H/wk 11, Solutions to selected problems

Ch. 3.2, Problem 18
(a) Show that Q(v/5i) = {r + sV/5i|r, s € Q} is a subfield of C.

Solution.
First, we check that Q(v/57) is a subring of C.

Suppose z1 = r1 + s1V5i, 21 = 12 + 52v/5i € Q(v/5i) where r1,51,79,8, € Q
are arbitrary. Then z; + 2 +2 = (r; +72) + (s1 + 52)vV/5i € Q(v/5i) and —z; =
—r — s1Vbi € Q(\/gz) since r1 + 81,79 + S92, —71, —S2 € Q. We halso have

z129 = (r1 + 81\/51')(7‘2 + 32\/52') =719 — 58182 + (1152 + 7"281)\/5i IS @(\/5@)

so that Q(v/54) is indeed a subring of C. It remains to check that for every nonzero
z € Q(v/5i) we have 1 € Q(v/5i).

Let z = r+sv/5i # 0 be an arbitrary nonzero element of Q(\/gi), so that r;s € Q
are not both equal to zero.

Then in C we have

Z r+sVbi (r+svbi)(r — sv/bi)  r2+5s2 124552 24552
Thus % S Q(\/gl) since 7«2{_#, —ﬁ S Q
Therefore Q(v/5i) is a subfield of C, as required.

(b) Show that Z(v/5i) = {r + s\/5i|r,s € Z} is a subring of C and find all the
units in Z(\/Sz)

Solution.

Exactly the same argument as in (a) shows that Z(1/54) is a subring of C. More-
over, the argument in (a) actually gives a formula for 27! = % € Z(+/5i) in the case
where z € Z(+/5i) is a unit.

Thus we have to find out for which r, s € Z (not both zero) we have

1 r S

- = — 5i € Z(V/'5i),

z r245s2 24552 Vi (\fz)
that is, for which r,s € Z (not both zero) the numbers
integers.

1 1 r — sv/5i r — sv/5i T S NG,

7"2"!‘#7 7@ are both

It is clear that |r| < r? + 5s? and |s| < 72 + 5s® and hence | S L
s | S 1
Thus if 5757, — 7275,z are both integers then they belong to the set {-1,0,1}.

If 557> =0thenr =0 (and hence s # 0 since by assumption at least one of r, s

is not zero) and therefore = % ¢ 7Z since s € Z is a nonzero integer.

= 1. Therefore
2|,

S5
r24+5s52

r _ . . . T
Thus the case ;277> = 0 is impossible and hence |>7%>

|r| = |r? + 5s2|. If s # 0 then for any integers 7, s we have |r| < |r? + 5s?|. Hence
s =0 (and hence r # 0) and the condition |r| = |r? + 5s?| yields |r| = |r?|. Since r
is a nonzero integer, this implies r = £1.
This gives us the possibilities: r = 1,s = 0 and r = —1, s = 0 for the values of
r,s. BEach of these two possiblities in fact does yield a unit in Z(v/51).
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The case r = 1,5 = 0 gives z = r + sv/5i = 1 with % =1 =1 € Z(V5i). The
case r = —1,s = 0 gives z = r + sv/5i = —1 with % = %1 =-1¢ Z(\/gz)
Thus Z(+/5i) has exactly two units, namely 1 and —1.

Ch. 3.2, Problem 18
Let p, ¢ be quaternians and let a,b € R. Show that:

(a) (¢*)* = q. [This is an immediate corollary of the definitions]

(b) (ap + bq)* = ap* + bg* [This is an easy corollary of the definitions]

(c) N(g) =qq" = q"q.

Solution.

Recall that for ¢ = x + yi + zj + wk (where z,y,z,w € R we have N(q) =
22+ y? + 22 +w? and ¢* =z — yi — 2] — wk.

We have:

qqx = (z + yi + zj + wk)(x — yi — zj —wk) =
z? — ayi — xzj — awk + xyi — y?i% — yzij — ywik + xzj — yzji — 2252 — 2wjik+
zwk — wyki — zwkj — w?k? =

22 +y? —yzk 4+ ywj + yzk + 2% — 2wi — wyj + 2wi + w? = 2% + 9% + 22 +w? = N(q).
Thus we have verified that for every quaternion ¢ we have N(q) = qq*.

