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Ridgelets (Candès)

 a;t;u (x) = a� 1=2 ((x � u � t)=a)

Gabor Ridge Functions

� Ridgelets = direction-sensitive wavelets
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First attempt at a directional TF representation

Let g 2 S(R) be some window function (i.e. Gaussian). De�ne

gm;t (s) = e2�im (s� t ) g(s � t)

gm;t;u (x) = gm;t (u � x) = ridge functions

Z

Sn � 1

Z

R

Z

R
hf; g m;t;u i  m;t;u dmdtdu = f (x) ? NO!
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The Radon transform presents itself naturally

When we pair our function f 2 L 1 \ L 2(Rn ) with g 2 S(R) the Radon
transform appears:

hf; g m;t;u i = hRu f; g m;t i

hf; g m;t;u i =
Z

Rn
f (x)e� 2�im (u �x � t ) g(u � x � t)dx

=
Z

R

� Z

u�x = s
f (x)e� 2�im (u �x � t ) g(u � x � t)dx

�
ds

=
Z

R
e� 2�im (s� t ) g(s � t)

� Z

u�x = s
f (x)dx

�
ds

=
Z

R
Ru f (s)gm;t (s)ds

= hRu f; g m;t i
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Proposition 1 (Reproduction of the back-projection)

Let f 2 L 1 \ L 2(Rn ). Given functions g;  2 S(R), we have
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Let f 2 L 1 \ L 2(Rn ). Given functions g;  2 S(R), we have

Z

Sn � 1

Z

R

Z

R
hf; g m;t;u i  m;t;u dmdtdu = hg;  i B (f )

where

Bf (x) =
Z

Sn � 1
Ru f (u � x)du = R� Rf (x)

Here R� is the adjoint of the Radon transform given by

R� h(x) =
Z

Sn � 1
h(x � u; u) du

which satis�es for a function h on the cylinder R � Sn � 1

Z

Sn � 1

Z

R
Ru f (s)h(s; u)dsdu =

Z

Rn
f (x)R� h(x)dx
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Weighted Gabor Ridge Functions

We need to introduce a �lter (weight) to achieve perfect reco nstruction.
For this reason we de�ne

Gm;t (s) = D n � 1
2

(gm;t )(s); for some g 2 S(R)

where m; t are real numbers and

D n � 1
2

(gm;t ) = ( dgm;t (� )j� j
n � 1

2 )_

Also de�ne the weighted Gabor ridge functions

Gm;t;u (x) = Gm;t (u � x)

A calculation shows that

\Gm;t;u (� ) = � (� � (u � � )u)bg(u � � � m)e2�i (u � � ) t ju � � j
n � 1

2

where � is the Dirac delta distribution.
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Exact Continuous Representation

Proposition 2 (Continuous Representation)

Given f 2 L 1 \ L 2(Rn ), and Gm;t;u ; 	 m;t;u weighted Gabor ridge functions, we
have

2f (x) =
1

hg;  i

Z

Sn � 1
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R

Z
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Proposition 2 (Continuous Representation)

Given f 2 L 1 \ L 2(Rn ), and Gm;t;u ; 	 m;t;u weighted Gabor ridge functions, we
have

2f (x) =
1

hg;  i

Z

Sn � 1

Z

R

Z

R
hf; G m;t;u i 	 m;t;u dmdtdu

1
hg;  i

Z

Sn � 1

Z

R

Z

R
hf; G m;t;u i 	 m;t;u dmdtdu

=
1

hg;  i

Z

Sn � 1

Z

R

Z

R
hRu f; G m;t i 	 m;t;u dmdtdu

=
1

hg;  i

Z

Sn � 1

Z

R

Z

R
hD n � 1

2
(Ru f ); gm;t i D n � 1

2
( m;t )(u � x)dmdtdu

= D n � 1
2

D n � 1
2

Z

Sn � 1
(Ru f )(u � x)du (Un�ltered Backprojection Formula )
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Filtered Backprojection formula

Z

Sn � 1
Dn � 1(Ru f )(u � x)du =

Z

Sn � 1

Z

R

dRu f (� )j� jn � 1e2�i� (u �x ) d�du

=
Z

Sn � 1

Z

R

bf (�u )j� jn � 1e2�i� (u �x ) d�du

= 2
Z

Rn

bf (� )e2�i�x d�

= 2 f (x)
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Semi-discrete Reproduction

