
Statement of recent work (January 2017)
Dynamics on free-by-cyclic groups. In recent years most of my re-

search concerned the study of dynamics and geometry of Out(FN ). My
most important work during the last several years involves an ongoing joint
project with Spencer Dowdall and Chris Leininger on developing a free-by-
cyclic version of Thurston-Fried-McMullen “fibered face” theory. The classic
“fibered face” theory, beautiful and rich in structure and results, deals with
studying different ways in which a hyperbolic 3-manifolds can fiber over a
circle, and relating topological, algebraic and dynamical properties of such
fibrations.

In our project with Chris and Spencer, free-by-cyclic groups Gφ = FNoZ,
where φ ∈ Out(FN ), serve as analogs as fundamental groups of fibered 3-
manifolds. We have already made significant progress and laid a foundation
for such a free-by-cyclic “fibered face” theory in two major papers (about 100
pages each), [3] (already published in G&T) and [5] (to appear in JEMS). To
a free-by-cyclic group Gφ = FN oZ we associate a 2-dimensional classifying
space X, called folded mapping torus for Gφ, equipped with a semi-flow
(ψt)t. This space serves as a topological and dynamical replacement for the
mapping torus of a surface homeomorphism. We study (X,ψ) as a dynamical
system, whose properties, given by the structure of sections for the semi-flow
ψ, capture key algebraic and dynamical information about the various ways
in which Gφ can split as a free-by-cyclic group, and, more generally, about
the BNS invariant of Gφ. In the process we develop an extensive toolkit for
studyingGφ, including a “local” version of the Thurston norm onH1(Gφ,R),
the machinery of using sections of ψ to get train-track representatives of
monodromies of different free-by-cyclic splittings of Gφ, and several tools
for computing the stretch factors of these monodromies in a “uniformized”
way. In particular, in [5] we also constructed a polynomial invariant of
free-by-cyclic groups, called the McMullen polynomial which computes the
stretch factors of monodromies corresponding to different ways in which
a given group can fiber as a free-by-cyclic group G and detects the main
component of the BNS invariant of G, corresponding to the original splitting
(under the assumption that the initial monodromy can be represented by
an expanding irreducible train track map). These were the first significant
results on understanding the structure of the BNS invariant of free-by-cyclic
groups.

We pushed this theory further in [4] and [6], obtaining significant new
applications. In particular, Handel and Mosher [11] showed that for ev-
ery N ≥ 2 there exists a constant CN ≥ 1 such that if φ ∈ Out(FN ) is

fully irreducible then log λ(φ)
log λ(φ−1)

≤ CN . Our paper [4] proved that the con-

stant CN cannot be chosen independently of N and that one necessarily
has lim supN→∞CN = ∞. The behavior that emerges in the study of dy-
namics on Gφ, turns out to be significantly more diverse than in the fibered
3-manifold case, with several qualitatively new phenomena emerging. One
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of the main, and still open, question in the subject is to understand whether,
of φ ∈ Out(FN ) is hyperbolic and fully irreducible, then the monodromies
corresponding to all other free-by-cyclic splittings Gφ = F oα Z are also
fully irreducible. We obtain a positive “local” answer for this question for
all splittings coming from the component of the BNS invariant of Gφ in
H1(Gφ,R) containing the cohomology class corresponding to φ. We also
obtain a complete positive answer for a large class of Gφ. We are currently
working on studying this question for Gφ corresponding to arbitrary hyper-
bolic fully irreducible φ. We have developed other tools, such as a version of
“affine” or “twisted” measured laminations on (X,ψ), and are working on
further applications of this technology, including uniformizing stable trees
and Cannon-Thurston maps corresponding to different free-by-cyclic split-
tings of Gφ. Our work also has opened the door for studying dynamics of
mapping tori of free group endomorphisms, which is a much more wild and
mysterious world than free-by-cyclic groups.

Other work. My other work published or written during the last five years
includes:
• In my paper with Rafi [26], we show how to derive hyperbolicity of the free
factor complex from the Handel-Mosher proof of hyperbolicity of the free
splitting complex. Since then, the techniques developed in [26] have found
a number of applications in the work of others [13, 28, 29].
• In [15] I gave an algorithm to decide if an element φ ∈ Out(FN ) is fully irre-
ducible. I also gave a train track criterion of full irreducibility for hyperbolic
automorphisms that we used in [3]. The paper [15] motivated subsequent
work by Clay, Mangahas and Pettet [2].
• In my paper [21] with Lustig, we analyze the properties of the Cannon-
Thurston map ι̂ : ∂FN → ∂Gφ for the case where φ ∈ Out(FN ) is a fully
irreducible atoroidal automorphism. We prove that the pre-image of every
point under this map has cardinality ≤ 2N , and that every point with ≥ 3
pre-images is rational.
• In my paper with Pfaff [25], we prove that for a certain “train-track di-
rected” random walk on Out(FN ) with asymptotically positive probability
after n steps one gets an element φn ∈ Out(FN ) such that φn is an ageomet-
ric fully irreducible with rotationless index 3

