
MATH 581, FALL 2020 – PROBLEM SET 5

Do five of the six problems below. Due Friday, December 4.

1. Prove that every simple plane 3-connected graph has either a 3-vertex incident
with a face of length at most 5 or a 3-face incident with a vertex of degree at most 5.

2. Prove that every graph with maximum degree at most 3 is totally-5-colorable
using the following plan. Suppose G is a minimum counter-example.
a) Prove that G has no cut edges;
b) Prove that G is 3-regular;
c) Conclude that E(G) has a perfect matching M and color M with Color 5;
d) Color everything else with 1, 2, 3, 4: First, color the vertices and then use list edge
coloring.

3. Let G be a graph, A ⊂ V (G) be an independent set in G and B = V (G)−A.
Let G′A be the digraph obtained from G by orienting the edges connecting A with B
arbitrarily and replacing each edge xy ∈ E(G[B]) with the pair {xy, yx} of opposite
directed edges. Prove that G′A is kernel-perfect. (Comment: This is a generalization
of Richardson’s Theorem on orientations of bipartite graphs.) (Hint: Modify the
proof of Richardson’s Theorem.)

4. Prove that the following complete 2k-partite graphs are not 2k-choosable.
a) The graph with k − 1 parts of size 1 and k + 1 parts of size 3.
(b) The graph with 2k − 1 parts of size 2 and one part of size 4.
(Hint: Recall the proofs why K3,3 and K2,4 are not 2-choosable.) Comment:

These graphs are extremal for the Noel-Reed-Wu Theorem.

5. Problem 3.4.31 in the book. Let H be a k-uniform hypergraph with m edges.
a) Given a vertex ordering σ picked uniformly at random, color V (H) by letting

all vertices be blue except those that occur as the first element in σ for some edge
in H. Let X be the resulting number of red edges. Prove that E(X) < cm(m−1)

22k
√
k

for
some constant c.

b) Conclude that non-2-colorability of H requires m > Ω(k1/42k). (Hint: For
arbitrary edges A and B in H, bound the probability that in a random permutation
the last vertex of A is the first vertex of B.)

6. Problem 5.1.11 in the book. For a vertex v in a graph G, let fG(v) be the
maximum size of an independent set contained in NG(v). For positive integers n, de-
termine the maximum value of

∑
v∈V (G) fG(v) over n-vertex graphs G and determine

which graphs achieve the maximum.


