b] would not be too injurious to commitments made that various intervals
must be finite.) If no interval is receptive at stage s + 1, do nothing, i.e. let
Rsi1 = R, and leave 0 and r unchanged. Otherwise, fix the least (a,b) such
that the interval [a,b] is receptive. Let ¢ be the least number not in R,. Put
Rsi1 = Ry U {c} and decree that a <; ¢ < b, thus determining L on Ry
via transitivity. Define

r(c) = max{r(a),r(b)} + 1.

where of course the maximum is taken over the standard ordering of w. Finally,
choose 6(a, c) and 6(c, b) so that

Woiae) ={s:7(c) ¢ Aos} and  Wyep = {s:7(c) ¢ A}

We say that the interval [a, b] receives attention at stage s+ 1. This completes
the construction.

Lemma 15 U, R; = w.

Proof. First, show by induction on s that there exist a,b € R, such that
a and b are L-consecutive elements of R, and for all o',/ € R, such that
a <pa<gpb<p b with 6(a,b') defined, the set Wy py is infinite. This is
obvious for s = 0. Now assume that it is true at s, and fix corresponding
values of a and b. It clearly holds at s + 1 (with the same choice of a and b)
except possibly if a new element c is inserted between a and b at stage s + 1.
The statement then holds at s + 1 via the pair a,c if Wy, is infinite, so it
holds if r(c) ¢ Ap. Similarly, it holds via the pair ¢, b if r(c) ¢ A;. Since A
and A; are disjoint, the statement holds at s 4 1.

Assume now for a contradiction that J; Rs # w. Since numbers enter |J; Ry in
natural order, it follows that U, R, is finite. Fix s so that R, = R, for all t > s.
Choose a,b € R, which satisfy the conditions stated in the previous paragraph.
Then the interval [a, b] is receptive at all sufficiently late stages. Hence there
exists t > s with R; # R, which gives us the desired contradiction. O

It follows from the above lemma and the effectiveness of the construction
that L is a computable linear ordering of w. The next lemma shows that the
required intervals are finite.

Lemma 16 If 6(a’,0') | and Wy yy is finite, then the interval [a’, V] is also
finite.

Proof. Let |Wy )| = k. If a new element is put into [a’, 0] at stage s+ 1 and
0(a’,b') is defined by stage s + 1, then the numbers a, b chosen at stage s + 1
satisfy either (a,b) < (a’,V') or (a,b) < k. There are only finitely many such
pairs (a,b), and each receives attention at most once, so the interval [a’, V] is
finite. O



We now define an S-computable sequence of intervals [a,,b,| by recursion.
The intervals will have the following properties:

(1) a, € Sand b, ¢ S

(2) O(an,b,) |

(3) For all (a’,0") with o’ <y a, <p b, <V and 0(a’, V') | the set Wy(a p) is
infinite

Let [ag, by] = [0, 1]. Now suppose that [a,, b,] is defined and satisfies the above
conditions. If the interval (a,,b,) is empty, then the interval [a,,b,] is re-
ceptive at all sufficiently late stages and hence the open interval (a,,b,) is
nonempty, a contradiction. (There are only finitely many intervals [a, b] with
(a,b) < (an,by), and each receives attention at most once.) Let w, be the
first element placed into the interval [a,,b,]. If w, ¢ S, let [ani1,bp41] =
[an, wy], and otherwise let [a,41,b,11] = [wy, by]. Condition (1) clearly holds
for [ani1,bn+1], and (2) holds by construction. To prove (3) for [a,11,bni1]
it suffices (using that (3) holds of [a, b]) to show that Wy, »,.,) is infinite.
Suppose first that w, ¢ S. Then a,.; = a, € S by inductive hypothesis.
It follows from Lemma 14 that the interval [a,y1,b,41] is infinite. Hence, by

Lemma 16, Wy(a,, 1 b.,,) is infinite. The case where w,, € S is analogous.

