SOLUTIONS TO SELECTED PROBLEMS IN SECTION 1.2

1. a. in reduced echelon form.

b. in reduced echelon form.

c. not even in echelon form: Rj3 is a row of zeros and it is above R4 which is a nonzero row.
If you interchange R3 and Ry, then it becomes a reduced echelon matrix.

d. in echelon form but not in reduced echelon form. For example, the leading entry in R, is
2, which is not 1.

2. a. in reduced echelon form.

b. in echelon form but not in reduced echelon form: (2,2) entry is the leading entry in Ry
but it is not the only nonzero in its column, say column 2.

c. not even in echelon form: you can find a ‘bad’ number in column 1.

d. in echelon form but not in reduced echelon form. Having a zero column as the first
column doesn’t matter.

4. First of all,

1 357 1 3 5 7
35 7 9| fezfeSibg 4 8 12
5 79 1| frfho g g 16 —34
1 3 5 7
Ry — —iRg gives | 0 1 2 3 | and the replacement operation R3 — R3 + 8R,
0 -8 —16 —34
135 7 10 -1 -2
in turn gives | 0 1 2 3 |, which becomes [ 0 1 2 3 | after Ry — R; — 3R;s.
000 —10 00 0 —10
Now
10 -1 -2 . 10 -1 =2 1] 0o -1 0
01 2 3| 20m® lgq o Ru-RitoRs, .0 20
00 0 —10 00 0 1| frfshs 0 0 0

Pivot columns are C7, C5y, and Cy.

9. We get

0 1 —6 5 Ri—Ry 1 -2 7 —6 Ri—R14+2Rs 1 0 -5 4
1 -2 7 —6 0O 1 -6 5 01 -6 5|
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S0 T1, Ty are basic and x3 is free. The general solution is given by

ry = 4 + 51‘3
Ty = 5+ 61’3
T3 is free

14. The reduced echelon form of the given matrix is obtained as following:
12 -5 -6 0 =5 r0 7 00 -9
01 -6 -3 0 2 Ri—Ri1—2R 01 -6 -3 0 2
o0 0 01 0 00 0 01 0
o0 0 00 O 00 0 00 O

and hence x1, z9, x5 are basic variables, while 3, x4 are free. The general solution is

rr = -9 — 7$3
To = 2+ 61’3 + 3(1]4
T3 is free

Ty is free

Ty = 0

17. First find the reduced echelon form of the given matrix:

2 3 h| Reemo—2r |2 3 R rRetr [103 b
4.6 7 00 7—2h 00 7—2h |
This tells us that the original linear system is equivalent to the modified system
g —|—%£E2 = %
0 = 7-2h"

which has a solution (actually infinitely many solutions) if and only if h = % In other words,
this system is consistent if and only if h = %

18. Given matrix becomes

1 -3 -2 Ro—Ro—5R; 1 -3 —2
5 h —7 0 h+15 3

and hence the original system is equivalent to
T —31'2 = =2
(h+15)zy = 3~

Look at the second equation. If h = —15 so that the coefficient of x5 is 0, then there is no
x9 that makes the equation hold (0 cannot be equal to 3). On the other hand, if h # —15,
then we can perform one more row operation to get

{1 -3 —2} Rz Re [1 -3 —2]
—> s

0 h+15 3 0 1 3
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PR So conclusion: this

which means the solution of the system is given by x; = —2, 9 =
system is consistent if and only if h # —15.

Another solution: Given matrix becomes
1 _3 _2 Rzl—>R2—5R1 1 _3 _2
5 h —7 0 h+15 3
[Case 1]Tf b+ 15 = 0, then

1 -3 -2 Ro—1iR; 1 -3 -2 Ri—R1+2Rs 1 -3 0
0 h+15 3 0 0 1 0 01

and the rightmost column is a pivot column. In short, if h = —15, then the system is incon-
sistent.

If h + 15 # 0, then we can divide Ry by h + 15 and hence

1 -3 —927 Re—plzRe [1 -3 -2 RimRi+3R | 1 0 —24 4=
0 h+15 3 0 1 5 U

The rightmost column of the last matrix is not a pivot column. Therefore the system is
consistent. In short, if h # —15, then the system is consistent.

So conclusion: this system is consistent if and only if h # —15.

21. a. False. Refer to Theorem 1.

b. False. You can apply it to coefficient matrix, too.

c. True. A free variable corresponds to a nonpivot column
d. True. Actually, this is just a matter definition.

e. False. Consider, for example, the following matrix

1 100 —3]

I 00 05 0 |

which can be row reduced into ) )
110 0 -3
I 0001 0

using Ry — %RQ. This system is consistent, because the rightmost column is not a pivot
column. In fact, this system has infinitely many solutions, because it has two free variables,
say xo and x3. The variables xy and x4 are basic.



