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Gabor functions Ridgelets (Candes)

m ()= €™ * (x ) aeu (X)=a 2 ((x u t)=a)

Gabor Ridge Functions

Ridgelets = direction-sensitive wavelets
Gabor ridge functions = direction-sensitive Gabor frames
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The Radon transform presents itself naturally

When we pair our functionf 2 L1\ L?(R") with g 2 S(R) the Radon
transform appears:

H:;gm;t;u i = fRuf;gm;ti

Z
h;g™tu j = f(x)e 2m (UX gy x  t)dx
A
= f(x)e 2m (WX Ygy x t)dx ds
ZR UuXx=s 7
= e 2im (s Ug(s 1) f(x)dx ds
ZR UuXx=s
= Ruf (s)g™t (s)ds
R

R, f; g™ |
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Proposition 1 (Reproduction of the back-projection)
Letf 2 LY\ L?(R"). Givenfunctionsg; 2 S(R), we have

Z L Z
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where 7
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Attempt at Continuous Representation

Proposition 1 (Reproduction of the back-projection)
Letf 2 LY\ L?(R"). Givenfunctionsg; 2 S(R), we have
Z L ”Z
H; g™t i ™t dmdtdu = hg; iB(f)
S 1 R R
where 7
Bf (x) = Ruf (U x)du= R Rf (X)
S 1
Here R is the adjoint of the Radon transform given by

Z

R h(x) = h(x u;u)du
S 1

which satis es for a function h onthe cylinder R & 1

Z Z Z

Ruf (s)h(s; u)dsdu= f (X)R h(x)dx
S 1 R RN
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Weighted Gabor Ridge Functions

We need to introduce a lIter (weight) to achieve perfect reco nstruction.

For this reason we de ne

G™ (s)=D nz_l(gm;t )(S); forsomeg 2 S(R)

where m;t are real numbers and

Do 2 (g™) = (gt ()i j7)-
Also de ne the weighted Gabor ridge functions
Gmtu (X)= G™ (u X)
A calculation shows that
m)e?' (U Jtjy

G ()= ( (U Hu)b(u

where Is the Dirac delta distribution.

J

n

1

2
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Exact Continuous Representation

Proposition 2 (Continuous Representation)
Givenf 2 LY\ L?(R"),and Gmty ; mtu Weighted Gabor ridge functions, we
have 7 7 7

1
f = .
2 (x) hg; I o1 R R
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Exact Continuous Representation

Proposition 2 (Continuous Representation)
Givenf 2 LY\ L?(R"),and Gmty ; mtu Weighted Gabor ridge functions, we

have . e 5 5
S hg; 1 o 1 R RH;Gm?tiui m:tu dmdtdu
1 VA Z Z
T o 1 s o P Cmtu | mgu dmdtdu
1 VA Z 7 N
) hg, i o 1@ g Rmuf;Gm’| m:tu dmdtdu
1 VA Z Z

R D 1 (Ruf);g™ iDa s( ™ )(u x)dmdtdu
: S 1, R R
4

= Dna 1 D 1 (Ryf)(u x)du (un ltered Backprojection Formula)
1

1-1 - p.10/2



Filtered Backprojection formula

1-1 - p.11/2



Filtered Backprojection formula

Z Z Z
D, 1(R,f)(u x)du = R.f()j " e UX¥ddu
S 1 ZSn 1ZR
= fb(U)J jn 1eZi (ux)ddu
AR
= 2 f)&#™* d
Rn

[
N
=R
—~
X
~
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rA
= 2 f)e*d
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This continuous representation is valid for any g; 2 S(R) with
hg; 16 0. The discrete version is more complicated.
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Semi-discrete Reproduction

Theorem 3 (Semi-discrete Reproduction)
Thereexistg; 2 S(R)and0< ; < 1lsuchthatforf 2 LY\ L?(R")

14 X X |
f = > ;G mty | mtu du
' *moztez

As observed ;G .ty 1 = I1Dn21(Ruf);g”"?t . So for some
;2 (0;1) we have

X X |
Aanz_l(Ruf)kg thnz_l(Ruf);g”mt ij 2 BanZ_l(Ruf)kg

m2Zt2Z7

This implies that there exists g; 2 S(R) such that

X X | |
D”Z_l(Ruf)(S): anZ_l(Ruf);gm’t j mt

m2Z21t2Z7
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Z
Sn 1
Z X X | |
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Semi-discrete Representation

Integrating over S ! we deduce

Z

D, 1(Ryf)(u x)du
S 1

Z X X | |
= anz_l(Ruf);gm’t iDo 4 ( ™1 Yu x)du
S ' hmazt2z

or 7
X X

S tm2zt2z
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Semi-discrete Frame ldentity

We also have the identity
Z

NI -

kD 1 (Ryuf)ksdu = kf k3
S 1 ?
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Semi-discrete Frame ldentity

We also have the identity

2
- kD 1 (Ryf)k5du= kf k3
2 o 1 2
Indeed,
17 17
- kD» 1 (R.f)K3du = = kid,f bk3 du
2 o 1 2 2 S 1
Lz Z
= = ()% " td du
7 s 1 R

= IROPd = K
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Semi-discrete Frame ldentity

We also have the identity

, Z
- kD 1 (Ryf)k5du= kf k3
2 o 1 2
Indeed,
14 14
- kD» 1 (R.f)K3du = = kid,f bk3 du
2 o 1 2 2 S 1
Z Z
= S i u)j?j " ddu
2 9 R
= i )j?d = Kf k3
Rn

Thus we obtain a semi-discrete frame identity.

