TWO-GENERATED GROUPS ACTING ON TREES

ILYA KAPOVICH! AND RICHARD WEIDMANN

ABSTRACT. We study 2-generated subgroups of groups that act on simplicial trees. We show that any
generating pair {g, h} of such a subgroup is Nielsen-equivalent to a pair {f, s} where either powers of f
and s or powers of f and sfs~! have a common fixed point if the subgroup (g, h) is freely indecomposable.
Analogous results are obtained for generating pairs of fundamental groups of graphs of groups. Some
simple applications are given.

1. INTRODUCTION

A. Karrass and D. Solitar [8] studied subgroups of amalgamated products of type G = A x¢ B where
C # 1 is proper and malnormal in A and B. They showed in particular that a 2-generated subgroup of
G is either a free product of two cyclic groups or is conjugate to a subgroup of either A or B and that
G cannot be generated by 2 elements. More recently S. Bleiler and A. Jones [2] obtained similar results
for the case that the amalgamated subgroup C' is malnormal in one of the factors. For HNN-extensions
with malnormal associated subgroups S. Pride [10] studied two element generating systems (see also [12]
and [9] in this context). This allowed S. Pride [11] to solve the isomorphism problem for two-generated
one-relator groups with torsion.

All of these results can be proved using the Nielsen method for amalgamated products as developed
by H. Zieschang [15] and refined in [5] and [14] and the Nielsen method for HNN-extensions due to
N. Peczynski and W. Reiwer [12]. T. Delzant [6] also uses a geometric variation of Nielsen’s method
to prove that a torsion-free word-hyperbolic group contains only finitely many conjugacy classes of two-
generated one-ended subgroups.

In this note we use related methods to study two-generator subgroups of fundamental groups of graphs
of groups. Our approach is purely geometric, meaning that we study group actions on simplicial trees
which is an equivalent point of view by the Bass-Serre theory (see [13] and [1] for details). We do not
make any malnormality assumptions nor do we impose any other restrictions. The proof of the main
result could also have been achieved using induction and extensions of the techniques mentioned before,
but we believe that the present proof is more elegant and also more transparent.

The proof is very much in the spirit of the first chapters of [4] to which we refer the reader for some
of the vocabulary. We state the main result of this note:

Theorem 1. Let G be a group acting on a simplicial tree T without inversions such that the stabilizer
of each edge is non-trivial. Let g, h € G such that either

(i) {g, h} is not cyclic and not the free product of two cyclic groups or

(ii) {g,h) = G, i.e. {g,h} is a generating set of G.
Then {g,h} is Nielsen equivalent to {f, s} such that either

(1) Some non-trivial powers of f and s have a common fized point or

(2) Some non-trivial powers of f and sfs~* have a common fized point.
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The assumption that the edge stabilizers are non-trivial is only needed to exclude the case that G itself
is the free product of two cyclic groups. An immediate corollary of Theorem 1 is:

Corollary 1.1. Let T be the Bass-Serre tree associated to the presentation of the two-generated group
G as the fundamental group of a graph of groups with non-trivial edge groups. We consider the natural
action of G on T. Then any generating pair {g, h} is Nielsen equivalent to a pair {f, s} (also generating
G) such that one of the following holds:

(1) Some nontrivial powers of f and s fir a common vertex.

(2) Some nontrivial powers of f and sfs~' fix a common vertex.

In Section 2 we will prove Theorem 1; in section 3 we will conclude by showing how to use Corollary 1.1
to deduce (stronger versions of) the results mentioned in the beginning.

2. THE PROOF OF THEOREM 1

A simplicial tree T is a connected and simply connected one-dimensional simplicial complex. We refer
to the O-simplices of T as vertices of T and to the 1-simplices of T as edges of T. (Note that T is not
required to be a locally finite simplicial complex, that is a 0-simplex is allowed to be the face of infinitely
many 1-simplices.)

Every simplicial tree T comes equipped with a natural metric d. For any two vertices vy, vy of T we
define d(v1, v2) to be the minimal number of edges in an edge-path from vy to ve. If we endow each edge
with the metric of the unit interval [0, 1] C R, then d naturally extends to a metric on 7.

