Math 403 – Geometer’s Sketchpad Lab – March 2, 2007

In Chapter 2 of our textbook, Tondeur discusses several types of affine transformations:

1. Translations f(x)=x+b, where b is a fixed vector. We saw in class that translations form a group; that is, the identity transformation is a translation, the composition of two translations is a translation, and the inverse of a translation is a translation.


2. Central dilatations. To define a central dilatation, we need a point c (the “center”) and a nonzero number r (the “ratio”). If c is the origin, then the central dilatation is f(x)=rx. This stretches everything away from the origin by a factor of r. If c is not the origin, then the central dilatation is f(x)=r(x-c)+c. You can think of it this way:  first translate c back to the origin (x-c in the formula). Then stretch everything away from the origin by a factor of r. Then translate the origin back to c (+c in the formula). Draw yourself a picture to make sure you’ve understood this. For example, see what it does to some triangle.

3. Central reflections. This is simply a name for a central dilatation having r=-1. Draw a sketch of what this does, say to some triangle.


4. Dilatations. This category includes both translations and central dilatations (and only those). Since central reflection is a special case of central dilatation, it is included in the category of dilatations.

Geometer’s Sketchpad has the built-in capacity to do all of these transformations, plus rotation around a point and reflection across a line. Rotation and reflection are also affine transformations, but are not specifically mentioned in Chapter 2 of the text.

First go to the “Graph” menu and click “define coordinate system”. Use rectangular coordinates. Then try out each of the following. Note that each of the transformations has a button marked “?” which will give you more detailed instructions.

1. Translation with GSP: Under the “Transform” menu, click on “translate”. You can type in the horizontal and vertical coordinates of the translation vector b. There is also a way to use a vector already on your sketch as the translation vector.
2. Central dilatation with GSP: Under the “Transform” menu, click on “dilate”.  You will need to have first marked a center of dilation c. You can do this by double clicking on a point or by using “mark center” on the same menu.  You will also need to have selected the objects you want to move. Then type in the scale factor r as a fraction. You can make r negative if you wish.

Notes: It will help a lot to label your points.  And after you do a transformation, click “show labels” to give the transformed points appropriate names.  When you experiment, you can try transforming just points, but you will get more insight if you draw a triangle or some other shape and transform that.  Use a nonregular shape to better visualize how it is being transformed.
Exercises (to be turned in with next week’s homework assignment):
1. Is the inverse of a central dilatation also a central dilatation? Explain. If so, what is its center and what is its ratio?

2. Any two translations commute – the result is the same regardless of the order in which they are applied.  If this does not seem apparent to you, experiment a little until you believe it.  Nothing to turn in.


3. Give a concrete example of a translation and a central dilatation which do not commute with one another.  Make and label a sketch on graph paper to demonstrate. (You can do the sketch with GSP, then just copy the relevant features onto graph paper, or you can print out. Unfortunately printing is not available in 239 Altgeld.)


4. Exercise 2.4 on page 39 asks “What is the image of ∆ABC under the central dilatation having the centroid G as center of the dilatation and -1/2 as the ratio?  Describe the result if one repeats this process a large number of times.” Start with a large triangle and use GSP to explore this question. Put your answer both in words and on graph paper, including at least three iterations of the process.

5. Take two central dilatations with different centers, both having ratio -1.  Tondeur calls these “central reflections.” What is the composition of these two transformations? Be as specific as possible and include an illustration on graph paper.


6. What happens when you compose a translation and a central dilatation? Describe the resulting transformation and illustrate on graph paper.


7. Find an example showing that the composition of two central dilatations with different centers is sometimes a central dilatation with yet a third center. Illustrate on graph paper.