Put g1 = ¢*. Then by definition N(q) = N(¢1). By the above line we have
N(q1) = q147, which yields N(q) = ¢*(¢*st)* = ¢*q. Thus N(q) = ¢*q, as required.

(c) (p9)* = q*p*.

Solution.

A direct check easily shows that (iq)* = —q¢*i, (jg)* = —q¢*j, (k¢)* = —q*k.
Thus for ¢ = x4 yi + 2] +wk we have iqg = xi+yi% + zij + wik = —y+2i —wj + 2k
and (iq)* == —y —xi+wj — zk. On the other hand —¢*i = (—zx 4+ yi+zj +wk)i =
—xi + yi® + zji + wki = —y — 2i +wj — zk. Thus indeed (iq)* = —q¢*i = ¢*i*. The
other equalities above are checked similarly.

Now let p and ¢ be arbitrary quaternions and write p as p = a + bi + ¢j + dk,
where a, b, ¢,d € R. Using (b) and the above formulas, we have:

(pg)” = ((a+bi+cj+dk)q)" = aq” + b(iq)" + c(jq)" + d(kq)* =
aq * —bq*i — cq*j — dq*k = ¢*(a — bi — ¢j — dk) = ¢"p*
as required.
(c) N(pg) = N(p)N(q)-

Solution.
‘We have

N(pq) = pq(pq)* = peq"p* = pN(q)p* = since N(q) € R
pp"N(q) = N(p)N(q),

as required.

Ch. 3.3, Problem 5
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(a) If A is and ideal in R and B is an ideal in S, show that A x B is an ideal in
RxS.

Solution.

Let (a1,b1) € A x B and (as,b2) € A x B be arbitrary. Thus a1,a2 € A,
by,by € B. We have (ay,b1)+ (a2,b2) = (a1 +az2,b1 +b3) € AX B since a1 +as € A
and by + by € B becasuse A and B are ideals and are closed under addition.
Similarly, —(a1,b1) = (—a1,—b1) € A x B since —a; € A and —b; € B.

Now let (a,b) € A x B and (r,s) € R x S be arbitrary. Thus a € A, b € B. We
have (r,s)(a,b) = (ra,sb). Since A is an ideal in R and a € A, we have ra € A.
Similarly, since B is an ideal in S and b € B, we have sb € B. Therefore (r, s)(a,b) =
(ra,sb) € A x B. A similar argument shows that (a,b)(r,s) = (ar,bs) € A x B.

Thus A x B is an ideal in R x S, as claimed.

(b) Show that every ideal A of R x S has the form A = A x B where A is an
ideal in R and B is an ideal in S.

Solution.

Put A={a € R:(a,0) € A} and put B = {b € B|(0,b) € A). We claim that A
is an ideal in R and B is an ideal in S.

Indeed, let r € R and a € A be arbitrary. Then (r,0)(a,0) = (ra,0) € A since
(a,0) € A. Hence by definition of A we have ra € A. Similarly, (a,0)(r,0) =
(ar,0) € A and hence ar € A. Also, if a € A then (a,0) € A and hence —(a,0) =
(—a,0) € A since A is an ideal. Therefore by definition of A we see that —a € A.
If a1,a2 € A then (aq,0), (az,0) € A and (a1,0) + (az,0) = (a1, az2,0) € A since A
is an ideal. Hence a1 4+ as € A by definition of A. Thus we have verified that A is
an ideal in R. A similar argument shows that B is an ideal in S.

We now claim that A = A x B. First, if a € A,b € B then (a,0),(0,b) € A and
hence (a,b) = (a,0) + (0,b) € A. This shows that A x B C A.

Suppose now that (a,b) € A. Then (1,0)(a,b) = (a,0) € A since A is an
ideal. Hence a € A by definition of A. Similarly, since A is an ideal, we have
(0,1)(a,b) = (0,b) € A and hence b € B by definition of B. Thus (a,b) € A x B.
This shows that A C A x B. Since we have already shown that A x B C A, it
follows that A=A x B.

