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Outline of the Talk

e Hexagonal sampling

e Triangle surface subdivision

e Biorthogonal wavelets with 6-fold symmetry

e Lifting-scheme-based multiresolution alg.



1 Hexagonal sampling

Figure 1: Left
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Figure 2: Left: Square tessellation; Right: Hexagonal tessellation



Hexagonal lattice

e Fewer sampling points to maintain equally high fre-
quency information

6 directional symmetry (while 4-fold symmetry for square
lattice)

e Better consistent connectivity

Orientation banding

Pertinent to the vision process

applied in edge detection, pattern recognition, ...
used in Geoscience




supp (f) € {w € R?: |w| < R}
Fewer hexagonal samples needed to recover f.

SMOS (Soil Moisture and Ocean Salinity) mission by Eu-
ropean Space Agency

Figure 3: Y-shaped antenna picks up hexagonally sampled data
(picture from Eesa)
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Dyadic refinement; Bottom: /3 and /7 refine-

Highest symmetry may a filter bank {p, g%, ¢*, ¢®®} have?



2 Triangle surface subdivision

Subdivision: coarse mesh = finer mesh

Figure 5: Subdivision produces smooth surface (picture from Zorin
& Schroeder SIGGRAPH 99 Course Notes)

Surface multiresolution processing:

decomp. reconstr.
mesh — coarse mesh — finer (original) mesh
N\ /
details
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Regular mesh: (The valence of each vertex is 6

Figure 6: Left: Regular mesh; Right: Extraordinary vertex E

e1, €2, ez have the same algorithm
V1, Va, V3 have the identical algorithm

Rotation and reflection invariant algs.



3 6-fold symmetric biorthogonal wavelets
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Figure 7: Left: Indices for hexagonal nodes; Right: Indices for
hexagonally sampled data C

Decomposition alg. with {p, 1), ¢, ¢®}:
; 1 , . 1 ’ )
= 1 Z Pk—2nCh; dip It = 1 Z qlilgncf@
keZ? keZ?
Reconstruction alg. with {p, g™, g%, ¢®)}:
e T hend+ T Y il

neZ? 1<€<3 neZ?



Figure 8: Left: 6 axes (lines) of symmetry for lowpass filter p;
Right: 3 axes (lines) of symmetry for highpass filter ¢!

Filter bank {p, gV, ¢, q(?’)} is said to have 6-fold axial
(line) symmetry if

e (i) lowpass filter p(w) is symmetric around S, - - -, S5,

o (ii) e~@1tw2) (1) () is symmetric around the axes Sp, Ss,
and

o (iii) ¢® and ¢® are the 2{ and 4{ rotations of ¢
resp.



For {p,q",q®, ¢®}, with ¢ = p, write ¢) (w):

1 .
0(w) = 50 (2w) + g1 (2w)elr
+a5 (2w)e ™1 + ¢ 2w)e2),

qg)—trigonometric poly. Polyphase matrix V' (w):

V(w) = [ l(f)(w)]oge,kgi’)'

1
0, ¢V, ¢?, ¢ (w) = §V(2w)loo(w),

IOO((,‘)) = [17 ei(w1+w2)7 e_iwl7€_iw2]T,
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Prop. 1 {p, q(l),q@),q(?’)} has 6-fold axial symmetry iff

V(R{Tw) = S1(w)V (w)Sa(w),
V(Low) = S()V(w)So,

1 0 0 0
0 0 0 el
S1 (w) = 0 e~ i(witws) 0 0 ;S0 =
| 0 0 e“r 0
10 0 0
0 0 ellwitwr)
SQ(w) = 0 0 O e—iwl
| 0 ez 0 0

0 1 0 1
LO_[1 01’ Rl_[—l 11'
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Prop. 2 Suppose {p,¢, ¢, 3} and {p,q",3?,¢®}

are given by
p.q",q®, g7 (W) = Vi (2w) Vi1 (2w) - - Vo (2w) Ioo (w),
~ 1 % v Vi
[7.3,72, 6] (@) = Va(20) Va1 (20) - Vo(20) Ioo ).

Then {p,q",q?,¢®} and {p,qV, 32,53} are biorthogo-
nal FIR filter banks with 6-fold symmetry, where V( ) =

(Vi(w)™h)",

with
T = e—uul7 y = e—sz,
Vj(w) =
THe@tayty+ s+ 1) elta)+Bety) al+ ) +BE+55) e+ D)+ 8@+ )
(14 1) 1 0 0
7'(1+a:) 0 1 0
(14 y) 0 0 1
p=r1(ax+208),
V = y— GOLT
—7(1 +ay) —r(1+ 1) -1+ 1)
—<a+ﬂ+ S48 §(F A+ He+Z+E+ 0 as 1)<a+“+ + )
(ot + By + ) (1 + zy) (o + aw + By + 2) &(z,v) (1 1><a+ar+ﬁzy+‘*>
—(a+ ay + fzy + %) T(l4+ay)(a+ay+Bay+2) 71+ 1)(a+ay+Bay+ %) &(y, x)

6-fold axial symmetric filter banks
yield
algs. with required symmetry for surface multiresolution proc.
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4 Lifting-scheme-based multiresolution al-
gorithms

Lifting-scheme-based multiresolution alg. was introduced:

M. Bertram, Biorthogonal Loop-subdivision Wavelets, Com-
puting, 72 (2004), 29-39.

works for regular and irregular meshes. But no filter
banks, no properties of ¢, 1/1(5), gg, {N)

Figure 9: Left: Regular triangle mesh; Right: Initial data sepa-
rated into 4 groups: {vy}, {ef(l)}, {ef)}, {61((3)}

1 2 3
vk = C2k, efc) = Cok—(1,1) 61(() = Cok4(1,0) 61(<) = Cokt(0,1), k € Z°.
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Decomposed data:

{ci}x— “approx. part”, {dg’l)}k,é =1,2,3“details”.
Denote
77k _ 011(, Ef{l) _ dl({Ll), éff) _ dl({Q,l)’ éﬁS) _ dl({&l).

Associated vy, éﬁl), éf), éf)) with

2k, 2k — (1,1), 2k + (1,0), 2k + (0, 1).

Figure 10: Decomposed data associated with 4 groups of hexagonal
nodes
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Since the same alg. for {el({l)}, {61((2)}, {el({?’)}, and
the same alg. for {éﬁ)}, {51({2)}, {éﬁg)},

use e to denote {61(<1)}= {61(3)}7 {61((3)},

and € denotes {éf(l)}’ {éf)}a {51({3)}.

Figure 11: Decomposition and reconstruction algorithms

15



Decomposition Algorithm:

Step 1. v” = +{v —d(eo + €1 + €2+ e3 +es +e5)}

Step 2. ¢’ = e — a(v] +v]) — e(vh + v5)

Step 3. v =v" —w(eg + e +e5 + €5 + € +e3)
—u(eg + €f +eg + eq + €y + €7)

Step 4. € = €’ — s(vg + 1) — r(V2 + U3).
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Reconstruction Algorithm:

Step 1. ¢ =€+ s(vg + 1) + (V2 + U3)

Step 2. v = v+ w(ey + € + €5 + €5 + € + e5)
tu(eg + e + eg + €y + €]y + €f1)

Step 3. e =¢€" + a(vy + vf) + c(vy + v5)

Step 4. v =bv" +d(eg + €1 + ea + €3+ e4 + €e35).
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Thanks for your attention!
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