Theorem 3 (Semi-discrete Reproduction)

There exist g;  2 S(R) and 0 < �; � < 1 such that for f 2 L 1 \ L 2(Rn )

f =
1
2

Z

Sn � 1

X

m 2 Z

X

t 2 Z

hf; G �m;�t;u i 	 �m;�t;u du
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Theorem 3 (Semi-discrete Reproduction)

There exist g;  2 S(R) and 0 < �; � < 1 such that for f 2 L 1 \ L 2(Rn )

f =
1
2

Z

Sn � 1

X

m 2 Z

X

t 2 Z

hf; G �m;�t;u i 	 �m;�t;u du

As observed hf; G �m;�t;u i = hD n � 1
2

(Ru f ); g�m;�t i . So for some

�; � 2 (0; 1) we have

AkD n � 1
2

(Ru f )k2
2 �

X

m 2 Z

X

t 2 Z

jhD n � 1
2

(Ru f ); g�m;�t ij 2 � B kD n � 1
2

(Ru f )k2
2

1-1 – p.12/27



Semi-discrete Reproduction

Theorem 3 (Semi-discrete Reproduction)

There exist g;  2 S(R) and 0 < �; � < 1 such that for f 2 L 1 \ L 2(Rn )

f =
1
2

Z

Sn � 1

X

m 2 Z

X

t 2 Z

hf; G �m;�t;u i 	 �m;�t;u du

As observed hf; G �m;�t;u i = hD n � 1
2

(Ru f ); g�m;�t i . So for some

�; � 2 (0; 1) we have

AkD n � 1
2

(Ru f )k2
2 �

X

m 2 Z

X

t 2 Z

jhD n � 1
2

(Ru f ); g�m;�t ij 2 � B kD n � 1
2

(Ru f )k2
2

This implies that there exists g;  2 S(R) such that

D n � 1
2

(Ru f )(s) =
X

m 2 Z

X

t 2 Z

hD n � 1
2

(Ru f ); g�m;�t i  �m;�t :
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Semi-discrete Representation

Integrating over Sn � 1 we deduce

Z

Sn � 1
Dn � 1(Ru f )(u � x) du

=
Z

Sn � 1

X

m 2 Z

X

t 2 Z

hD n � 1
2

(Ru f ); g�m;�t i D n � 1
2

( �m;�t )(u � x) du
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2
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m 2 Z
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t 2 Z
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Semi-discrete Frame Identity

We also have the identity

1
2

Z

Sn � 1
kD n � 1

2
(Ru f )k2

2 du = kf k2
2
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Semi-discrete Frame Identity

We also have the identity

1
2

Z

Sn � 1
kD n � 1

2
(Ru f )k2

2 du = kf k2
2

Indeed,

1
2

Z

Sn � 1
kD n � 1

2
(Ru f )k2

2 du =
1
2

Z

Sn � 1
k dRu f b! k2

2 du

=
1
2

Z

Sn � 1

Z

R
j bf (�u )j2j� jn � 1d�du

=
Z

Rn
j bf (� )j2 d� = kf k2

2
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We also have the identity

1
2

Z
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kD n � 1

2
(Ru f )k2

2 du = kf k2
2

Indeed,

1
2

Z

Sn � 1
kD n � 1

2
(Ru f )k2

2 du =
1
2

Z

Sn � 1
k dRu f b! k2

2 du

=
1
2

Z

Sn � 1

Z

R
j bf (�u )j2j� jn � 1d�du

=
Z

Rn
j bf (� )j2 d� = kf k2

2

Thus we obtain a semi-discrete frame identity.

Akf k2
2 �

Z

Sn � 1

X

m 2 Z

X

t 2 Z

jhf; G �m;�t;u ij 2du � B kf k2
2

1-1 – p.14/27



Examples of Reconstruction

1-1 – p.15/27



Examples of Reconstruction

Reconstructed image using 10%of the data.
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Examples of Reconstruction

Reconstructed image using 20%of the data.
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Examples of Reconstruction

Reconstructed image using 30%of the data.
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Examples of Reconstruction

Reconstructed image using 50%of the data.
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Examples of Reconstruction

Reconstructed image using 100%of the data.
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Half-�ltered Operators

We introduce the following half-�ltered operators:

