Math 481
7. Tangent Vectors on Manifolds

1. Tangent Vectors to M [Frankel, p.23-30]

a) The tangent vector to a curve ¥(t} is written % or % or 4(t). 1t acts as a first order
differential operator on functions f:M = R, by the rule:

20 = 2560w,

This is how we define tangent vectors on manifolds: as differential operators.

b) For a chart (U, ¢y = (!, ... ™)),
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by the Chain Rule, where the tangent vector 3,% is tangent to the 7th coordinate curve.

The %,—[p,l < ¢ < m, are the coordinate basis vectors for the tangent space M,. M, is a
vector space, consisting of all tangent vectors to curves through p.

2. Example: L
M =R = {(z',22)}. Set ' = 2122, y? = (z')? - (z%)%. When (2%,2?) # (0,0),

we have
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so that ¢ = (y',y*) gives a chart on some open set {7 around any (z',22) except (0, 0).

a) How big can we take U7 Is ¢ one to one on {(=',2%) # (0,0)}? Is ¢ one to one on
{(z',2%);2" > 0}? Is ¢ one to one on some open set around (0 ,0)?




b) By the Chain Rule,

and so
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At po with (z1,2%)(po) = (1,1):

¢) As above, on the overlap of two coordinate patches, the Jacobian is the change of basis
matrix between the coordinate bases.

3. Vector fields on M
A vector field Y is a choice of tangent vector Y, € M, for each p € M. In coordinates,
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We require the functions Yi{z!,--- ,2"™) to be smooth.