(¢) Show that the maximal ideals of R x S are either of the form A x S where
A is a maximal ideal in R or of the form R x B where B is a maximal ideal in S.

Solution.

First, we need to show that if A is a maximal ideal in R and B is a maximal
ideal in S then A x S and R x B are maximal ideals in R x S. Indeed, suppose that
A x S is not maximal in R x S. Then there exists an ideal A’ in R x S such that
AxSCA CRxS. By part (a) we know that A" = A’ x B" where A’ is an ideal
in R and B’ is an ideal in S. Since A x S C A’ x B’, it follows that B’ = S and
A C A’. Moreover, since Ax S C A'x S C Rx S, it follows that A C A’ C R. This
contradicts the assumption that A is a maximal ideal in R. Thus indeed A x S is a
maximal ideal in R x S. A similar argument shows that R x B is a maximal ideal
in RxS.

Let A be a maximal ideal in R x S. By (b) we know that A = A x B where A
is an ideal in R and B is an ideal in S.



First we claim that either A = R or B = S. Suppose not, that is A # R and
B#S Then A=AXxBCRxBCRXS. Since R x B is an ideal in R x S, this
contradicts maximality of A in R x S.

Thus indeed either A = R or B = S. Suppose that A = R, as the other case is
similar. Thus A = R x B for some ideal B in S. We claim that B is maximal in
S. Indeed, if not and if there exists an ideal B’ in S such that B C B’ C S then
A=RxBC Rx B C RxS. This contradicts maximality of A since R x B’ is
an ideal in R x S. Thus indeed B is a maximal ideal in S and A = R x B has the
required form.

If B =S then a similar argument shows that A = A x S where A is a maximal
ideal in R.

Ch. 3.3, Problem 9 Let R = Z(i). In each case find the number of elements
in the factor ring R/A and describe the cosets of A.

(a) A = Ri.

Solution.

Note that ¢ € A = Ri and hence (—i)i = 1 € Ri. Since 1 € Ri, for every z € R
we have z-1 = z € Ri, which shows that A = Ri = R. Thus R/A = R/R = {0+ R}
has a single element 0 4+ R.

(b) A= R(1—14). We have 1 —i € A and hence 1+ A = i + A. Therefore for
every m,n € Z we have m+ni+ A = m+n+ A. Therefore R/A={p+A:pecZ}.

Also, since 1—i € A, we have (14+i)(1—i) = 12—i% = 2 € A, so that 2+ A4 = 0+ A.
Hence if p,q € Z and p=¢q mod 2 then p+ A = ¢ + A. Theregore we have

R/IA={p+A:peZ}={0+A,1+ A}.

We claim that 0+ A # 1+ A. Indeed, if 0+ A=1+ Athen1l € A= R(1 —1i) and
there exist integers m, n such that (m+ni)(1—¢) = 1. Then 1 = (m+n)+(n—m)i
and therefore m —n = 0,m +n = 1, so that 2m = 1, yielding a contradiction with
the fact that m € Z. Thus |R/A| =2 and R/A= {0+ A,1+ A}.

(c) A= R(1 + 2i).

Solution.

We have 34+i = (1 —4)(1 +2i) € R(1+2i) = A and hence i + A = -3 + A.
This implies that for any m,n € Z we have m +ni+ A = m — 3n+ A and therefore
R/A={p+ Alpc Z}.

We also have (1 —24¢)(1 + 2i) =5 € R(1+ 2i) = A. Therefore for any integers
p,q with p = ¢ mod 5 we have. p+ A = g+ A. It follows that

R/A={p+A:p€eZ}={0+A1+A,2+A3+A4+A}.

