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1 Quantized Erasure Channels
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{fi}M
i=1 is a frame for RN , i.e., span{fi}M

i=1 = RN (M > N)

• Analysis: T ∗x = {〈x, fi〉}M
i=1. Define y

• Quantization: ŷi = Q∆yi = dyi

∆ e∆ (round-off to the nearest integer multiple of ∆)

• Erasure channel: Upto k quantized frame coefficients are lost (erased) during transmission. Define the
erasure set J ⊂ {1, 2, . . . , M} to be the index set for the erased coefficients; |J | 6 k.

• Reconstruction: x̂ = T̃{ŷi}i∈Jc =
∑

i∈Jc ŷigi, gi ∈ RN

1.1 Robustness to erasures

In the absence of quantization, in order for the scheme to be robust to erasure of the coefficients {yi}i∈J

for a particular erasure set J , we need {fi}i∈Jc to be a frame for RN , which is equivalent to requiring
span{fi}i∈Jc = RN . Then {gi}i∈Jc is a dual frame for {fi}i∈Jc .

A frame {fi}M
i=1 is said to be robust to k-erasures if the communication is robust to deletion of the

coefficients {fi}i∈J for any J that has k or fewer elements.

1.2 Effect of quantization

By Cauchy-Schwartz, for any i = 1, 2, . . . , M , |yi|2 6 ‖x‖22 · ‖fi‖22. Therefore, if ‖x‖22 6 E, then, |ŷi| ∈
{0, ∆, 2∆, . . . , Ki∆)} where Ki ≈

√
E ‖fi‖2 /∆. In order for the “alphabet-size” for all ŷi’s to be equal, we

require the frame {fi}M
i=1 to be equal-norm, i.e., ‖fi‖2 = ‖fj‖2 , ∀i, j ∈ {1, 2, · · ·M}.

We have, ŷi = yi + νi; with νi ∈ (−0.5, 0.5]. As is typical, we model νi as independent random variables
distributed uniformly over their range and hence they have zero mean and variance ∆2/12. Now, in the
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absence of erasures,

x̂ =
M∑

i=1

ŷigi =
M∑

i=1

〈x, fi〉gi

︸ ︷︷ ︸
x

+
M∑

i=1

νigi

⇒ ‖x− x̂‖22 =
M∑

i=1

M∑

j=1

νiνj〈gi, g
∗
j 〉

⇒ E‖x− x̂‖22 =
∆2

12

M∑

i=1

‖gi‖22 > ∆2

12
tr

(
S−1

)
=

∆2

12

N∑

i=1

1
λi

(1)

where λi are the eigenvalues of S, the frame operator for the frame {fi}M
i=1. (Note: the inequality in the

above relation is an equality if and only if {gi}M
i=1 is the canonical dual frame of {fi}M

i=1).

Now, for an equal-norm frame with M frame vectors of norm
√

r, the sum of the eigenvalues of the frame
operator S is Mr. Thus minimizing the MSE is equivalent to minimizing

∑N
i=1 1/λi under the constraint∑N

i=1 λi = Mr. The minima is attained when all the eigenvalues are equal to (M/N)r, which is true if and
only if the frame is tight with frame bounds A = B = (M/N)r (Theorem 3.1 in [1]).

1.3 Summary

For reliable communication over a quantized erasure channel, we desire an equal-norm, tight frame that is
robust to k-erasures. Furthermore, note that for any tight frame with frame bounds A = B, we can find an
equivalent Parseval tight frame with with frame bounds A = B = 1, by scaling the frame vectors by

√
A. In

that case, we can find an orthonormal basis {ei}M
i=1 for RM such that :

[
fi

0

]
=

[
IN×N 0

0 0

]

︸ ︷︷ ︸
P

ei, i = 1, 2, . . . , M (2)

Note that P is a rank-N projection operator (see Theorem 1.3.2 in [2]).