Z X X
AKf K5 ;G mtu ij°du  BKf K5
S' *mozt2z
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Reconstructed image using 10% of the data.
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Reconstructed image using 20% of the data.
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Reconstructed image using 30% of the data.
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Reconstructed image using 50% of the data.
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Examples of Reconstruction

Reconstructed image using 100%of the data.
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Half- ltered Operators

We introduce the following half- Itered operators:

Half- Itered Radon transform

Rf = Do s (R (U; ))(1) = D1 (RF)(u;t)

Half- Itered Backprojection

Z
R g= Dn 1(g)(u;u Xx)du
o 1 2
Operator/Inverse Operator relationship

R Rf =f
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Representation of the associated frame operator

Theorem 4 (Representation formula analogous to Walnut's)
Forf 2 LY\ L?(R"),g; 2 W(R) the frame operator

£ X X
Sg; f = H,G m; t;u I m; t;u dU
S "m2zt2z

can be written as

Sy f = R Qf

where X

of 17 G (s)Rf(s )
r2z
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Representation of the associated frame operator

Theorem 4 (Representation formula analogous to Walnut's)
Forf 2 LY\ L?(R"),g; 2 W(R) the frame operator

£ X X
Sg; f = H,G m; t;u | m; t;u dU
S "m2zt2z

can be written as

Se. f =R Qf

where X

of = ! G/(9Rf(s 1)
r27

and the correlation function G, is de ned by

X r
G (s) = (s t)gs - t)

t27
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Functional Spaces measuring Gabor ridge coef cients

Letl p;q 1 andgbea xedwindow. Recall the modulation
spaces with norm

Z Z g=p 1=

khky sa (R = iVoh(x; )iPdx  d = kVghkyma (r2)
R R

One is tempted to de ne spaces the measure the TF coef cients of the
Radon transform in the following way:

Z 1=r
Kf K par (R") — kRuf kR/l Pa (R) du :
S 1
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More appropriate de nition: Weighted Spaces P9f

A function f is in the space 9" (R") if the following norm is nite:

Z 1=r
Kk gor oy = K(Ruf Es)- Kiypo mdu

where ! s = (j "= (1+] jA)?)-.

Also, we can create a discrete (unweighted) version.

Z 1=r

Kfam tu 9K par (z z & 1) = kKfam tu gKpg du
o 1

22 = L2 (for functions In Ll)

N ODN

22 = Hs (for functions in L1)
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Analysis and Synthesis operators

Introduce an analysis operator C; by
G(F)= MG muw | .

and a synthesis operator D by

Z X X
D (fcm;t;u g) = Cm: tu m; t;u du
S ‘ma2zt2z

The associated frame operatoris S;; = D  Cg.
The operators G; and D  are adjoint to each other.
The operators Gy and D are bounded between P9" and ! P:9'

Analogy with the classical case (Grochenig's book)
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Boundedness of the Analysis and Synthesis Operators

Theorem 5 (Boundedness of ()
fg2 MYY(R), then Gy : P& 1 1 PAr for1  p;g;r 1 and

KCK par 1 1 piar C(; )kVyOkw (L1)

independently of P; Jand I.
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fg2 MYY(R), then Gy : P& 1 1 PAr for1  p;g;r 1 and

KCK par 1 1 piar C(; )kVyOkw (L1)

independently of P; Jand . Here

X
Kgkw (L1) = esssupg(x + k)j
K27 x2[0;1]
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Boundedness of the Analysis and Synthesis Operators

Theorem 5 (Boundedness of ()
fg2 MYY(R), then Gy : P& 1 1 PAr for1  p;g;r 1 and

kCgk piair 1| piar C(; )ngng(Ll)

independently of P; Jand . Here

X
Kgkw (L1) = esssupg(x + k)j
K27 x2[0;1]

Theorem 6 (Boundedness of D )
it 2 MLYY(R),thenD : !PGr 1 PO for1 p;g;r 1 and

KD Ky par 1 par C(; )kV kW(Ll)

independently of P; Jand r.
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Boundedness of the Frame Operator on P9

Corollary ~ Boundednessof Sg: = D Cg4

fg; 2 M Y1(R), then the semi-discrete frame operator Sy: is bounded on
P4 foralll p;q;r 1 and ; > Owith the following norm estimate:

kSg; kop  C(; )kVgOkw L1ykV  kw (L1y;

independent of P; g, and I.
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Frame Extensionto P'9'
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Frame Extensionto P'9'

Theorem 7  Extension of frameto  P9"  Assumeg; 2 M Y1(R) and
Sg: =1 onL?(R"). Then

1 .
f = > ;G mity | mtu du
S "m2zt2z
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Frame Extensionto P'9'

Theorem 7  Extension of frameto  P%"  Assumeg; 2 M*YY(R) and
Sq: =1 onL?(R"). Then
Z X X |
;G mity | mygu du
S 'm2zt2z

NI -

Also, there are constants A; B > Osuchthatforallf 2 g

0
Z X X b

AKFK vr @ @ MG mew 1P A duX  BKEK ser
S
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Image Enhancing
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Image Enhancing
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Applications

Image Enhancing

The right image was created via an image enhancement technique by

K. V. Velde
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