Some Review Problems

Problem 1. Show that the functions

1 z rational,

, x irrational

and g(z) = 3 are linearly independent on the interval (—oo, 00).

Solution.

Suppose, on the contrary, that f(x) and g(x) are linearly dependent
on (—o00,00). Since neither f nor g is identically equal to zero, this
implies that f = cg for some constant ¢ # 0.

For x = 0 the equation f(0) = cg(0) gives us 1 = 3¢, so that ¢ = 1/3.
On the other hand for x = 7 (an irrational number) we have f(7r) =
cg(m), so that —1 = 3c and ¢ = —1/3. Since 1/3 # —1/3, we obtain a
contradiction.

Thus the assumption that f(z) and g(x) are linearly dependent on
(—o00,00) was false and hence f(x) and g(z) are linearly independent
on (—o00,00).

Problem 2.
Find all the separated solutions of the system:

Upy + Uy =0, O<o <0<y <m,
uw0,y) =u(my) =0, O<y<m
u(z,m) =0, 0<z<m.

Solution.

We need to look for separated solutions of the form u = X (z)Y (y),
where X (z),Y (y) are some functions that are not identically equal to
Zero.

Substituting u = X (2)Y (y) in ug, +uy, =0 we get X"Y +Y"X =0
and hence

X// Y//

X Y
This gives us X”+AX =0 and Y” —AY = 0. The conditions u(0,y) =
u(m,y) = 0 imply X(0) = X(m) = 0. Thus we get an eigenvalue
problem

= — )\ = const.

X(0) = X(r) = 0.
1

{X”+/\X=O
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The eigenvalues of this problem are A\, = n? for n = 1,2,3,... and the
corresponding eigenfunctions are X,, =sinnx, n=1,2,3,....

For each )\, = n? we have the equation Y” — \,Y = 0 which gives
Y” —n?Y = 0. The condition u(z,m) = 0 gives us X(x)Y(r) = 0,
Y(m) = 0. The general solution of Y” — n?Y = 0 is Y = Acoshny +
Bsinhny. The condition Y (7) = 0 gives us A coshmn+ Bsinh7n = 0,
so that B = —ASSL™  Now Y = A cosh ny + B sinh ny takes the form

sinh n

cosh ™™

Y = Acoshny + Bsinhny = Acoshny — A sinhny =

sinh ™n

= (sinh 7n cosh ny — cosh mn sinh ny) =
sinh 7mn

g — sinhn(m — y)

For the last equality we used the identity

sinh(a — b) = sinh a cosh b — cosh a sinh b

with @ = 7n and b = ny. Since —— is a constant not depending on
y, we can take Y =Y, = sinhn(m — y).
Thus the separated solutions are:

un(z,y) = XY, = sinnx sinhn(r —y), n=123,....

Problem 3.
Solve the system:

Yt = 20Uz, 0 <2 <3,t>0,
y(0,) =y(3,t) =0, >0
y(x,0) =0, 0<zx<3
yi(x,0) = 10sin27z, 0<z < 3.

This is Problem B (for the wave equation) with L = 3 and a =
V25 =5 and g(x) = 10sin 27x. Therefore it has solution of the form

oo o0
. Tnat . mnx . omnt | T
Y = E B, sin sin — = E B, sin sin ——,
L
n=1 n=1

L 3 3

where B,, = #bn = %bn and g(x) ~ Y >° b,sin 2% is the Fourier

Sine Series of g(z).



We have

g(x) = 10sin 27 = Zb,ﬁin%, 0<z<3
n=1

and hence bg = 10 and b, = 0 for n # 6. Thus Bs = %Gbﬁ = % =
and B, = 0,n # 6. Hence

3=

1
y = —sin 107t sin 27x.
T

Problem 4.

An object of mass m = 1kg is attached to a spring with Hooke’s con-
stant k = 4N/m and is acted on by a 2m-periodic force F'(t) Newtons
where F((t) =1for 0 <t <mand F(t) = —1 for -7 <t <0.