� Half-�ltered Radon transform

Rf = D n � 1
2

(Rf (u; �))( t) = D n � 1
2

(Rf )(u; t )

� Half-�ltered Backprojection

R � g =
Z

Sn � 1
D n � 1

2
(g)(u; u � x) du

Operator/Inverse Operator relationship

R � Rf = f
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Representation of the associated frame operator

Theorem 4 (Representation formula analogous to Walnut's)

For f 2 L 1 \ L 2(Rn ), g;  2 W (R) the frame operator

Sg; f =
Z

Sn � 1

X

m 2 Z

X

t 2 Z

hf; G �m;�t;u i 	 �m;�t;u du

can be written as

Sg; f = R � Qf

where

Qf = � � 1
X

r 2 Z

Gr (s)R f (s �
r
�

)
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Theorem 4 (Representation formula analogous to Walnut's)

For f 2 L 1 \ L 2(Rn ), g;  2 W (R) the frame operator

Sg; f =
Z

Sn � 1

X

m 2 Z

X

t 2 Z

hf; G �m;�t;u i 	 �m;�t;u du

can be written as

Sg; f = R � Qf

where

Qf = � � 1
X

r 2 Z

Gr (s)R f (s �
r
�

)

and the correlation function Gr is de�ned by

Gr (s) =
X

t 2 Z

 (s � �t )g(s �
r
�

� �t )
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Functional Spaces measuring Gabor ridge coef�cients

Let 1 � p; q � 1 and g be a �xed window. Recall the modulation
spaces with norm

khkM p;q (R) =

 Z

R

� Z

R
jVgh(x; � )jp dx

� q=p

d�

! 1=q

= kVghkL p;q (R2 )
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Functional Spaces measuring Gabor ridge coef�cients

Let 1 � p; q � 1 and g be a �xed window. Recall the modulation
spaces with norm

khkM p;q (R) =

 Z

R

� Z

R
jVgh(x; � )jp dx

� q=p

d�

! 1=q

= kVghkL p;q (R2 )

One is tempted to de�ne spaces the measure the TF coef�cients of the
Radon transform in the following way:

kf k
 p;q;r (Rn ) =
� Z

Sn � 1
kRu f kr

M p;q (R) du
� 1=r

;
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More appropriate de�nition: Weighted Spaces 
 p;q;r

A function f is in the space 
 p;q;r
s (Rn ) if the following norm is �nite:

kf k
 p;q;r
s (Rn ) =

� Z

Sn � 1
k( dRu f c! s)_ kr

M p;q (R) du
� 1=r

;

where ! s = ( j� j
n � 1

2 (1 + j� j2)
s
2 )_ .
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More appropriate de�nition: Weighted Spaces 
 p;q;r

A function f is in the space 
 p;q;r
s (Rn ) if the following norm is �nite:

kf k
 p;q;r
s (Rn ) =

� Z

Sn � 1
k( dRu f c! s)_ kr

M p;q (R) du
� 1=r

;

where ! s = ( j� j
n � 1

2 (1 + j� j2)
s
2 )_ .

Also, we can create a discrete (unweighted) version.

kf a�m;�t;u gk! p;q;r (Z� Z� Sn � 1 ) =
� Z

Sn � 1
kf a�m;�t;u gkr

` p;q du
� 1=r
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0 = L 2 (for functions in L 1)
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More appropriate de�nition: Weighted Spaces 
 p;q;r

A function f is in the space 
 p;q;r
s (Rn ) if the following norm is �nite:

kf k
 p;q;r
s (Rn ) =

� Z

Sn � 1
k( dRu f c! s)_ kr

M p;q (R) du
� 1=r

;

where ! s = ( j� j
n � 1

2 (1 + j� j2)
s
2 )_ .

Also, we can create a discrete (unweighted) version.

kf a�m;�t;u gk! p;q;r (Z� Z� Sn � 1 ) =
� Z

Sn � 1
kf a�m;�t;u gkr

` p;q du
� 1=r

� 
 2;2;2
0 = L 2 (for functions in L 1)

� 
 2;2;2
s = H s (for functions in L 1)
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Analysis and Synthesis operators

Introduce an analysis operator Cg by

Cg(f ) =
�

hf; G �m;�t;u i
	

m;t;u
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Introduce an analysis operator Cg by

Cg(f ) =
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and a synthesis operator D by

D (f cm;t;u g) =
Z

Sn � 1

X

m 2 Z

X

t 2 Z

c�m;�t;u 	 �m;�t;u du
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� The associated frame operator is Sg; = D � Cg.
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Analysis and Synthesis operators

Introduce an analysis operator Cg by

Cg(f ) =
�

hf; G �m;�t;u i
	

m;t;u

and a synthesis operator D by

D (f cm;t;u g) =
Z

Sn � 1

X
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X

t 2 Z

c�m;�t;u 	 �m;�t;u du

� The associated frame operator is Sg; = D � Cg.

