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Math 242
Final Exam
Fall, 2005

m Name:

Gauss—Greeformula: éc m[x, y]dx + n[x, y]dy =
Trueor False lf false,explainwhy.

1) The quantityXxY is avector.

2) If X.Y =0,theneitherX =0orY =0.

3) Two legitimateparameterizationsf thecircle C
X2 + y? = 16 are:
Parameterizatiof:
{X[t], y[t]} = {4 Sin[t], 4Codt]} withO<t < 2.
Parameterizatiof:
{X[t], y[t]} = {4 Codt], 4 Sin[t]} withO<t < 2.
Which of thesetwo parameterizationdo you useto calculate
b —ydx + xdy?

Calculateby hand
b —ydx + xdy.

Whatdoestheresulttell you aboutthe netflow of

Field1x, y] = {-V, x}
alongthiscircle?
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Whatdoestheresulttell you aboutthe netflow

Fieldx, y] = {X, y}
acrosghiscircle?

4) Are all pathintegralspathindependentE&xplainwhy or why not.

5) Whatarethe conditionsfor which youwould usethe Gauss—Green
formula?

Whatsortof problemsdoesit makeeasietto calculate?

Fill in theblank,chosethe appropriatavord from thelist:

6) If X.Y < 0, thenis thepushof X in thedirectionof Y is
Y ?(with or against)

7) Supposé|Xg, Yol > f[X, y] for all other{x, y} near{xq, yo}. If you
centerasmallcircle C at{xo, Yo}, thenyou expectthatthe netflow of
gradf{x, y] acros<C is from (insideto outsideor
outsideto inside)

Answerthe questionsShowwork for full credit.

8) Here’stherectangldr with cornersat
{_21 0}1 {_21 1}1 {11 1}1 and{ll O}
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Usea 2D integralto measurehe netflow of thevectorfield
Fieldx, y] = {x* + y, x - y}
acrosgheboundarycurveC of thisrectangle.

9) Gowith f[x,y, z] =Xy €.
In which directionshouldyou leavethe point{1, 2, O} to getthegreatest
possibleinitial increaseof f[x, vy, z]?

10) How do you usethe gradientto find the highestcrestor the deepest
dip ontheplot of asurfacez = f[x, y].

11) You aregiven:
— A vectorfield Fieldx, y] = {m[Xx, y]I, n[X, Y]},
— aclosedcurveC (like adeformedcircle),and
— acounterclockwisg@arameterizatioof C,
_PLt] = (X[, yItl), |
with P[t] sweepingout C exactlyonetime ast advance$rom tlow to
thigh.
With theseangredientsyou canmakethefollowing sevenrmeasurements:

) ¢, Fieldouterunitnormadls,

i) $.mix, yldx + n[x, yldy,
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i)y [0 Field[x[t], y[tIL(X'[t], y'[t]} dt,

iv) ¢ FielddP,

V) $-nix yldx + mix, yldy,

vi) ¢, Fieldunittands,

viiy [0 Field[x[t], yItI1-{y'[t], —x[t]} dt

Someof thesemeasurementmeasuraghenetflow of Field[x, y] alongC,
andsomemeasureéhenetflow of Fieldx, y] acrossC.
Which arewhich?

12) You arefacedwith ahandcalculationof

[ [, 02+ y?*)dxdy,
whereR is thetwo—dimensionategionconsistingof everythinginside
andonthecircle
X2+ y? =4,
Switch paperby usingpolarcoordinates
X =r Codt], and
y =1 Sint],
andthencalculatetheintegral.
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13) You arefacedwith a handcalculationof

[ [ xdxdy,
whereR is thetwo—-dimensionategionconsistingof everythingbounded

by thelines

X+y=0 Xx+y=2,

X—y=1andx-y=2.
Thisisjustalittle nasty,becauseloingit withoutgoingto betterpaper
involvessolvingsomeequationsandthendoingtwo separaténtegrals.

Switchto paperon which you canevaluatehis with onesweetintegral
andthencalculateits value.

14) Here’saplot of the partof the surface
7 = @ 0C+ (/2%
abovetheeverythinginsideandontheellipse
X2+ (y/2° =1
in thexy—plane:

By handcalculation measureéhevolume,
[Le V2% gx dy,
of thesolid whosetop skinis the surfaceplottedabove andwhosebases

everythingon thexy—planedirectly belowthis surface py transformingo
morefavorablepaper.
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RemembethatSin[t]? + Codt]? = 1.

15) Here’sanicelittle regionin thexy—plane.

y x:y2
1t

0.8

0. 6/

0.2 0.4 0.6 0.8 1
a) Fill in theboxeswith theappropriatevaluesto calculatetheintegrals.

f[x] dy dx =

f [x] dx dy

< <

b) Whatdoes| |, 1d A measure?
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c) Whatdoes| [, (x* +y*)dA measure?

16) R is thesolid whoseboundarysurfacesarethexy—plane,the
yz—planethexz—plane,andtheplane

2X+ 2y + 3z=12.
Herearetwo looksatR:

X, 0
4 2 2

A<

SY=WCHARE 0N

X
y

The viewpoint on the left is the usual CMVIew:
the viewpoint on the right is a |ook from underneat h.

Setup, butdo NOT EVALUATE theintegralto calculate
[ [ [xdxdydz.

17) Setnumberg *, slow, shigf, tlow, andthigh sothatthexyz—points
{X[s, t], yls tI, Z[s t]} = _
{r* Sin[s] Codt], r* Sin[s] Sin[t], r* Cods]}
with slow < s < shigl andtlow <t < thigh describehe partof thesphere
X2+ y?+ 72 =25
consistingof thosepointswith x = 0.
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18) Setnumbersslow, shigl, tlow, andthigh sothatthexyz—points
{2 Sin[s] Codt], 2Sin[s] Sin[t], 2 Cods|}
with slow < s < shigl andtlow < t < thigh describesomethindike this:
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19) You canspecifya pointin threedimensionsasusualby its three
coordinatesx, v, z}.

Anotherway to specifyapointis to plantthex—, y—, andz—axesat
{0, O, 0}, andthenrunastickfrom {0, 0O, 0} to the point:

8x,y, z<

\

y

Thesphericakoordinategr, s, t} of theplottedpointarespecifiedby the
equations

X =r Sin[s] Codt],

y = r Sin[s] Sin[t], and

z=rCoqds|.
Takeoutapencilandlabelthe meaningof themeasurements s, andt on
the plot above.

20) Usesphericakoordinatego pull off avery quick handcalculationof
[ e G+ y?+ Z%)dxdydz
Xyz
whereR,y, iseverythinginsideandonthesphere
X2+ Y2+ 22 =42



