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Math 412 HW2

Due Wednesday, February 1, 2023

Solve four of the next five problems.

1. Let n ≥ 4 and G be an n-vertex simple connected graph not containing 4-vertex path
P4 as an induced subgraph. Prove that
(a) if G is not a complete bipartite graph, then G contains the cycle C3;
(b) if G has no vertex adjacent to all other vertices, then G has the cycle C4 as an induced
subgraph. (Hint: Consider a vertex of maximum degree.)

2. Let k and r be positive integers. Define graph Gk(r) by letting V (G) be the set of the
kk integer k-tuples (v1, . . . , vk) such that 0 ≤ vi ≤ k − 1 for all 1 ≤ i ≤ k, with (x1, . . . , xk)
and (y1, . . . , yk) adjacent if and only if

∑k
i=1 |xi − yi| = r.

a) Prove that Gk(r) is disconnected if r is even.
b) Prove that Gk(r) is bipartite if r is odd.

3. Given an integer k ≥ 2, let G(k) be the subgraph of the cube Q2k induced by the
vertices in which the number of ones is either k−1 or k−2. Compute the number of vertices,
the number of edges, and the girth (the length of a shortest cycle) of G(k). What are the
degrees of the vertices in G(k)?

4. Extending the proof of Mantel’s Theorem given in class (see lecture slides), prove that
for each n ≥ 1, every n-vertex triangle-free simple graph with the maximum number of edges
is isomorphic to K⌊n/2⌋,⌈n/2⌉. (Other proofs do not count.)

5. Two Eulerian circuits are equivalent if they have the same cyclic sequence of the edges
or one of these cyclic sequences is the reverse of the other (i.e. the starting vertex and the
direction are not important). For example, a cycle has only one equivalence class of Eulerian
circuits. How many equivalence classes has graph G in Fig. 1 below?
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Figure 1:

——————————————————
Problems below review basic concepts and their ideas could be used in the tests.
WARMUP PROBLEMS: Section 1.2: # 1, 2, 4, 8, 9, 10, 11. Section 1.3: # 1,2, 4. Do

not write these up!
OTHER INTERESTING PROBLEMS: Section 1.2: # 14, 17, 18, 20, 23, 28, 40, 41.
Do not write these up!