Let {[an, by] }new be the S-computable sequence of intervals defined above and,
as above, let w,, be the first element placed in the open interval (a,,b,). Of
course, the sequence {wy, },e. is also S-computable. Furthermore, it is easy to
check by induction on n that r(w,) = n for all n € w. (One should include
in the induction the fact that r(a,),r(b,) < n and use the fact that either
Apy1 = Wy OF byyq = Wy.)

Suppose now that n € Ay. Hence Wy(a, w,) = {5 : 1 & Ao} is finite. Hence by
Lemma 16 the interval [a,,, w,] is finite. As a,, € S, it follows from Lemma 14
that w, € S. Similarly, if n € Ay, it follows that w, ¢ S. Let

C={n:w, €S}

It follows from the above remarks that C separates Ag and A;. Since C <p
S <7 f (where f is the given nontrivial self-embedding of L), it now follows
from the choice of Ay and A; that the degree of f is PA over 0'.

In the above proof it was assumed that ag <y f(ag). If there is no such ay,
instead choose an element a; # 1 with f(a;) <r a;. The verification works in
much the same way, but with L replaced by its dual ordering. For instance, S
would be defined as {b: a; <p b or f(b) <p b}. Of course, it is important that
the construction remains exactly the same and only the verification changes.
Further checking of this case is left to the reader.

It remains to verify that the ordering L is discrete. Suppose for a contradiction
that d # 1 and d has no successor under L. It follows that infinitely often d
plays the role of a in the construction. Fix sy with d € R,,. For s > s let

10



h(s) = r(b), where b is the L-least element of Ry with a <, b. By construction,
we have h(s 4+ 1) > h(s) for all s > so. Furthermore, h(s + 1) > h(s) if d
plays the role of a at stage s 4+ 1. Since there are infinitely many such s, h
is unbounded. Choose s; > sg with h(s1) > r(d). Then, for all s > sy, either
h(s +1) = h(s) or h(s +1) = h(s) + 1. Since the latter occurs infinitely
often, the range of h is cofinite. Choose s such that h(s+ 1) = h(s) + 1 € A,.
At stage s + 1, for some ¢ >, d one sets Wy) = {s : 7(c) ¢ Ao}, where
r(c) = h(s+1) € Ag. Hence Wy(q,) is finite, and thus by Lemma 16, the interval
[d, c] is finite. This contradicts the assumption that d has no successor. The
proof that every number except 0 has a predecessor is analogous. O

Remark The order type of the ordering L constructed in Theorem 12 is
w4 (-n+w*, where ( is the order-type of the integers and 7 is the order-type
of the rational numbers. Since L is a discrete linear ordering with first and
last elements, to see this it suffices to show that the blocks of L are densely
ordered. Suppose that u <; v and u,v belong to different blocks. Fix sy so
that u,v € R,,. We now define recursively a sequence of intervals [a,, b,] with
the following properties:

(1) u<pa,<pb, <pv
(2) [an, b,] is infinite
(3) O(an,bn) |

Choose [ag, bo] so that ay and by are L-consecutive elements of R, with
u <1 ag <p by <p v and [ag, by infinite. Such ag, by exist because [u,v] is
infinite. Clearly (1)—(3) with n = 0 hold for [ag, by]. Let [an, b,] satistying (1)-
(3) be given. Let w, be the first element put into the interval [a,,b,] after
0(an, b,) becomes defined. If the interval [a,, w,] is infinite, let [a, 41, by y1] be
this interval, and otherwise let [y 41, bnt1] = [wy, by]. Let A(n) = r(w,), where
r is defined as in the proof of Theorem 12. Argue as in the final paragraph of
the proof of Theorem 12 that the range of h is cofinite. Since Ay U A; is coin-
finite, there exists n such that h(n) ¢ Ao U A;. Hence Wy(a, w,) and W, b.)
are both infinite. From this it can be shown that the intervals [a,,w,] and
[wy,, b,] are both infinite. (We omit the easy details.) Hence the block of wy,
lies strictly between the blocks of u and v, and this completes the proof that
the blocks are densely ordered.

