H/wk 12, Solutions to selected problems

Ch. 3.4, Problem 1
In each case determine if the map @ is a ring homomorphism.
(a) 0 : Zs — Za, 0(r) = 4r.

Answer:
No, this is not a ring homomorphism. Indeed, 6([1]3) = [4]12 # [1]12.

(b) 0: Zy — Zyo, 0(r) = 3r.
Answer:
No, this is not a ring homomorphism. Indeed, 6([1]4) = [3]12 # [1]12-

(¢) 0: Rx R— R, where 6(r,s) =r + s.
Answer:
No, this is not a ring homomorphism. Indeed, 1gxr = (1g, 1) but

G(IRXR) :Q(IR,lR) = 1R+ lR 7£ lR when R%O

(d) 6: Rx R— R, where 0(r,s) =rs.

Answer:

No, this is not a ring homomorphism.

Indeed, 6(1,0) = 6(0,1) = 0. But 6((1,0) + (0,1)) =0(1,1) =1#0+0.
(e) 0: F(R,R) — R where 6(f) = f(1).

Answer:

Yes, this is a ring homomorphism. Indeed, for f,g € F(R,R) we have (fg)(z) =
f(x)g(z) and (f + g)(x) = f(x) + g(z) for every z € R. Hence

0(f+9)=(f+9)(1) = f(1)+9(1) =0(f) +6(9)
and
0(fg) = (f9)(1) = f(1)g(1) = 0(f)0(g)-
Also, for the function 1 : R — R, 1(z) =1 for all z € R we have §(1) = 1(1) = 1.
Thus 6 is indeed a ring homomorphism.

Ch. 3.4, Problem 5
Let 6 : R — R; be an onto ring homomorphism. Show that 6(Z(R)) C Z(Ry).
Give an example showing that this need not be equality.

Solution.
The proof that 0(Z(R)) C Z(R;) is easy and we omit the details.
For the example where 6 : R — R; be an onto ring homomorphism but 8(Z(R)) #

Z Z
0 Z’Rl:ZXZ

Z(R;1) we will use Example 4 from Chapter 3.4. Put R =
5
t
4 that 6 is an onto ring homomorphism. It is also clear that Ry = Z X Z is a
commutative ring so that Z(R;) = Rj.

We claim that Z(R) = { 8 2} :a € Z}. If this claim is true then 0(Z(R)) =

and 6 : R — Ry given by 6( {8 }) = (r,t) for r,s,t € Z. It is checked in Example

{(a,a)la € Z} # Z x Z = Z(Ry), so that this example would have the required
properties.
Thus it remains to verify the claim.
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0 0
_la O
10 ¢
a 011 1 a a 1 1{ja O a ¢ .
We also have [0 c} {0 J = [O J and [0 1] [0 c} = [0 c]. Since
A € Z(R), this implies a = ¢, so that A = g 0 . It is also easy to see that

o o) <z, s 2 = ([ 0] ez a

for every a € Z we do have {a

claimed.

Ch. 3.4, Problem 11
(a) Show that 23 — 822 + 52 + 3 = 0 has no solutions x € Z.

Solution.

Suppose, on the contrary, that there exists € Z such that 23 —8z2+5x+3 = 0.
Consider the ring homomorphism ¢ : Z — Zs defined by ¢(n) =7 where n € Z.

Then

0=0(0) = ¢(z° — 82" +bx +3) =7° - 87" + 3 =7" + 27" + 3.

Thus 724272 +3 = 0 in Zs. By substituting the possible values of 7 = 0, 1,2, —2, —1
into the left-hand side of the above equation, we get:

0°+2.0°+3=3#0
T4+2.T°43=1+#0
2 4+2.243=1+40
- ) +2- (2 )2 3=3+40
D)’ +2. (1) +3=140.
Since Zs = {overline0,1,2,—2, —1}, this yields a contradiction with the fact

that 23 + 222 + 3 =0 in Zs.
Hence there does not exist z € Z such that z° — 822 + 5z + 3 = 0.

Ch. 3.4, Problem 21
Show that there is no ring homomorphism C — R.