By an automorphism of T we mean an isometry of (T, d) which takes vertices to vertices (and therefore
edges to edges). An automorphism ¢ of T is called an inversion if ¢ interchanges the endpoints of some
edge e.

We will say that G acts on a simplicial tree T if G acts by automorphisms of 7. The reader is referred
to [13] and [1] for a more detailed and rigorous discussion of group actions on simplicial trees.

If G is a group and X is a subset of G, we denote by (X) the subgroup of G, generated by X.
Let G be a group acting on a simplicial tree T" without inversions and let g € G. By T, we denote the
set that consists of all points of T' that are fixed under the action of a non-trivial power of g, i.e.

T, ={x €T | g°x =z for some z € Z such that ¢* # 1 }.

It is easy to see that T}, is a subtree of T' for all g € G: We clearly only need to verify that Ty is connected.
If g is a hyperbolic element this is trivial since T, is the empty set. If g is elliptic then there exists a
x € T such that gz = x. This implies in particular that = € T}, it is further clear that g*z = x for all
z € Z. Let now y € T, and choose z € Z such that g°y = y. Now ¢ fixes x and y and therefore the
segment [z,y]. It follows that [z,y] C T,. It follows that T} is connected. It is further easy to see that
g1y, =T, for all g € G.

We can now reformulate Theorem 1 as:

Theorem 1A Let G be a group acting on a simplicial tree T without inversions such that the stabilizer
of each edge is non-trivial. Let g, h € G such that either

(i) {g, h} is not cyclic and not the free product of two cyclic groups or

(ii) {g,h) = G, i.e. {g,h} is a generating set of G.
Then {g,h} is Nielsen equivalent to {f, s} such that either

(a) TrNTs #0 or

(b) Ty N sTy # 0.

We will first look at two special cases of Theorem 1A.

Lemma 2.1. Let f,s € G be two elliptic elements such that Tr N Ts = 0. Then

(i) {f,s) = (f) = (s).
(ii) There exists an edge e of T such that ge # e for all g € (f,s) — 1.
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Proof. Suppose that Ty NTs = (0. Let a € Ty, b € T, be vertices of T' such that [a, b] is the bridge between
Ty and Ty, that is [a, 0] N Ty = a and [a,b] N Ty = b. Then d(a,b) = d(Ty,Ts) > 1. Choose further ¢ such
that [a, c] is an edge of T' and that [a, ¢] C [a, b].

To prove the lemma it is enough to show that any strictly alternating product of non-trivial powers of
f and s does not fix [a, ¢]. For a non-trivial power of f this is immediate since [a, | ¢ Ty. We therefore
only need to check elements of type

g — fn1 Sﬁll fnk Sﬁlk

where k > 1, f" £1for2 <i<kand s #1forl <i<k—1land s™ #£1ifk=1. Put pp =1
and for each i = 1,...,k put p; = f™s™ ... f"s™ and ¢; = p;—1f™. We will show that ga # a which
implies that gla, c] = [ga, gc] # |a, c] since G acts without inversions.

Put v; = [pi—1a, ¢;a] U [gia, ¢;b] U [g:b, p;b] U [pib, p;a) for i = 1,...,k — 1 and i = k if s™ # 1 and
i = [pi—10a, ¢ia] = [pi—1a,p;a] if i = k and s™* = 1. Thus +; is a path from p;_1a to p;a. Note, that v,
is a path from a to pia.

Ts
p2Ty
pTy =
pia QQTf
b Y
: t p2a
. _ q2a .
Ca= poa p1b - .
p2b
aa ab nTs = @Ts =
Ty = p17Ts qab poTs
Ty
Figure 1
Claim.

(1) Each ~; is a non-degenerate geodesic from p;_j1a to p;a, that is d(pi—1a,p;a) = d(p;—10a,qa) +
d(g;a, ¢;b) + d(¢;b, p;b) + d(p;b, p;a) > 0 unless ¢ = k and s™* = 1.