3 The case with no infinite blocks

In this section we will prove Theorem 3. That is, we will construct a com-
putable linear ordering with no infinite blocks and which has no nontrivial
self-embedding computable from 0. This is a direct priority argument ob-
tained by modifying the incorrect argument of Lempp, McCoy, Morozov, and
Solomon [7]. Let {¢c(-,-) : e € w} denote an enumeration of all primitive
recursive functions of two variables. We must build the ordering A = (A, <4)
to satisfy the requirement
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R : If Var lim ©e(z, s) exists, then lim e+, S)

is not a nontrivial self-embedding of A.

In the construction to follow, we will assume that if we have an a-stage s
where @.(z,-) has changed its value since the last a-stage then we will regard
we(x,8) to have the new value (as opposed to letting it change back to the
old value and risk missing the change). This convention saves considerably on
notation.

As well as the R, requirements, we must ensure that the ordering we build
has only finite blocks. For each z € A we will keep track of the minimal block
around z which respects the intervals preserved by higher priority worker nodes
(belonging to R, requirements as described below); denote this at stage s of
the construction as B,[s]. This gives rise to the negative requirement

N, : lign B.[s| = B, exists.

The basic module for the N, is pretty obvious. At each stage s, we will have
two points, [(z,s) and 7(z, s), the left and right points of B,[s]. Then at the
very least, we will turn these into right and left limit points respectively by
adding a new point immediately to the left of I(z, s) and another immediately
to the right of r(z,s). It is making such a strategy live with the one we use
for the R.-type requirements which creates the difficulty. As we now see, the
R.-type requirements tend to want us to preserve various parts of the ordering
as blocks, directly in conflict with the IV,.

We now turn to the satisfaction of the R.. The R, are quite difficult to handle
as a single entity, and hence we will decompose them into subrequirements of
the form:

Reymm If lign Ye(x,8) =m # x A lign Ye(m, s) =n # m,
then lim (-, s) is not a self-embedding.

Basic Module. The basic module is pretty straightforward. Fix e, x, m,n. We
need worry only if x <4 m <4 n, or n <4 m <4 z, since otherwise if the
hypothesis of the requirement is satisfied, then limg ¢.(+, s) cannot be isotone.
Thus, without loss of generality, we suppose that x <4 m <4 n. The basic
module is to perform the following steps.

(i) Wait for pe(z,s) =m, and @.(m,s) = n.

(ii) Impose a restraint r(e,z,m,n,s) which wants to preserve the interval
[m,n], so that |[m,n][s]| = |[m,n]|. Add |[m,n|[s]| many new points be-
tween x and m.

(iii) At stages s’ > s, if you see either p.(x,s’) # m, or ¢.(m,s") # n, drop
all restraint and go back to (i).

12



Outcomes. The basic module has the following outcomes in order of priority,
starting with the weakest.

(a) f. We wait for (i) above for almost all stages. This is a finite outcome.

(b) d. We implement (ii) at some stage and never initialize this action. This
is a global win for R, and is a finite outcome. This outcome will ensure
that all y € [m,n] will be tied together in the same finite block.

(¢) oo. This outcome has stronger priority than those above, and is the out-
come that we cycle through (i) and (ii) infinitely often. This is the dan-
gerous outcome in that its action will be to put infinitely many points
between x and m. We must be rather careful to make sure that they are
not amalgamated into a single block. Additionally, we must be careful to
make sure that we can preserve other things, as we see below. Note that
the oo outcome is a global win for R,.

Coherence. We discuss the coherence of the various requirements. We will
assume that the reader is familiar with the methodology of linking as per the
monograph of Soare [10] in this discussion. The R, will have a single top or
mother node 7 and the R, ;,,, will have one or more versions at nodes o
along each path in the cone below 7. As usual, if e < f, then since the global
priority of R, is higher than that of R; the mother node 7. for R, will be
above that for Ry, namely 7.