Solution.
Suppose that there exists a ring homomorphism f : C — R. Recall that, by
definition of a ring homomorphism, we have f(1) = 1. Hence f(—1) = —1 since

f:C — Ris a also group homomorphism between the additive abelian groups of
C and R.

Let r := f(i) € R. Since i2 = —1 in C and since f is a ring homomorphism, we
have

-



3

Thus r € R is a real number such that »> = —1. This is a contradiction since
for every r € R we have r? > 0. Hence there does not exist a ring homomorphism

C—-R
Ch. 3.4, Problem 27

Let S be a ring and let R = {S 5

0 S} = {[g lc)] |a,b,c € S} be the upper

triangular matrix ring over S. Show that A = {8 g] = {[g 8} |s € S} is an
ideal in S and that R/S = S x S.

Solution.

Consider the function f : R — S'x S defined by f( [“ b

0 J) := (a,c¢) fora,b,c € S.

We claim that f is a ring homomorphism.

Indeed,
a1 b1 a9 bQ _ a1 + ao b1 + b2 _
(5 el o )=l ata)-

:(a1+a2,c1+c2)=(a1,01)+(a27‘/’2):f([%l bl})Jrf([%Q bQD'

C1 C2

s 3 5 o(fr -
:(alag,clcg):(al,cl)(ag,@):f([%l ﬁj)f([‘g ZD

Also, f( [(1) ﬂ) :=(1,1) = 1gxs. Thus f is indeed a ring homomorphism.

Similarly,

Also, by definition of f and A we have Ker(f) = {[8 8} |b € S} = A. Note

that this already implies that A is an ideal in R.

Finally observe that f is onto. Indeed, let s,s’ € S be arbitrary so that (s,s’) €
0
o=

Thus f: R — S xS is an onto ring homomorphism with Ker(f) = A. Therefore
by the Isomorphism Theorem for rings we have R/A = S x S as rings.

S x S is an arbitrary element. Then [8 S,} € R and f( LS)

Ch. 3.4, Problem 32

Prove the Second Isomorphism Theorem: If A is an ideal of R, and S is a
subring of R then S+ A = {s+al|s € S,a € A} is a subring of R, and, moreover,
A and SN A are ideals of S + A and S respectively and (S + A)/A = S/(SN A).

Solution.

First check that S+ A = {s+ a|s € S,a € A} is a subring of R. Indeed,
1=140¢€ S+A. Also, for any s1,s2 € S, a1,as € A we have (s1+a1)+(s2+az) =
(s1+ s2) + (a1 + a2) € S+ A since 51 + s2 € S and a1 + ag € A. Similarly, in the
above situation we have

(81 + (11)(82 + GQ) = 8189 + (a132 + s1a9 + alag) eS+A
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since s189 € S (because S is a subring of R) and a1s2 + s1a2 + ajas € A (because
A is an ideal in R). Thus indeed, S + A is an ideal in R and, moreover A C S+ A
since for every a € A we have a =0+ a € S + A.

Since A is an ideal in R and A C S+ A C R, it follows from the definition of an
ideal that A is an ideal in .S + A.

We now have to show that (S + A)/A = S/(SN A).

Define f: S — (S+ A)/A by f(s)=s+ AforseS.

We claim that f is a ring homomorphism. Indeed,

f(s1+s2)=s1+s2+A=(s1+A4)+ (s2+A) = f(s1) + f(s2)
f(s182) = s182+ A= (s1+A) - (s2+A) = f(s1)f(s2)
Finally, f(1) =1+ A. Thus indeed f is a ring homomorphism.
We claim that f is onto. Indeed, for any s € S,a € A we have f(s) = s+ A =
s+ a+ A, so that f is indeed onto.
We also claim that Ker(f) =S N A. Indeed for s € S we have
fs)=0+A < s+ A=0+A < s A < se€SNA.

Thus f : S — (S + A)/A is an onto ring homomorphism with Ker(f) = SN A.
Therefore SN A is an ideal in S and, by the Isomorphism Theorem, (S + A)/A =
S/(S N A), as required.