Determine whether or not pure resonance occurs.

Solution.
The displacement function x(t) satisfies the equation

k F(t
mz" +kx=F(t), 2"+—= £7 2" + 4z = F(t)
m m
The natural frequency of the system is wy = \/% = 2. Let F(t) ~
Son  bpsin Tt =% b, sinnt be the Fourier Series of the odd func-
tion ['(t). Pure resonance occurs if there is n such that wy = 7 and
b, # 0.
The condition wy = 2 = % = n holds for n = 2.
We have
1 [" ) . .
by =— / F(t)sin2tdt =  since F(t) is odd
™ —T
2 [T ) 2 [T
=— [ F(t)sin2tdt =— [ sin2tdt=
T Jo T Jo
2-1
=2 " cos 21T = 0.
— [cos 2t
Since by = 0, pure resonance does not occur.
Problem 5.

Let f(x) be a 6-periodic function such that f(z) = 2? — x for —3 <
x < 3. Let a,, b, be the general Fourier series coefficients of f(x). Find

- 46 46
% + ;(an oS ;m + by, sin ;rn)



and
% + ;(an cos mn + by, sinmn).

Answers:

We have

> 46 46
%4—%(%008 ;m + b, sin ;m> =6
and
% + nz:l(an cosmn + b, sintn) = 9.

Problem 6.

Find the Fourier Sine Series of the function f(z) defined on the
interval 0 < x < 3 as

f(x):{1 0<az<2,

5, 2<x<3.

Problem 7.
Find the general solution of the following equation:

y" — 6y + 9y = 22> + cosx.

Note: This is a pretty long problem!
Solution.

The general solution has the form y = y. + y; + yo where y,. is the
general solution of the complimentary homogeneous problem g” — 6y’ +
9y = 0, where y; is a particular solution of 3" — 6y + 9y = x%e3* and
where 1 is a particular solution of y” — 6y’ + 9y = cos z.

The equation y”—6y’+9y = 0 has characteristic equation 7 —6r+9 =
(r —3)* =0 and so y. = 1€ + coze’®.

The Method of Undetermined coefficients tells us that we should
look for 3, in the form

y1 = 22(A+ Bx + C2?)e* = (Ax? + Ba® + Ca*)e.
Therefore
Y, = (2Ax + 3Ba? + 4C*)e** + (3A2* + 3Ba® + 3C2*)e® =
= (247 + (3A + 3B)2* + (3B + 4C)2® + 3Cx*)e™



and

Y = [2A+ (6A +6B)x + (9B + 120)2* + 1202°)e* + (6Ax + (9A + 9B)x*+
+ (9B + 12C)2* + 9Cx*)e?” =

= [2A+ (12A + 6B)z + (94 + 9B + 12C)2* + (9B + 24C0)x* + 9Cz*)e*".

Substituting this data in 3’ — 63 + 9y = 22e** and re-grouping we
get

244 (6A+ 6B — 12A)x + (9A + 9B + 12C — 6(3A + 3B) + 9A)z*+
(9B +24C — 6(3B + 4C) + 9B)x® + (9C — 18C + 9C)z"]e** = z%e*”

Hence 2A =0, —=6A+ 6B =0, —9B + 12C =1, so that A = B =
0,C =1/3. Thus y; = z2*e*.

By the Method of Undetermined coefficients we should look for s
in the form yo = Fcosx + Fsinxz. Then y), = —Esinx + F cosz and
yy = —FE cosx— F'sin x. Substituting this information in y” —6y’'+9y =
cosx we get

(—Ecosz—Fsinz)—6(—Esinz+F cosz)+9(E cos z+Fsinx) = cos z,
and
(—E —6F 4+ 9E)cosx + (—F +6E + 9F)sinx = cos z.

Hence 8E —6F =1, 6E 4+ 8F = 0 and therefore £ = 2/25, F = —3/50
and yy = 22—5cosx — %sinx.