(2) For every i =1,...,k — 1 the path v; U~;41 is a geodesic from p;_1a to p;11a that is v; N vi41 = pia
and d(pi—1a, pit1a) = (v Uvit1) = 1() + Uvigr).-

To prove part (1) of the claim, note first that [p;_1a, ¢;a] C ¢;Ty. We know that Tt N [a,b] = a and so
¢:Tr N [gia, ¢;b] = ¢ia. Hence [p;—1a, ¢;a] N [ga, ¢;b] = g;a and therefore [p;_1a, ¢;a] U [gia, ¢;b] is a geodesic
in T ending in [g;a, ¢;b]. Thus, by pasting geodesics, to see that part (1) of the claim holds, it is enough
to establish that [g;a, g;b] U [g:b, pib] U [pib, p;a] is a geodesic with a nontrivial initial segment [g;a, ¢;b] (see
Figure 1).

To see this, suppose first that ¢;b # p;b. Note that [¢;b, p;b] C ¢;Ts = p;Ts. Hence the definition of [a, b]
implies that [g;a, ¢;b] N ¢;Ts = q;b and p;Ts N [p;b, p;a] = p;b. Thus all three segments [g;a, g;b], [¢:b, p;b]
and [p;b, p;a] are non-degenerate and [g;a, ¢;b] N [g:b, p:b] = ¢;b and [g;b, p;b] N [pib, pia] = p;b. Therefore
[gia, ¢:b] U [qib, pib] U [pib, p;a] is a geodesic with a non-trivial initial segment [g;a, ¢;b] as required. (In
Figure 1 only this case occurs.) Suppose now that ¢;b = p;b = 2. Hence b = qi_lqib = qi_lpib = s™ip. If
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[z, ¢ia] N [z, pia] = z, the statement follows. If [z, ¢;a] N[z, p;a] # z then choose (a vertex) y # z of T such
that [z, g;a] N [z, pia] = [z, y] (see Figure 2).

q; Ty

qiTs = qib = Y

il pib=z pza

piTy
Figure 2

mg ez

Since piq; ' = qis™iq; " maps [z, ¢;a] isometrically onto [z, p;a] we get that g;s™iq; " fixes y. It follows
that s fixes g, 4. Note that y & ¢;Ts and therefore q; Ly & Ty, a contradiction to the definition of T.
Thus [g;a, g;b] U [¢:b, p;ib] U [p;b, p;a] is a geodesic with a nontrivial initial segment [g;a, ¢;b] as required
and part (1) of the claim is proved.

To see that part (2) of the claim holds, we need to show that

[pi—1b, pi—1a] N ([pi-1a, gia] U [gia, qib]) = pi—1a

if not i = k and s™ = 1 and p;_1b, pi—1a] N [pi—1a, g;a] = p;—1a otherwise. Note that [p;—1a,ga] C
pi—1Ty = ¢;Ty. If pi_1a # ¢;a then the statement above follows from the fact that [p;—1b, p;—1a]Np;—1TF =
pi—1a. If pi_1a = ¢;a = z then, similarly to part (1) we see that [z, p;—1b] N[z, ¢;b] = z. This implies the
desired statement and completes the proof of the claim.

Note that for each i = 1,..., k we have 0 # [(~;) > 1. Therefore the Claim implies that v = v U- - - U~
is a geodesic between ppa = a and pra = ga and d(a, ga) = d(poa, pra) = U(y) + -+ 1(yw) > k> 0. It
follows that ga # a. This completes the proof of the lemma. O

Lemma 2.2. Let f,s € G where f is elliptic and s is hyperbolic. Assume that the translation length
of s is minimal among the translation lengths of all elements of type f*'sf?* with 21,20 € Z and that
TrNsTy =0. Then

(i) {fs) = () = (s) = (f) L.

(ii) There exists an edge e of T such that ge # e for all g € (f,s) — 1.

