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Math 412 HW4

Due Wednesday, February 15, 2023

Solve four of the next five problems.

1. Using de Bruijn graphs, find a cyclic arrangement of 32 binary digits such that the
32 strings of 5 consecutive digits are all distinct.

2. Let G be a digraph such that
(a) d+(v) = d−(v) for all but two special vertices x and y; and
(b) d+(x)− d−(x) = d−(y)− d+(y) = 4.
Prove that G has 4 edge-disjoint paths from x to y. (Hint: Use properties of Eulerian
digraphs.)

3. Prove that for each simple graph G the following are equivalent.
a) Every induced subgraph of G has a vertex of degree at most 1.
b) The intersection of any two intersecting paths in G is a path.
c) The number of components of G is the number of vertices minus the number of edges.
d) G is a forest (i.e. a simple graph with no cycles).

4. Using the Prüfer correspondence, for n ≥ 6, count the number of trees with
vertex set [n] that have maximum degree 3 and exactly four leaves. (Hint: Start for finding
out how many vertices of degree 3 such a tree has.)

5. The Wiener index D(G) of a graph G is
∑

u,v∈V (G) dG(u, v), i.e. the sum of distances
between all pairs of vertices in G. For every n ≥ 3, find the minimum value of D(G) over
the n-vertex simple connected graphs with n edges. What is the maximum value of D(G)
over the 5-vertex trees? (Hint: There is a discussion of the Wiener index in Section 2.1 of
the book.)

——————————————————
Problems below review basic concepts and their ideas could be used in the tests.
WARMUP PROBLEMS: Section 2.1: # 2, 4, 6, 7, 13. Section 2.2: # 1, 2, 3. Do not

write these up!
OTHER INTERESTING PROBLEMS: Section 2.1: # 15, 19, 24, 26, 27, 28, 29, 44, 52,

53. Section 2.2: # 6, 7, 8, 10, 12. Do not write these up!