We claim that the elements 0+ A,1+ A,2+ A,3+ A,4+ A of R/A are distinct.
Indeed, suppose not and for some integers 0 < p < ¢ < 4 we have p+ A = ¢+ A,
so that ¢ — p € A. The possible values of ¢ — p are 1,2,3,4. Since ¢ — p €
A = R(1 + 2i), for some m,n € Z we have p — ¢ = (m + ni)(1 + 2i). Therefore
lg — pI*> = |m + ni?|1 + 2i]> = (m? +n?) - 5, so that |¢ — p|? is divisible by 5.
Since the possible values of ¢ — p are 1,2, 3,4, the possible values of |g — p|? are
1,4,9,16, none of which are divisible by 5. This gives us a contradiction. Hence all
five elements 0+ A, 1+ A,2+ A,3+ A,4+ A of R/A are distinct, |[R/A| = 5 and
R/IA={0+A,1+A2+ A3+ A4+ A}



(d) A = R(1 + 3i).

Solution.

Since 1+ 3i € A, we have 1 + A = —3i + A. Therefore for any integers n, m we
have n +mi+ A = (=3n +m)i+ A. It follows that R/A = {pi + Alp € Z}.

We also have (1 4 3i)(1 — 37) = 10 € A and therefore pi + A = ¢qi + A whenever
p,q € Z are such that p = ¢ mod 10. This implies that

R/IA={0+Ai+ A2i+ A 3i+ A, ...,9%+ A}.

We claim that the above ten elements of R/A are all distinct. Indeed, suppose not.
Then there exist integers ¢, p such that 0 < p < ¢ <9 and such that p+ A = ¢+ A.
Hence p — ¢ € A = R(1 + 3i¢) and there exist n,m € Z such that ¢ —p = (m +
ni)(1 + 3i0. This implies that |¢ — p|? = |m + ni|*|1 + 3i|*> = 10(m + 2 + n?), so
that (¢ — p)? is divisible by 10. However, 0 < p < ¢ < 9, and therefore the possible
values for (g — p)? are 12,22,32...,92. None of these numbers are divisible by 10,
yielding a contradiction.
Thus indeed |R/A| = 10,and R/A={0+ A,i+ A,2i+ A,3i+ A,..., 9+ A}

Ch. 3.3, Problem 25

Let R be a commutative ring. Write alb if b = ra for some r € R.
(a) Show that Rab C Ra N Rb for all a,b € R.

(b) If Ra + Rb = R, show that Rab = Ra N Rb.

Solution.

By part (a) we laready know that Rab C RaNRb. Suppose now that z € RaNRb.
Thus x = ria = r9b for some r1,79 € R. Since Ra + Rb = R, we have 1 € Ra + Rb
and hence 1 = sa + tb for some s,t € R. Multiplying this equation by x we get
x = xsa + xtb. We then have x = xsa + xsb = robsa + riatb = (ros +r1t)ab € Rab.
Thus Ra N Rb C Rab. Since we already know that Rab C Ra N Rb, it follows that
Rab = Ra N Rb.

(c) Show that u € R is a unit if and only if Ru = R.

Solution.

Suppose that Ru = R. Then 1 € Ru and hence 1 = ru for some r € R. Since R
is commutative, we have 1 = ru = ur, so that u is a unit.

Suppose that u is a unit. Then v~ 'u = 1 € Ru. Hence for every r € R we have
r=r-1¢€ Ru since 1 € Ru. Therefore R = Ru.

(d) Show that Rp is a prime ideal if and only if p|ab implies p|a or pl|b.

Solution.

Suppose that Rp is a prime ideal and suppose that p|ab for some A, B € R. We
have ab = xp € Rp. Therefore, since Rp is prime, either a € Rp or b € Rp, that is
either p|a or p|b.

Suppose now that p|ab implies pla or p|b. Let a,b € R be such that ab € Rp.
Hence ab = rp for some r € R, that is p|ab. By assumption this implies that p|a or
plb and hence a € Rp or b € Rp. We have shown that if ab € Rp then a € Rp or
b € Rp and therefore rp is a prime ideal, as required.

(e) Show that if R is an integral domain, then Ra = Rb if and only if a = ub for
some unit u € R.

Solution.