Proof. Let C' be the axis of s, [ the translation length of s and a be a fixed point of f. We first show
that the minimality of the translation length of s guarantees that any x € C' for which f*x € C holds is
fixed under the action of f*, i.e. that f*x = 2. This implies in particular that C'N f*C C Ty if f* # 1.
Suppose there is a € C such that f?x = y € C for some z € Z where = # y. It follows that f* maps
[a, ] isometrically onto [a,y]. Choose z such that [a,z] N [a,y] = [a,z]. It is clear that f* maps [z, z]
isometrically onto [z, y] and that f* fixes [a, z] pointwise and therefore fixes z. Now [z, z] U [z, y] is clearly
the geodesic segment [x,y] which implies that [z, z] U [z,y] C C (See Figure 3). Continuity guarantees
that for any A € [0, d(z,y)] there is a point r € [z,z] C C such that f*r € [z,y] C C and d(r, f*r) = A
Choose A such that 0 < A <[ and r such that d(r, f*r) = . It follows that either d(r, sf*r) =1— A or
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d(f*r,sf=%f*r) = d(f*r,sr) = d(r, f~%sr) = 1l — A, in both cases a contradiction to the minimality of
the translation length of s.

C : . |

a

Figure 3

Suppose now that Ty N sTy = 0. It is easy to see that Ty Ns*Ty = () for all z € Z — 0. Let a be a fixed
point of f and e = [b, ¢] be an edge of T" such that Ty N [b, ¢] = b. We will show that no strictly alternating
product of non-trivial powers of f and s fixes e. This clearly implies the assertion of the lemma. If g is
a non-trivial power of f then g does not fix e since e ¢ T¢. Let now g be a strictly alternating product
of non-trivial powers of f and s which is not merely a power of f. We will show that g7y NTy = (). This
implies that g does not fix b, it follows that g does not fix e since G acts without inversions. Note that
g1y = gf*Ty for all z € Z and we can therefore restrict ourselves to alternating products that ends with
a power of s, i.e. g that can be written as

g — fn1 Sﬁll fnk Sﬁlk

where m; # 0 for 1 < i < k and f™ # 1 for 2 < i < k. We define pg := 1 and for 1 < i < k
pi = fMs™ L f"s™ and ¢; = pi—1f™. We will show that any segment [p;_1a,p;a] has a non-
trivial subsegment o; such that o; N p;_1Ty = 0, o N p; Ty = 0, 03 N [pi—2a,pi—1a] = 0 (if i > 2) and
oiN[pia,piv1a] =0 (if i <k —1). Now o1 NppTs = 0 clearly implies that o1 Np, Ty = O (see Figure 4).
Since we also have that o1 N1y = () and since o is part of the bridge between Ty and pi T} this implies
that Ty NpTy = 0.

pia pPi+1a

/ 041 \x
Pi—1a o Cita Pit2a

7

Figure 4

Note, that p;—1a lies in p; 1Ty = ¢;T¢ and is therefore fixed under the action of p;_; f™ pi__ll, which
implies that p;_1a = pi_lf""*lpi__llpi_la = @;a. This means that p,_1a = ¢;a gets mapped onto p;a
under the action of g;s™iq; L Dig; ! a hyperbolic element with axis ¢;C. Now the geodesic segment
[pi—1a, pia] = [gia, p;ia] clearly can be written as b; U [s;, t;] U ¢; where [s;,t;] := [pi—1a,pia] N ¢;C is a
segment of length Im; and where b; = [p;_1a, s;] and ¢; = [t;, p;a] are segments of length d(p;_1a, ¢;C) =
d(pia, ¢;C). We define o; := int([s;, t;] — (pi—1Tf Up;Ty)). Note, that o; # 0 since otherwise p;_1Ty N
p:iTy # 0 which implies that ¢; 'p; 1Ty Nq; 'p Ty = Ty Ns™ Ty =Ty Ns™ Ty # O which contradicts
our assumption. (See Figure 5)
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8 o ti | pily pi1Ty
q:C
Di—10a pia Pit1a
................... - @i+ C
pi—1Ty Sit1 Oit1 tit1
Figure 5

Suppose that o; N [p;a, pir1a] # O (the case o;N[p;—2a, pi—1a] # O is analogous) for some 7 € {1,...,k}.
Choose = € o; such that « € [p;a,t; 1] or & € 0,41 such that z € [s;, p;a]. To see that such a x exists,
pick an arbitrary y € o; N [p;a, pit1a]. If y € [pia, tiy1] we can choose z := y and are in the second case,
otherwise y € [ti+1, pit+1a] which implies that ;11 C [y, pia] C [s;, pia] which guarantees that the first
case occurs.