Thus the general solution of the equation 3" — 6y’ +9y = x2e3* +cos x
1s

Yy = 1% + coxed® + 1$463x + 3 cosx — —sinx
3 25 50 ’
where ¢y, co are arbitrary constants.
Problem 8.

Let y(x,t) be the solution of the system:

Yt = Wowy, 0<ax<1,t>0,
y(0,t) =y(1,t) =0, t>0
y(z,0) =22 0<z<l
y(z,0) =0, 0<z<l.

Using d’Alambert’s solution find the precise value of y(1/2,10).
Then find the formal infinite series solution of this system.
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Solution.
In this problem a = v4 =2, L =1and f(z) = 2% for 0 < z < 1.
According to d’Alambert’s method we have y(z,t) = 3[F(z + at) +
F(z — at)] where F(z) = fo(x) is the 2L-periodic odd extension of

f().
So
y(1/2,10) = %[F(1/2+2-10)+F(1/2—2-10)] = %[F(20.5)+F(—19.5)].

The function F'(z) is 2-periodic and therefore
F(205) = F(1/2+2-10) = F(1/2) = f(1/2) = (1/2)* = 1/4

F(—19.5) = F(1/2 —2-10) = F(1/2) = f(1/2) = (1/2)* = 1/4.

Hence

RN
N

[

N =

y(1/2,10) =

Problem 9(1).
Solve the following Dirichlet Problem:

Uy T Uy =0, 0<2<a,0<y<b
(*) u(z,0) =u(x,b) =u(0,y) =0, 0<z<a0<y<b
u(a,y) = g(y), 0<y<b

Solution.

1) We first need to look for separated solutions of the form u =
X (2)Y (y), satisfying the first two equations of (*), where X (z),Y (y)
are some functions that are not identically equal to zero.

Substituting u = X ()Y (y) in uz, +uy, = 0 we get X"Y +Y"X =0
and hence

X// Y//

G = A\ = const.
This gives us X” —AX = 0and Y”+AY = 0. The conditions u(z,0) =
u(z,b) = 0imply Y (0) = Y (b) = 0. Thus we get an eigenvalue problem

Y"4+AY =0
Y(0)=Y(b) =0.

The eigenvalues of this problem are A\, = 7?n?/b* for n = 1,2,3, ...

and the corresponding eigenfunctions are Y, =sin =%, n =1,2,3,....
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For each )\, = 72n?/b? we have the equation X” — \, X = 0 which
gives X" —7?n? /X = 0. The condition u(0,y) = 0 gives us X (0)Y (y) =
0, so that X(0) = 0. The general solution of X” — 7?n?/p?X = 0
is X = Acosh™* 4 Bsinh7nzb. The condition X (0) = 0 gives us
A-1B-0=0, so that A = 0. Thus X = Bsinh 73* and we can take
B =1 giving X,, = sinh *.

Thus the separated solutions are:

un(z,y) = XY, —SlnhW—Tsinﬂzy

2) We now look for the formal solution u(z,y) of the Dirichlet prob-
lem (*) in the form

, n=1,23,....

- e Ty
= nUn n h— .
(1) u ;c u Zc sin sin—
The condition u(a,y) = g(y),0 < y < b yields:
ch sinh %na sm%‘y =g(y), 0<y<b.
n=1

From here we conclude that ¢, sinh 7 = b,, where b, is the Fourier
Sine Series coefficient for g(y),0 < y < b.

Therefore the solution of the Dirichlet problem (*) is given by (f)
where

= e, o T w2

Problem 9(2).
Solve the following Dirichlet Problem:

Upg +Uyy =0, 0<x<a,y>0

uw(0,y) =u(a,y) =0, 0<z<a0<y<b
u(z,y) bounded as y — oo,

u(z,0) = f(z), 0<z<a

(**)

Solution.

1) We first need to look for separated solutions of the form
X (2)Y (y), satisfying the first three equations of (**), where X (z),
are some functions that are not identically equal to zero.