Now we begin by examining the relationship between two ¢ nodes, say oy
devoted to satisfying Regmn, and oy devoted to Ry, .4, with R, of higher
global priority than R;. First we suppose that oy C 0.

The first possibility is that 01" f C o09. This case is straightforward. o, for
j # f will initialize o9 each time they are played, but this will happen only
finitely often. After that o; has no effect on os.

The second possibility is that o,"d C o5. In this case, d represents a global
win for e, and hence o’s mother node 74 will be between ¢,"d and 0,. Again
this is all finitary and oy has finite effect on 7. That is, 74 will know that
o1 has restrained [m,n] from some point onwards. The effect that this has
on the nodes below 7 is that oo will not be able to increase |[y, p|| should
ly,p] C [m,n]. We could use the option of “deleting” all such requirements
(or making them inactive). After all, any nontrivial self embedding must move
infinitely many numbers. But too much deletion would get us into trouble, so
we actually use the “A” outcome which will be described below. This is the
option that the hypothesis is correct; instead of deleting the requirement, this
outcome replaces it with one compatible with the restraints above it. More on
this later.

The final possibility is that 0, 00 C 09. Again we will ensure that os’s mother
nodeis o1 00 C 75 C 02. Now it is certainly true that oy will only be accessible
at stages where we have just cycled through (ii) of the basic module, but that
something has changed so that (iii) is invoked.
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The problem is the following. Each time we invoke R, ;... at o1, we will
increase the cardinality of the interval [x, m]. Note that 7¢ and hence oo will
of course know that |[z,m]| — oo. In particular, nodes in the cone below
o1~ oo will know not to even attempt to preserve an interval [p, ¢] D [z, m| nor
l¢,p] 2 [z,m]. This is because no such preservation could hope to succeed.
Indeed, if the union of the intervals preserved by a finite collection of nodes
were to cover [z, m], then at least one of them would fail to succeed.

However, notice that should there be a nontrivial self-embedding with ¢(y) =
p and @¢(p) = ¢, then ¢ must also move ¢. This means that, if for instance
[p,q] 2 [z,m], then we can still diagonalize against ¢, while avoiding the
interval [z, m].

Additionally, notice that we control where the new points are put into [z, m].
Currently we are treating the action of R ;. as if it was immaterial where
new points were placed. Our idea will be to place the points as close as possible
to x, namely make the apparent end points of B,[s] limit points.? Thus nodes
of lower global priority, such as oy below o 0o, will essentially be free to
restrain their [p, ¢] should we see p¢(y) = p unless p < r(z), the right hand end
point of B,, and ¢ > r(x). Again we note that should ¢, be a self-embedding,
then it would by necessity move, for instance, ¢ in such circumstances.

Again we might choose to delete the offending requirement from the cone
below o, 00, but once again we use the “h” outcome described below. The
problematical requirements which want to preserve something not preservable
will be replaced by “safe” requirements. Note that this is a different use of
the “h” outcome than above, where we used it to replace requirements which
wanted to add points to preserved intervals. Again we defer our description of
this outcome.

This brings us to the case where now oy C 0.

The first case we consider is where g9 00 C 07. Now whilst the local priority
of oy is higher than that of o1, the global priorities are reversed. This situation
will of course entail

Te C 7 C 09 00 C 07.

Although [y, p] looks like it will be infinite, we will still need to consider Re ;. m.»
with, say, B, N [m,n] # 0.

We would like to be able to preserve [m,n|. It is here that we note that at any
occasion that we preserve [m, n] we have a potential global win for R.. Whilst
this situation occurs we have the potential to be a new strateqy for the sake of

Ry.

2 The astute reader will note that our action at Re z.m n is very much like the action
of N,.

14



Thus our solution will be a typical 0" strategy. At the very stage where oy
is accessible so that ¢.(z,s) = m and ¢.(m,s) =