� The operators Cg and D are adjoint to each other.

� The operators Cg and D are bounded between 
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Analysis and Synthesis operators

Introduce an analysis operator Cg by

Cg(f ) =
�

hf; G �m;�t;u i
	

m;t;u

and a synthesis operator D by

D (f cm;t;u g) =
Z

Sn � 1

X

m 2 Z

X

t 2 Z

c�m;�t;u 	 �m;�t;u du

� The associated frame operator is Sg; = D � Cg.

� The operators Cg and D are adjoint to each other.

� The operators Cg and D are bounded between 
 p;q;r and ! p;q;r

� Analogy with the classical case (Gröchenig's book)
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Boundedness of the Analysis and Synthesis Operators

Theorem 5 (Boundedness of Cg)

If g 2 M 1;1(R), then Cg : 
 p;q;r ! ! p;q;r for 1 � p; q; r � 1 and

kCgk
 p;q;r ! ! p;q;r � C(�; � )kVggkW (L 1 )

independently of p; qand r .
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Theorem 5 (Boundedness of Cg)

If g 2 M 1;1(R), then Cg : 
 p;q;r ! ! p;q;r for 1 � p; q; r � 1 and

kCgk
 p;q;r ! ! p;q;r � C(�; � )kVggkW (L 1 )

independently of p; qand r . Here

kgkW (L 1 ) =
X

k2 Z

ess sup
x 2 [0;1]

jg(x + k)j
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Boundedness of the Analysis and Synthesis Operators

Theorem 5 (Boundedness of Cg)

If g 2 M 1;1(R), then Cg : 
 p;q;r ! ! p;q;r for 1 � p; q; r � 1 and

kCgk
 p;q;r ! ! p;q;r � C(�; � )kVggkW (L 1 )

independently of p; qand r . Here

kgkW (L 1 ) =
X

k2 Z

ess sup
x 2 [0;1]

jg(x + k)j

Theorem 6 (Boundedness of D )

If  2 M 1;1(R), then D : ! p;q;r ! 
 p;q;r for 1 � p; q; r � 1 and

kD k! p;q;r ! 
 p;q;r � C(�; � )kV  kW (L 1 )

independently of p; qand r .
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Boundedness of the Frame Operator on 
 p;q;r

Corollary
�

Boundedness of Sg; = D � Cg
�

If g;  2 M 1;1(R), then the semi-discrete frame operator Sg; is bounded on


 p;q;r for all 1 � p; q; r � 1 and �; � > 0 with the following norm estimate:

kSg; kop � C(�; � )kVggkW (L 1 ) kV  kW (L 1 ) ;

independent of p; q, and r .
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Frame Extension to 
 p;q;r

Theorem 7
�

Extension of frame to 
 p;q;r
�

Assume g;  2 M 1;1(R) and

Sg; = I on L 2(Rn ). Then

f =
1
2

Z

Sn � 1

X

m 2 Z

X

t 2 Z

hf; G �m;�t;u i 	 �m;�t;u du
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Frame Extension to 
 p;q;r

Theorem 7
�

Extension of frame to 
 p;q;r
�

Assume g;  2 M 1;1(R) and

Sg; = I on L 2(Rn ). Then

f =
1
2

Z

Sn � 1

X

m 2 Z

X

t 2 Z

hf; G �m;�t;u i 	 �m;�t;u du

Also, there are constants A; B > 0 such that for all f 2 
 p;q;r

Akf k
 p;q;r �

0

B
@

Z

Sn � 1

0

@
X

m 2 Z

 
X

t 2 Z

jhf; G �m;�t;u ij p

! q
p

1

A

r
q

du

1

C
A

1
r

� B kf k
 p;q;r
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Applications

Image Enhancing

The right image was created via an image enhancement technique by

K. V. Velde
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