Yy)



Substituting u = X (2)Y (y) in ug, +uy, =0 we get X"Y +Y"X =0
and hence
X// Y//
~ -y "~ —\ = const.
This gives us X”+AX =0 and Y —AY = 0. The conditions u(0,y) =
u(a,y) = 0 imply X(0) = X(a) = 0. Thus we get an eigenvalue
problem
X"+ AX =0
X(0) = X(a) = 0.

The eigenvalues of this problem are )\, = 7°n?/a® for n = 1,2,3,.
and the corresponding eigenfunctions are Y =gin ™ n =1, 2 3,.

For each )\ = m2n?/a® we have the equation v )\ Y =0 Wthh
gives Y — 7®n?/a?Y = 0. The general solution of this equation is
Y = Aexp(my) + Bexp(—"*). The condition u(z,y) = X(z)Y (y)
bounded as y — oo implies that Y (y) is bounded as y — oo. This
gives us A = 0. Thus Y = Bexp(—"¥). We can take the constant B
to be B = 1 which yields Y,, = exp(— 7r"y)

Thus the separated solutions are:

un(z,y) = XY, = exp(—%) sin ?, n=123,....

2) We now look for the formal solution u(x,y) of the Dirichlet prob-

lem (**) in the form

(1) U= Z Colly, = Z Cn exp(— ™y ) sin e
n=1

a

The condition u(z,0) = f(:v), 0 <z < ayields:

chexp(—ﬂ—ny) in f(z), 0<z<a.
— a a
From here we conclude that ¢, exp(—”T"O) = ¢, = b,, where b, is the
Fourier Sine Series coefficient for f(z),0 < z < a.
Therefore the solution of the Dirichlet problem (*) is given by (1)

where 5 fa
:—/ f(z) siandy, n=123,...
a Jo

Problem 10.
What does it mean for the functions f(x), g(x) to be orthogonal on
an interval [a, b]?
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For each pair of the functions below determine if they are orthogonal
on the interval indicated:

(1) the functions f(x) = cos(37x), g(x) = sin(47x), on the interval
[=m/2,7/2];

(2) the functions f(z) = cos(37z), g(x) = sin(4nrz), on the interval
[—4m, 47];

(3) the function f(x) = sin(x) and the function

o) = {sin(m), 0<zx<m,

0, —7m<zx<0

on the interval [—m, 7].

Problem 11 Consider the equation y” 4+ 9y’ =  sin(3z).
Then according to the Method of Undetermined Coefficients a par-

ticular solution y, can be found in the form:

(a) yp, = (Asin(3z) + B cos(3x));

(b) y, = z*(Asin(3z) + B cos(3z));

(¢) yp = 2*(Az + B)sin(3z);

(d) None of the above.
Answer: (d)

The correct form for y, is

yp = ¢[(Az + B)sin(3z) + (Cz + D) cos(3z)].

Problem 12 Let f(t) =t +5 for 0 <t < 7 and let b, be the Fourier
Sine Series Coefficients for f(¢). Then:
(a) We have 1 =3">° | nb, cos(nt) for each t € (—o0, c0).
(b) We have 1 =Y ">°  nb, cos(nt) for each ¢t € (0,7).
(c) We have 6 # > > | b, sin(n).
(d) None of the above.
Answer: (d)

Note that term-wise differentiation is not applicable here since the
odd extension fo(t) of f(t) is not a continuous function on (—oo, ).

Problem 13.

Let f(t) = 3t2 —tifor 0 <t < 2. Let a,, n = 0,1,2,..., be the
coefficients of the Fourier Cosine Series of f(t).

Find the precise values of the following expressions:

(1) >y s
(2) > 1an cos(%l

(3) 2onty Bransin(3).
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[This was done in class on Wednesday, May 5|
Problem 14. Let f(t) be a 6-periodic function defined as

2, if0<t<3,
f(t)y =433 if3<t<6,
10, ift=0,3,6.