Suppose that Ra = Rb. We need to show that a = ub for some unit v € R.
Assume that a # 0,b # 0 since the case where a = 0 or b = 0 is easy. Then a € Rb
and b € Ra so that a = rb, b = sa for some r,s € R. Hence a = rb = rsa and
a(l —rs) = 0. Since a # 0 and R is an integral domain, it follows that 1 = rs.
Also, since R is commutative, we have 1 = rs = sr, so that r, s are units. Thus
a = rb, where r is a unit, as required.

Suppose now that a = ub for some unit v € R. Then for every r € R we have
ra = rub € Rb and hence Ra C Rb. Similarly, since b = u~!a, for every r € R we
have rb = ru~'a € Ra and hence Rb C Ra. Thus Ra = Rb, as required.

Ch. 3.3, Problem 26
Let A, B, C be ideals in R and define

AB = {a1b1 + .. .anbn|ai € 14,.BZ S B,n > 1}
(a) Show that AB is an ideal in R and that AB C AN B.

Solution.

Suppose that z,y € AB. Thus = aiby + ...anxb, and y = a}b} + ...al,b,
where a;,a; € A, bj,bg- € B. Then x +y = aiby +...apb, +a}by +...a,,bl, € AB
be definition of AB. Also, —z = (—a1)by + -+ + (—an)b, € AB since —a; € A,

b; € B. Also, for any r € R we have
re = (ra1)by + ... (ra,)b, € AB

since A is an ideal in R and ra; € A. Similarly, zr = a1 (b1r) + - - - 4+ a,(b,r) € AB
since b;r € B. Thus indeed AB is an ideal in R.

Also, if x = a1by +...a,b, € AB as above, then a;b; € A since A is an ideal
and a;b; € B since B is an ideal, so that a;b; € AN B. Since AN B is an ideal
and each a;b; € AN B, it follows that x = a1by + ...a,b, € AN B. Thus indeed
AB C AN B.

(b) Show that A(B+ C) = AB+ AC and (B+ C)A = BA+ BC.

Solution.

We will verify that A(B+C') = AB+AC as the other equality is similar. Suppose
that © € A(B+ C). Then = ajy1 + -+ + any, where a; € A and y; € B+ C.
Hence for every i we have y; = b; + ¢; where b; € B, ¢; € C. Then

x=ai(bi+ec1)+- - Aan(bptc,) = (a1b1+- - +anby)+(arc1+ - +ape,) € AB+AC

since a1by + - -+ + apb, € AB and aic1 + -+ + apc, € AC. Therefore A(B+ C) C
AB + AC.

Suppose now that € AB + AC. Then x = s+t where s € AB and t € AC.
Therefore s = a1by1 +- - -+ anby, and t = afc; +- - -+ al, ¢, where a;,a), € A, b; € B,
¢; € C. Note that b;,c; € B+ C. Therefore

T =a1by + - +apb, +adlcr +---+a,,c, € AB+C)
by definition of A(B + C). Thus AB + AC C A(B + C). Since we already know
that A(B+ C) C AB + AC, it follows that A(B + C) = AB + AC, as required.
(¢) Show that AR = A = RA.

Solution.
We will check that AR = A as the proof of RA = A is similar.
Suppose a € A. Then a =a-1 € AR. This shows that A C AR.
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Suppose © € AR. Then x = ayr1 + ...ay,r, for some a; € A, r; € R. Since A is
an ideal in R, it follows that a;r; € A. Again since A is an ideal, it is closed under
addition and hence x = a1 +...a,7m, € A. Thus AR C A. Since we already know
that A C AR, it follows that AR = A.

(d) Show that A(BC) = (AB)C.

Solution.

Let z € A(BC). Then = a1y1 + -+ - + anyn for some a; € A, y; € BC. Since
y; € BC, we have y; = b1 1,5 + ... b, iCm,,: for some b;; € B, ¢;; € C, m; > 1.

Then

T=a1y1+ -+ ApYn =
albl,lcl,l + -+ albml,lcml,l + -+ anbl,ncl,n + -+ anbm”,ncm”,n € (AB)C

since a;b;; € AB, ¢;; € C. Thus A(BC) C (AB)C. A similar argument shows
that (AB)C C A(BC) and hence A(BC) = (AB)C.