W.l.o.g. we can assume that the first case occurs, i.e. that « € o; such that x € [p;a, t;+1]. Note, that
z & [pia, siy1] = biy1 since d(pia,x) > d(pia, ¢;C) = d(pia,pC) = d(p; "+ p; 'pia, pifri+1p; 'piC) =
d(p;a, gi41C) = l(bi+1). Tt follows that = € [s;11,t;41] and therefore = € p;C' N ¢;11C. This implies by
the observation made in the beginning that = € p;T¢ which contradicts the definition of o;. The lemma
is proved. O

Proof of Theorem 1A. We first verify that {g, h} is Nielsen equivalent to a pair {f, s} where f acts with a
fixed point. We assume that there is no pair {f, s} that is Nielsen equivalent to {g, h} such that f (or s)
acts with a fixed point, i.e. that for any such pair {f, s} the translation lengths I(f) and I(s) are non-zero.
Let now {f, s} be a pair such that the translation lengths are minimal in the sense that I(f** sf*2) > I(s)
and [(s* fs*2) > I(f) for z1, 20 € Z. Let C; and Cs be the axes of f and s, respectively, and L the length
of the arc C; NCy (L = 0 if Cy and Cs are disjoint). The minimality guarantees that L < I(f)/2 and
L <(s)/2. It follows that L < min(I(f),1(s)) which implies that (f, s) = (h1, ha) is free of rank two and
acts freely on T' by Lemma 2.6 of [4]. This implies that neither (i) nor (ii) of the Theorem 1 can hold:
Indeed, (i) obviously does not hold since the free group of rank two is the free product of two infinite
cyclic groups. Also, (ii) does not hold since in Theorem 1 we assume that G-stabilizers of edges of T are
nontrivial and so the action of G on T is not free.

Thus we only need to look at the case when f acts with a fixed point. We now replace s appropriately
so that the translation length of s is minimal among the translation length of all elements of type f*!sf*2
with 21, 22 € Z. Note that if (ii) is fulfilled then every edge of T is fixed by a non-trivial element of (f, s).
The statement of Theorem 1 now follows from Lemma, 2.1 if s acts with a fixed point, i.e. if Ty # (), and
from Lemma 2.2 otherwise. O

3. SOME APPLICATIONS

In this section we provide some applications of Theorem 1 and of Corollary 1.1. We will say that subsets
M C G and K C G are equivalent if there exists a set L such that M and L are Nielsen equivalent and
that L and K are conjugate. Note that if M is a generating set of G that is equivalent to K then K
also generates G. Following [7], we will call subgroups E and F of a group G conjugacy separated in G
ifg7!EgNF =1forall g €G.

The following statement has been proven by S.Pride [10] for the case A = A’ (see [12] for an alternative
proof). It should be noted that Pride’s result does not make the assumption that A" and B are conjugacy
separated, his result could however also easily be deduced from Corollary 1.1.
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Corollary 3.1. Let G =< H,t, | t 'A't = B > be a two-generated HNN-extension where A and B are
non-trivial malnormal conjugacy separated subgroups of H and where A’ is a normal subgroup of A. Then
any generating pair is equivalent to a pair {a,th} for some a € A and h € H.

Proof. Since A’ and B are non-trivial, the given HNN-extension has non-trivial edge stabilizers and we
can apply Corollary 1.1. If case (1) of Corollary 1.1 occurs, then G possesses a pair of generators which
are both conjugate to elements of H. This implies that they are factored out by the epimorphism

¢:G— G/((H)) 27, (where ((H)) is the normal closure of H in G)

which is impossible since they were assumed to be a generating system for G.

Thus case (2) of Corollary 1.1 occurs. This means that there is a generating pair {f, s} of G such that
some nontrivial powers of f and sfs™! fix a common vertex of T, that is Ty N sT # 0. Let p be the
vertex of T' that is fixed under the action of H and let ¢ = ¢p be the point that is fixed under the action
of tHt~1. We will first show that, after conjugating the pair {f, s}, we can assume the following:

(i) fe Aand f* € A’ —1 for some z € Z and

(i) Ty = U [p, aql.

