Math 231 Midterm Exam 1 (Solutions)
Prof. I.Kapovich September 21, 2009

Problem 1.[20 points]
For each of the following statements indicate whether it is true or false.
You DO NOT need to provide explanations for your answers in this problem.

(1) For the rational function % the form of its partial fractions

decomposition is
A B C D

+x1+1+mﬁ+mf
where A, B,C, D are some constants.

(2) For integrals involving va? — a? the corresponding trigonometric
substitution is x = asin 6.

(3) The integration by parts formula is a consequence of the Product
Rule for differentiation.

(4) For the trigonometric integrals of the form [ tan™ zsec™ z dz where
m is odd the appropriate substitution to use is u = sec .

(5) If f(z) = 23 and @ < b, then for every even n > 1 we have
f;f(x) dx = S, where S, is the approximation for fff(m) dx us-
ing Simpson’s Rule.

x a2

Answers:
(1) FALSE.
The form of the partial fractions decomposition here is:

é+§ Chix + Cy Dix + Do
r a2 22 +1 (2 4+1)27
where A, B, C1,Cs, D1, Dy are some constants.

(2) FALSE.
The corresponding trigonometric substitution here is x = asecf.

(3) TRUE.

(4) TRUE.

(5) TRUE.

5

The error estimate for Simpson’s Rule is |Eg| < Kl(go_ncfl) where K is such
that the fourth derivative |f®(z)| < K on [a,b]. For f(z) = 2* we have
=322, f"(z) = 6z, f"(x) =6, f* = 0on [a,b]. Hence we can use K = 0
which implies that |Eg| < 0, so that Eg = 0. Thus f: f(z)dz—S, =FEs=0
and S, = fff(a:) dx.
Problem 2.[20 points]

Compute the following integral and give all the details of your work:

1
/da;
V13 — 4z + 22
1



Solution.
We have

1 1
/dxz/ dx
V13 — 4z + 22 VO 44 — 4z + 22
1 1
d:c—/d
/\/9+(:c—2)2 V3% 492 Y

where y = x — 2, dy = dx.
We then use a trigonometric substitution y = 3tan6, with /9 + y? =
3secf. Then y = 3tanf, dy = 3sec®f df and

/ 1 /3sec20d9
,/32+y 3sec

/ 2
/sec@d@zln\se(:@#—tan@\+C:1n\9+y+g]+C:

3
9 —2)2 -2 13-4 2 -2
In| +(3x ) +x3 \—i—C':ln\\/B 3:c+x +x3 e

Problem 3.[20 points]
Compute the following integral:

3:2+1
/ RN rES R

Show the details of your work.

Solution. We first find the partial fractions decomposition of the inte-
grand:

22 +1 A B D
(x—12x+1) z-1 + (x —1)2 +x+1 N
Alz—1)(z+1)+ Bz +1)+ D(x —1)?
(—1)?(z+1)
We need to find constants A, B, D such that A(x —1)(z+ 1)+ B(z+ 1) +
D(z —1)? = 22 + 1. Substituting the values z = 1, —1,0 in this equation we
get:

A-0+2B+D-0=12+1=2, = B=1
1
A-0+B-0+4D=(-124+1=2, — D=3
1
~A+B+D=1, = A=B+D-1=.

Hence



/x2+1d/11+1+11d
€r = —_ —_ €r =
(x —1)%(x+1) 2z—1 (z—-1)2 2z+1

1 1 1
Problem 4.[20 points]

Let f(z) be a function such that f/(z) = In(z2+2). Let T5 be the approx-
imation of f13 f(z) dx obtained using the Trapezoidal Rule with n = 5. Find
an estimate for the absolute value |Ep| of the error in this approximation.
Give a careful justification of your answer and show all the details of your
work.

Solution.
We have f"(z) = mgiQ Since ] <z <3and2x<2-3=6, 2>+2>
12 + 2 = 3, it follows that on the interval [1, 3]
2x 2z 6 6
" = = < < =9
@)l ‘x2+2| x24+2 " 22427 1242

We know that for the Trapezoidal Rule the error in approximating fab f(z)dx

can be estimated as |Ep| < Kgl;;‘;)g, where | f/(x)] < K on [a, b]. In this case

we can use K =2, n =25, a =1,b= 3, which yields:
23-1)% 16

=— ~0. 3
12 - 52 300 053333

|Er| <

Note. A more careful argument yields a smaller value of K such that

|f"(x)] < K on [1,3]. Indeed, for g(x) = f"(z) = IZZ—:::_Q we have ¢'(z) =

2 _ . .
2z (:2212)? 25 é;ﬁg;. Thus ¢'(z) = 0 gives 4 — 222 = 0 and hence z = /2
(recall that 1 <z < 3). Therefore the maximal value of g(x) on [1, 3] is

2 V2 6, V2

max{g(1),9(v2),9(3)} = max{g, ) = 5 207071

Thus we can use K = g which yields a better error estimate:
|Er| < FE-1 0.018856
=" T

Problem 5.[20 points]
Compute the integral

/ In(2e + 1) de

Show all the details of your work.

Solution.
We use integration by parts with v = In(2z + 1), dv = dz,v = =.



Then
/ln(Q:v +1)der =xzIn(2x + 1) — /

1
In(2 1H)— [ 1-—
xln(2z + 1) / ot 1

2z
2¢+1

2 1-1
d.’E:,Iln(QCL'—{—l)—/a;—i_Hdl':
x

1
d:c:xln(Z:c—i-l)—x+§ln(2x+1)+C’.



