
Theorem 1 Let G = (V,E) be a (multi)graph with no loops, and the maximum degree of G

be ∆. Then the edges of G can be properly colored with at most 3∆/2 colors.

PROOF. If ∆ ≤ 1, then the statement is evident. Let ∆ ≥ 2. We will prove the statement

by induction on the number of edges in graphs with maximum degree at most ∆. Assume

that G is a counter-example with fewest edges. Fix an edge e1 in G. Let v and u be the

ends of e1. Let G1 = G − e1. By the minimality of G, there exists a proper edge coloring

f of G1 with colors in M = {1, 2, . . . , b3∆/2c}. For every x ∈ V (G), let Of (x) be the set

of colors in M NOT used in f to color edges incident with v. Clearly, |Of (x)| ≥ b∆/2c for

every x ∈ V (G). Moreover, since e1 was deleted,

|Of (v)| ≥ b∆/2c+ 1, |Of (u)| ≥ b∆/2c+ 1. (1)

The main observation is that every bicolored set of edges spans a set of vertex disjoint

cycles and paths.

Lemma 1 Of (v) ∩Of (u) = ∅.

Proof. Otherwise color e1 with a color α ∈ Of (v) ∩Of (u).

Lemma 2 If α ∈ Of (v), β ∈ Of (u), then there is a bicolored v, u-path whose edges colored

alternately with β and α.

Proof. Otherwise recolor the edges of the bicolored path of colors β and α starting at v.

Fix some α ∈ Of (v), β ∈ Of (u). Let e2 be the edge of color α incident with u, and w be

the other end of e2.

Lemma 3 Of (w) ∩Of (u) = ∅.

Proof. If γ ∈ Of (w) ∩Of (u), then recolor e2 with γ, and color e1 with α.

Lemma 4 Of (w) ∩Of (v) 6= ∅.

Proof. By (1), |Of (w)|+ |Of (v)|+ |Of (u)| ≥ b∆/2c+ b∆/2c+ 1 + b∆/2c+ 1 > |M |. On

the other hand, by Lemmas 1 and 3, (Of (v) ∪Of (w)) ∩Of (u) = ∅. This proves the lemma.

Let γ ∈ Of (w) ∩ Of (v). By Lemma 2 (with γ in place of α), there is a bicolored v, u-

path P whose edges colored alternately with β and γ. This path cannot go through w since

γ ∈ Of (w). Therefore, recoloring the edges of P , we come to a contradiction with Lemma 3

(now γ ∈ O(u) ∩O(w)). This proves the theorem.