Let ay, b, be the general Fourier series coefficients for f(¢). Then:

(a) We have b, =0 for all n > 1.
(b) We have a,, = 0 for all n > 0.
(c) We have 0 = % 4 3" ay,.
(d) None of the above.
Answer: (d)
Note that for —3 <t < 0 we have 3 < t+6 < 6 and f(t) = f(t+6) =
3(t +6)2.

Problem 15.
Solve the following heat equation problem:

Yr = 20Yze, 0 < <3,t>0,
y(0,t) =y(3,t) =0, t>0
y(x,0) =4, 0<zx<3

Solution.
We have k =25, L = 3. By Theorem 1 in Ch. 9.5 the solution is

- —n’m?kt = —25n w2t
u(z,t) = Z by, exp( n[j; ) sin WZI = Z by, exp( ;L T ) sin w;m:’
n=1

n=1

where b,, are the Fourier Sine Series Coefficients of the function f(z) =
4,0<z<3.

We have
2 [? 8 3
bn——/ 4sin@dx:——[—cos@]3:
3 Jo 3 37N 3
8 8 18 5 oodd
—[- F1) = =[—(-1)"+1]={™ ’
Wn[ cos(mn) } 7m[ (=1) ) {0, n even
Hence
18 —25n%7%t ™
t) = S i
u(z,t) nzo(;d — exp( ) sin 3

Problem 16



11

An object of mass m = 2kg is attached to a spring with a spring
constant k = 18 N/m and is acted upon by an odd periodic force F'(t)
Newtons.

In each of the following cases determine whether or not pure reso-
nance OCCUrs:

(1) The function F'(t) has a period of 27 seconds and is defined as:

8, O<t<
F(t) — b 7T7
-8, —wm<t<O.

(2) The function F'(t) has a period of 2 seconds and is defined as:

8, O0<t<1
F(t) — Y < Y
-8, —-1<t<0.
(3) The function F(t) has a period of 27 seconds and has the Fourier
Series:
F(t) = CD” Gt
(t) = Z ——sinnt.
Solution.

The natural frequency of the system is wy = \/g =4/18/2 =3.

(1) The function F'(t) is odd 2w-periodic. Therefore its Fourier Series
is:

F(t) ~ Z by, sinnt.
n=1

Since nt = 3t = wyt for n = 3, we need to check if b3 = 0. We have:

by = — / R sin(3t) di = 2 / " P(t) sin(31) dt =

T ) s

2 [T 1
2 / 8 sin(3¢) dt — 3—6[—005(3t)]g:
0

™ ™

;—i[— cos(3m) + 1] = ;—i[—(—l) +1] = ??:_72r # 0.

Thus b3 # 0 and hence pure resonance does occur.

(2) The function F(t) is odd 2-periodic. Therefore its Fourier Series
Is:

F(t) ~ ) bysin(mnt).
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Recall that wy = 3. Since 7 is irrational, we have mn # 3 for n =
1,2,.... Therefore pure resonance does not occur.

(3) The function F'(t) has a period of 27 seconds and has the Fourier
Series:

—1)"
F(t) = Z (n4) sin nt.

Since n = 3 is odd, the coefficient corresponding to sin 3t in the
above decomposition of F'(t) is equal to 0.
Therefore pure resonance does not occur.

Some Trigonometric and hyperbolic trigonometric formulas

sin Acos B = %[sin(A + B) +sin(A — B)]
cos Acos B = %[COS(A + B) + cos(A — B)]

sin Asin B = %[COS(A — B) — cos(A + B)]

sin? A — 1—0052/17 cos? A — 1+C082A.
2 2
cosh(z) = %, sinh(z) = %

cosh(—x) = cosh(x), sinh(—z) = —sinh(x),
cosh(0) =1, sinh(0) =0,
cosh2 —sinh®z =1,
cosh’(x) = sinh(z), sinh'(x) = cosh’(z),
sinh(z +y) = smh(x) cosh(y) + cosh(x) sinh(y),
sinh(z — y) = sinh(x) cosh(y) — cosh(x) sinh(y).