2 − N , ideal Whitehead graph
being the complete graph on 2N −1 vertices, and that the axis bundle of φn
in the Outer space CVN consists of a single axis. While it is well-understood
that “random” elements of Out(FN ) are fully irreducible, their index prop-
erties remain an almost complete mystery. Similar questions about index
properties of random elements of mapping class groups have only just been
tackled by Gadre and Maher [8], motivated by the questions raised in [25].
• My paper with Lustig [22] quantitatively relates the Patterson-Sullivan
currents and generic stretching factors for free group automorphisms to the
asymmetric Lipschitz metric on Outer space and to Guirardel’s intersection
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number. As an application we obtain an analog of the result of Handel-
Mosher [11] mentioned above for generic stretching factors of free group
automorphisms, solving a question raised in [19].
• In [16] I give a new an direct proof of a key result from the paper of
Kapovich-Nagnibeda [24] that the set of rational subset currents is dense in
the set of all subset currents, and obtain some applications of this new proof.
The proof given in [16] also plays a key role in the ongoing work of Dounnu
Sasaki about significantly generalizing some of the results of Bonahon in the
context of subset currents on hyperbolic surfaces.
• In [17] Kapovich constructs an example of a purely loxodromic acylindrical
action of F (a, b) on a Gromov-hyperbolic space X with quasiconvex orbits
and asymptotic translation lengths of nontrivial elements separated away
from 0, but such that the orbit map F (a, b) → X is not a quasi-isometric
embedding. This result has found applications in [1].
• In my paper with Dowdall and Taylor [7] , we study the properties of the
Cannon-Thurston map ι̂ : ∂FN → ∂EΓ for the case where EΓ ⊆ Aut(FN ) is
the extension group of FN corresponding to a finitely generated subgroup
Γ ≤ Out(FN ) that is convex cocompact (that is such that the orbit map
from Γ to the free factor complex is a quasi-isometric embedding) and purely
atoroidal. We prove, in particular that in this case ι̂ is finite-to-one and that
the full pre-image of every point has cardinality ≤ 2N . The proof requires
much more difficult tools than in the case Γ = 〈φ〉, where φ is atoroidal fully
irreducible, that was considered in [22].
• In my paper with Jeon, Leininger, and Ohshika [14], we prove that if G
is a non-elementary word-hyperbolic group acting as a convergence group
on a compact metrizable space Z without accidental parabolics such that
the Cannon-Thurston map ∂G → Z exists and is non-injective, then there
always a non-conical limit point z ∈ Z with |i−1(z)| = 1. This result applies
to most natural contexts where the Cannon-Thurston map is known to exist,
including subgroups of word-hyperbolic groups and Kleinian representations
of surface groups. The result definitively settles and clarifies a long line of
related results proved in more limited contexts.
• In my paper with Gupta [10], motivated by the results of Scott and Patel
about “untangling” closed geodesics in finite covers of hyperbolic surfaces,
we introduce and study primitivity, simplicity and non-filling index functions
for finitely generated free groups. We obtain lower bounds for these functions
and relate these free group results back to the setting of hyperbolic surfaces.
This work motivated subsequent results by Gaster [9].
• In my paper with Weidmann [27], we prove that for any n ≥ 2, there
exists a torsion-free word-hyperbolic group G of rank n with two gener-
ating n-tuples (a1, . . . , an) and (b1, . . . , bn) such that the (2n − 1)-tuples
(a1, . . . , a1, 1, . . . , 1) and (b1, . . . , bn, 1, . . . , 1) (where in each case we added
n − 1 trivial elements) are not Nielsen equivalent in G. The group G is
produced via a probabilistic construction, but the proof is geometric and
topological in nature.
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• My paper [18] (with an appendix by Mark Bell) gives an improved al-
gorithm for deciding wither or not φ ∈ Out(FN ) is fully irreducible. The
algorithm runs in polynomial time in terms of the “size” ||f || of a given
topological representative of φ. The paper also produces a new algorithm,
alternative to that of Turner [30], for finding all pINPs in an expanding
train track representative f of φ, and gives a polynomial time bound for
this algorithm in ||f ||.
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