Since f acts with a fixed point, we can conjugate the pair {f, s} so that f € H. Assume now that T}
is a single vertex, that is Ty = p. Since Ty NsTy # 0 we get Ty N sTy = Ty = p which implies that s fixes
Ty and we are in case (1). Thus Ty contains an edge, i.e. there is a power f* # 1 of f that fixes an edge
emanating from p. So f* lies in a conjugate of A’ or B in H. If f* € B then malnormality of B in H
guarantees that f € B. If f* € A’ we analogously conclude that f € A. In both cases we can conjugate
the pair {f, s} so that f € A and f* € A’ — 1 for some z € Z which means that (i) holds.

To see that (ii) holds, it clearly suffices to show that every non-trivial element o’ € A’ fixes only the
edges [p, aq] where a € A. (Indeed, it is obvious that a power of f, lying in A — A’, only fixes p since it
is neither conjugate to an element of A’ by an element of A since A’ is normal in A, nor conjugate to an
element of A’ by an element of H — A since A is malnormal in H, nor in H conjugate to an element of
B since A and B are conjugacy separated.) It follows from the definition of the Bass-Serre tree T' that
a' fixes the edge [p, q] whose stabilizer is A’. Therefore o’ also fixes the edge alp, q] = [p, aq] since the
stabilizer of this edge is aA’a™! = A’ (recall that A’ is normal in A). Now a’ does not fix another edge
emanating from aq since B has trivial intersection with all other conjugates of B in H (because B is
malnormal in H) and since B has trivial intersection with all conjugates of A in H (because A and B are
conjugacy separated in H). Similarly a’ does not fix any edges emanating from p other then the edges
[p, aq]. This proves (ii).

Now Ty N sTy # () and (ii) imply that either s°p = ag for some ¢ = +1 and a € A or that sa1q = asq
for some a;,az € A and € = +1. In the second case we get that s¢ = gasa; ' where g fixes azq. This
implies that g is conjugate to an element of H and therefore ¢(s¢) = ¢(g)¢p(az)p(a; ') = 1, i.e. that
¢(s) = ¢(f) = 1 which gives us a contradiction as in case (1). It follows that we can, possibly after
replacing s by s~!, assume that sp = aq = atp for some a € A. This implies that s = atg where g fixes p
and so belongs to H. Thus s = ath with h € H. We replace the generating pair {f, s} by its conjugate
{a7Yfa,a " sa = a~tatha = t(ha) = th'}, where a=!fa € A and b’ = ha € H. This completes the proof
of Corollary 3.1. O

Note that the special case of Corollary 3.1, when A is infinite cyclic, was used in [9] to analyze the
JSJ-decomposition of two-generated word-hyperbolic groups.

The following statement immediately implies the main result of S. Bleiler and A. Jones [2] mentioned
before as well as the theorem of A. Karrass and D. Solitar [8] mentioned in the introduction.

Corollary 3.2. Let G = Axc B be a two-generated group where1 #C S A, 1 # C S B and where C is
malnormal in B. Then any generating pair of G is equivalent to a generating pair {f, s} such that f € A
and f* € C —1 for some z € Z and such that one of the following holds:
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(a) s€ B—C;
(b) s=ab withacec A—C andb€ B—C and a~'f?a e C—1 for some z € Z;
(c) s =bab~! witha€ A—C and b€ B—C and a* € C — 1 for some z € Z.

Proof. Let T be as in Corollary 1.1. Let p4 be the vertex of T' that is fixed under the action of A and
let pp be the vertex that is fixed under the action of B.

Claim 1. We first prove that every elliptic element g € G — 1 is conjugate to an element h € G such
that

Tp CTp:= agA[pAﬂpB]-

Note that Ty is the union of all edges of T" emanating from p4. Since g is elliptic, it is conjugate to an
element of A or B.

We first consider the case when g is conjugate to an element h € A. Suppose that some nontrivial
power h* # 1 of h fixes a vertex ¢ € T — Tp. Then h* also fixes the segment [pa4, ¢, a segment of length
at least two. Therefore h* fixes two edges emanating from a vertex app. This contradicts malnormality
of C in B since the stabilizers of these edges are distinct conjugacy classes of aCa~"' in aBa~' and thus
have trivial intersection. Thus the statement of Claim 1 holds.

