Math 344, Section X1, Fall 2001
Review Problems for Chapters 1 and 2 - Solutions

Note: This is just a sampling of problems. It does not include everything.
1. Section 1.1

(a) Give the definitions of f : A — Bisinjective” and “f : A — B is surjective.”
Solution: See p. 8.

(b) Give an example of a function which is injective and surjective, a function

which is injective but not surjective, a function which is surjective but not in-
jective, and a function which is neither injective nor surjective.
Solution: The functionf(xz) = z, from R to R is both injective and surjective.
The functiong(z) = 2z, from R to R, is injective but not surjective. The func-
tion h(z) = 22, fromR to {y € R : y > 0}, is surjective but not injective. The
functionk(z) = 22 from R to R is neither injective nor surjective.

(c) Prove thatiff : A — Bandg : B — C andifg o f is injective, thenf must
be injective.
Solution: I'll use the definition on p.8. Suppose that x5 € A andz; # xs.
Then, sincef is injective, f(z1) # f(z2). Sinceg is also injectiveg(f(xy)) #
g(f(z2)). Sinceg o f(x) = g(f(x)), this shows thaf o g is injective.

2. Section 1.3

(a) Give the definitions of “denumerable set”, “countable set” and “uncountable
set”.
Solution: See p. 18.

(b) Give an example of each type of set from part (a).
Solution: The natural numbers, the integers, the rational numbers are all exam-
ples of denumerable sets. Any denumerable set is also countable, and any finite
set, for examplg1, 3,6} is countable. The set of real numbers is uncountable.

(c) Prove that the set of all vectovs= (vq, v5), wherev, andv, are integers, is
countable.
Solution: The set of integers is countable, so we may list the integgrss, as, . . ..
The set of all vectors may be arranged in an array:

(a1,a1) (ai,a2) (ay,az)...

(ag,a1) (ag,a2) (ag,az)...
(as,a1) (as,a2) (as,as)...

We can then use a diagonal procedure to list all the vectors:

(ala al)a (CLl? a/2>7 (a27 CL1)7 (ala a3)7 ((12, CLQ), (a37 a1)7 D)



similar to what is shown on p. 19. This proves that the set is denumerable,
therefore countable.

3. Section 2.2

(a) Give the definition ofa|.
Solution: See p. 31.

(b) Prove thatfor alk, b € R, |a +b| < |a| + |b].
Solution: See p. 31, Theorem 2.2.3.

(c) Give an example whetie + b| < |a| + |b|. Give an example wherg + b| =
lal + |0].
Solution: Leta = —1 andb = 1. Then|a + b = 0 and|a| + |b] = 2, SO
la +b| < |a| + |b]. Leta = 1andb = 1. Then|a + b| = 2 = |a| + |b].

4. Section 2.3

(a) Give the definitions of upper bound 8f lower bound ofS, sup .S, inf S.
Solution: See pp. 35-36.

(b) Give the statement of the Completeness ProperB. of
Solution: See p. 37.

(c) Give an example of a set which has an upper bound but no lower bound.
Solution: The interval(—oo, 0].

(d) Give an example of a bounded sesuch thatup S is not an element of.
Solution: The openinterval0, 1) hasl as its supremum, butis not an element

of the set.

(e) Prove thatifA C B andA andB are both bounded, thenf A > inf B.
Solution: Leta € A. SinceA C B, a € B. Sinceinf B is a lower bound for
B, we haver > inf B. This is true for alla € A, soinf B is a lower bound for
A. Sinceinf A is thegreatestower bound ofA, inf A > inf B.

5. Section 2.4

(a) Define “rational number” and “irrational number”.
Solution: See p. 24.

(b) Prove that ifr andy are both rational, them + y is rational.
Solution: If z andy are rational, then there exist integet9, ¢, d, with b # 0,
d # 0, such thatr = a/b andy = ¢/d. Thenz + y = (ad + bc)/(bd). ad + be
andbd are both integers and, singe 0 andd # 0, we havehd # 0. Therefore
x + y is rational.

(c) Prove that ifr is rational andr # 0 andy is irrational, thency is irrational.
Solution: The proof is by contradiction. Sinceis rational and nonzero, there
exist integers: andb, b # 0 anda # 0, such thatr = a/b. Suppose thaty
is rational. Then there exist integerandd, d # 0, with zy = ¢/d. Multiply
both sides byl /x = b/a to gety = (bc)/(ad). Sincebc andad are integers



(d)

with ad # 0, this contradicts the assumption thais irrational. Therefore:y
must not be rational; it is irrational.

Prove that ifr < y are two real numbers, then there is an irrational number
such thatr < z < y (i.e. fill in the details of the proof of Corollary 2.4.9.)
Solution: (refer to pp. 42-43) It < y thenz/v/2 < y/+/2. By the Density
Theorem, there exists a rational numbesuch thatr/v/2 < s < y/v/2. If

s # 0, letr = s. If s =0, apply the Density Theorem again to find a rational
numberr such thatz/v/2 < 0 < r < y/+/2. Then, since # 0 is rational
and1/+/2 is irrational,r //2 is irrational (see the previous review problem for
justification) and we have < r/v/2 < .



