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Math 412 HW3

Due Wednesday, February 08, 2023

Solve four of the next five problems.

1. For a vertex v in a graph G, let αG(v) be the maximum size of an independent set
contained in NG(v). Prove that if a simple n-vertex graph G every edge is contained in at

most one triangle, then
∑

v∈V (G) αG(v) ≤
⌊
n2

2

⌋
. (Hint: Use the ideas of the proof of Mantel’s

Theorem in class and of Problem 5 in HW2.)

2. Given a nonincreasing list d = (d1, . . . , dn) of nonnegative integers and 1 ≤ k ≤ n, let
d(k) be obtained from d by deleting dk and subtracting 1 from dk largest elements remaining
in the list. Prove that d is graphic if and only if d(k) is graphic. (Hint: Mimic the proof of
Havel–Hakimi Theorem.)

3. Let n be a positive integer and d = (d1, . . . , dn) be a nonincreasing list of nonnegative
integers such that (a) d1 + . . . + dn is even, (b) d1 ≤ n− 1 and (c) d1 − dn ≤ 1. Prove that
d is graphic. (Hint: Use the Havel–Hakimi Theorem.)

4. Let k be a positive integer. Prove that a(n undirected) graph G has an orientation in
which the outdegree and the indegree of each vertex is at most k if and only if ∆(G) ≤ 2k.
(Hint: For the more difficult part of the proof, consider first 2k-regular graphs.)

5. Let n ≥ 3 and T be an n-vertex tournament with no vertices of indegree 0.
(a) Prove that if v is a king in T , then T has another king in N−(v).
(b) Prove that T has at least 3 kings.
(c) Give an example of a 5-vertex tournament with exactly 3 kings.

——————————————————
Problems below review basic concepts and their ideas could be used in the tests.
WARMUP PROBLEMS: Section 1.3: # 1, 2, 4, 5, 8, 9, 12. Section 1.4: # 1, 3. Do not

write these up!
OTHER INTERESTING PROBLEMS: Section 1.3: # 18, 24, 32, 40, 41, 57, 63. Section

1.4: # 21, 26, 27, 36, 37. Do not write these up!