Suppose now that g is conjugate to an element h of B but not conjugate to an element of A (and
therefore not conjugate to an element of C). Hence no nontrivial power of h is conjugate in B to an
element of C since C is malnormal in B. Therefore no nontrivial power of h fixes an edge of T. This
implies that Ty, = pp C Ty and Claim 1 is proved.

The proof of Claim 1 shows in particular that if g" # 1 fixes [pa,pp] (that is ¢" € C) then g € A.
Besides, it shows that if ¢ € A — 1 then g € A, i.e. that A is an isolated subgroup of G. It is further
clear that a non-trivial power g* of an element g € G can only fix a vertex gpp with g € G if g fixes
either gpp or a vertex joint to gpp by a single edge.

Let {h1, h2} be a generating pair for G. By Corollary 1.1 it is equivalent to a generating pair {f, s}
such that either (1) or (2) of Corollary 1.1 holds. We now show:

Claim 2. The pair {f, s} can be conjugated (and if (1) occurs possibly interchanged) such that

(%) fe€Aand f7 € C —1 for some z € Z.

Since g" € C implies g € A, to see this it suffices to show that a non-trivial power of f or s fixes an edge
of T', i.e. that either T or T, contains an edge. We assume that neither Tt nor T, contains an edge. If
case (1) of Corollary 1.1 occurs this implies that Ty = Ts = Ty N T, = {v} for some vertex v € T. It
follows that both f and s lie in a subgroup conjugate to either A or B, which contradicts the fact that
{f,s} is a generating set of G. If case (2) of Corollary 1.1 occurs, sTy NTy # () implies that s fixes the
single vertex of Tt. As before, this yields a contradiction. Thus Claim 2 is established. Note further that
(%) implies Ty C Tp.

It remains to show that s can be chosen to be of one of the types (a)-(c).

Assume first that case (1) of Corollary 1.1 occurs, that is Ty NTs # (0. If py € Ty NT, then f € A and
s € A since A is an isolated subgroup of G. This is impossible since f and s generate G.

Since Tt C Ty, it follows that app € T¢ N1, for some a € A. Thus app = f"app for some f" # 1.
Hence pp = a~ ! f"app and a= ! f"a € B. Since f € A, this means a~! f"a € C. Thus we can conjugate
the pair {f, s} by a while preserving the condition of Claim 2. This allows us to assume that a = 1 and
pp € Ty NT,. If s fixes pp then s € B and we have a generating pair {f, s} which satisfies (a). If s does
not fix pp the we conclude by the observation made after the proof of Claim 1 that s fixes a vertex joined
to pp by an edge of T, that is a vertex of type bp4 for some b € B. However, this implies that s = bab™*
for some a € A. It is further clear that a* € C' — 1 for some z € Z since otherwise pg wouldn’t lie in T5.
This implies that we are in situation (c).

Assume now that case (2) of Corollary 1.1 occurs, that is sTy N1y # 0. Since the orbits of pa
and pp under the action of G' are disjoint and Ty C Tp, this implies that either spy = pa or that
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sapp = a'pp for two points app and a’pp of Ty (with a,a’ € A). In the first case we conclude that s
fixes pa and therefore s € A. As before this contradicts {f, s} being a generating set. In the second
case we have sapp = a'pp, (a')"'sapp = pp that is (¢/)"'sa = b € B and s = a’ba”!. Recall that
app € Ty and so f"app = app for some f" # 1. Since f € A, this means a~'f"a € BN A = C.
Hence we can conjugate the pair {f,s = a’ba~'} by a while preserving condition (x) of Claim 2. We
denote the resulting generating pair {a~!fa,a=1a’b} by {f’,s'}. To see that it falls into case (b) we
recall that f* # 1 fixes a/pp for some z € Z which implies that f'* fixes a='a’pg. It follows that
s’_lf’zs’pB = s’_lf’za_la’pg = s 'a~la'pp = pp which implies that s’_lf’zs’ € B. This can clearly

only happen if in the product s ' f*s’ = b=1a’ taa~'f7aa"'a'b the subword o’ ‘aa~! faa=1a’ lies in
C which is exactly the second statement of (b). This completes the proof of Corollary 3.2. O
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