2 Conditions for the robustness to k-erasure

Lemma 1. [3] Let {ei}M
i=1 be an orthonormal basis for HM . Let P be an orthogonal projection of HM onto

N -dimensional subspace HN . Fix J ⊂ {1, 2, · · · ,M} with |J | = k 6 M −N and let K = span{ei}i∈JC . For
an orthonormal basis {ϕj}M−N

j=1 for H⊥N , we consider the matrix A ∈ C(M−N)×M defined by

[A]i,j , 〈ϕi, ej〉, i = 1, · · · ,M −N, j = 1, · · · ,M. (3)

Then the followings are equivalent:

(a) {Pei}M
i=1 is robust to the erasure of the element {Pei}i∈J .

(b) rank([A]•,J) = k, where [A]•,J denotes the minor with the columns of A indexed by J .

Proof. First we note that K = PK ⊕ (I − P )K,

M − k = dimK = dim PK + dim(I − P )K
⇒ dim(I − P )K = M − dim PK − k. (4)

Also since HN = PHM ,

H⊥N = (I − P )HM = (I − P )(K ⊕K⊥) = (I − P )K + (I − P )K⊥
⇒ M −N = dimH⊥N 6 dim(I − P )K + dim(I − P )K⊥. (5)
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From (4) and (5), we see that
dim PK −N + k 6 dim(I − P )K⊥. (6)

Now (a) holds ⇐⇒ PK = PHM ⇐⇒ dim PK = N , which from (6) is equivalent to

dim(I − P )K⊥ = k, (7)

where we have used the fact that dim(I − P )K⊥ 6 dimK⊥ = k.

Define Φ∗ : HM → CM−N by

(Φ∗f)i = 〈f, ϕi〉, ∀i = 1, 2, · · · ,M −N, (8)

and Φ : CM−N → HM by

Φc =
M−N∑

i=1

ciϕi. (9)

Then (I − P ) = ΦΦ∗, and dim(I − P )K = dim ΦΦ∗K⊥.

Also, since ker(Φ) = {0}, there exists ΦL such that ΦLΦ = I. Hence

dimΦLΦΦ∗K⊥ = dim Φ∗K⊥ 6 dimΦΦ∗K⊥ 6 dimΦ∗K⊥. (10)

and dim(I − P )K = dimΦ∗K⊥.

Therefore, dim Φ∗K⊥ = k is equivalent to (a). We note that Φ∗K⊥ = [A]•,JCk, and therefore (b) is
equivalent to (a).

Theorem 1. With the notation of Lemma 1, the followings are equivalent:

(a) {Pei}M
i=1 is robust to k-erasure.

(b) For every J ⊂ {1, 2, · · · ,M} with |J | = k, rank([A]•,J) = k.

Proof. The results directly follows from Lemma 1.

Theorem 2. With the notation of Lemma 1, the followings are equivalent:

(a) {Pei}M
i=1 is equal-norm (and hence {(I − P )ei}M

i=1 is equal-norm).

(b) For every 1 6 i 6 M we have,

[A∗A]i,i =
M−N∑

j=1

|〈ϕj , ei〉|2 =
M −N

M
. (11)

Example (Harmonic or Fourier Frame)
Consider HM = CM , and let FM be the M ×M DFT matrix defined by

[FM ]k,` =
1√
M

ej2πk`/M . (12)

Note that the columns of FM ({ei}M
i=1) form an orthonormal basis for CM and F−1

M = FH
M .

Now, consider HN ⊂ CM , such that

f = [f(1), f(2), . . . , f(M)]T ∈ HN ⇐⇒ f(k) = 0,∀k = N + 1, N + 2, . . . ,M. (13)

Then the projection from CM onto HN is
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P =
[
IN,N 0
0 0

]
, (14)

and

I − P =
[
0 0
0 IM−N,M−N

]
=

[
0

IM−N,M−N

]

︸ ︷︷ ︸
Φ

[
0 IM−N,M−N

]
︸ ︷︷ ︸

Φ∗

, (15)

and
A = Φ∗FM =

[
0 IM−N,M−N

]
FM . (16)

Therefore, for each J with |J | = M − N , [A]•,J is a Vandermonde matrix pre-multiplied by an invertible
diagonal matrix, and is full rank. Thus by Theorem 1, the harmonic frame is robust to M −N erasures.

Since |[FM ]i,j | = 1/
√

M for all i, j = 1, 2, · · · ,M , we can easily check that [A∗A]i,i = M−N
M . Hence the

harmonic frame is a ENPTF by Theorem 2.
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