Math 447 Final Examination May 3, 2008

NaME ~ KEY

Each problem is worth 25 points. You may use any results from class.

1. (i) Prove directly from the definition that a Cauchy sequence in R is bounded.
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(i1) Prove directly from the definition that lim 1/(2x+1) = 1/7.
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2. (i) Define: (a) a connected subset of the metric space (X ,d).
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(b) a continuous function from the metric space (X, d) into the metric
space (Y ,d*).
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(ii) State: (c) the Heine-Borel Theorem .
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(d) the Bolzano-Weierstrass Theorem (in R) .
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3. (i) (9 points) State either form of the Fundamental Theorem of Calculus.
Frco Z! If {! e 4) 98 i f!iu‘}‘?y "‘”'H‘G; How £ [“'zéj >4
9 VTR S SO RN f: Lladt iy ¢oadtinneng  cnd ech el
< s(ab) Hat i3 « /aule/r e (m-vfn:m‘lj o F {J oo Katg
Fle) > 5,

x
(ii) Suppose f: [0,1] 7R is continuous and let F(x) = jf(t) dt, 0 < x < 1.
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Suppose further that F(x) is rational for each x in [0,1].

(a) Show that F is constant on [0,1). ﬂkﬁm_n X, S Xy w / a1 )
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(b) Draw the strongest conclusion you can about f(t) and justify your
answer.
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4. (1) Suppose 2 aﬂx” has radius of convergence R = 3. Find the
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radius of convergence of 2 b, x” where b a2 "a ,, and justify your answer.
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(ii) Show that 2 p2" converges.
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(iti) Find the exact value of the series in (ii). Hint: Consider 2

You may use familiar facts from calculus not discussed in this course.
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5. In this problem you may use the following facts about the sine function:
(@ 2t/ <sint, 0 <t<T/2,
(b) Isint| <1, 0<t.

Sin hX
Let fn(x) [ e hn x>0,

(i) Show fn = O uniformly on [ﬁ, l(ﬂ for every a in (0,10).

):»W)m ¢35, Ler K 4 /’lr-«wf’ AX N e Aave

@ &

,Q,p a,ll xza. H.ﬁ}"' }Ih/f“ = /ML < h-i < Eﬂ ’
o+ e

7!2 _Fn - 0 L«.ul“ﬁol’mf> ) (‘?' 1‘9‘) f::" ﬁ'f‘){i

(ii) Show fh does not converge to 0 uniformly on (0,10).
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(iii) Evaluate lim f,,(X) dx and justify your answer.
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6. Suppose f: [0 ., ) —2 R is continuous and that
@ f ,(x) exists for x > 0,
() £(0) =0,
(© f ’ is monotone increasing on (0, +°°) .

Let g(x) = f{x)/x. Showthat g is monotone increasing on (0 ,+ ).
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7. LetA={(x,,x2_):OSX <1and0s.xl<1}.
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(i) Show that A is not a compact subset of R2 by exhibiting an open
cover of A having no finite subcover.
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(i) Give an example of a continuous real-valued function on A that is
not uniformly continuous. You need not justify your answer.
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(iii) Does there exist a continuous g: A — R whose range is

[O ,##)? Here A denotes the closure of A . Justify your answer,
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8. Suppose f:[a,b] = (-5,5) iscontinuous on [a ,b] except for a single point
cin (a,b). '

(i) Show by example that there need not exist a continuous
g:[a, b] - [-5, 5] such that g(x)=1f(x) forall x in [a , b]

except X = c,
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(ii) Show that f is integrable on [a,b) .
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