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Background

Meyer’s universality principle:

Every “nice” ON wavelet basis for L? is an unconditional basis for
[P 1<p<oo
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hence bounded on L
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[P 1<p<oo
Proof.
® f— 3 k(f.¥jk)¥jk is a generalized Calderon—-Zygmund operator,
hence bounded on LP

@ and it equals identity operator on LP N L?

Does universality hold for non-ON wavelet bases?

No! For each p > 2, there exists a “nice” Riesz wavelet basis of L? that
does not even span LP. (Tchamitchian, Lemarié)
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hence bounded on LP
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Does universality hold for non-ON wavelet bases?

No! For each p > 2, there exists a “nice” Riesz wavelet basis of L? that
does not even span LP. (Tchamitchian, Lemarié)

v

Chastened, we seek sufficient conditions under which L2 wavelet
properties do persist to all LP
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Mexican hat model problem

Mexican hat model problem
Y(X)

Mexican hat
P(x) = —(e7/3)" = (1 — x?)e**/2
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Mexican hat
b(x) = —(e7¥/2)" = (1 — x®)e /2

Daubechies (1990):
Mexican hat system {v; } is a frame for L2, hence spans L?
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Mexican hat
b(x) = —(e7¥/2)" = (1 — x®)e /2

Daubechies (1990):
Mexican hat system {v; } is a frame for L2, hence spans L?

Meyer (1990) universality question:
does Mexican hat system span [P, 1 < p < c0? J
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Mexican hat model problem

Mexican hat model problem
¥(X)

Mexican hat
P(x) = —(e7/3)" = (1 — x?)e**/2

Daubechies (1990):
Mexican hat system {v; } is a frame for L2, hence spans L?

Meyer (1990) universality question:
does Mexican hat system span [P, 1 < p < c0? }

Endpoint answers:
no for L>; no for L' (since 1j k integrates to zero); plausible for H'
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Time-scale (wavelet) frames

Time-scale (wavelet) frame notation

Translates and dilates

Ui k(x) = 21/Py(2x — k)

. . where
@ k(x) = 29p(2x — k)

_l’_

o=
Q=

Define

synthesis operator s({cj«}) Z Ci.kVjk
analysis operator t(f) = {{f, djx)}
mixed frame operator (so t)(f) = Z(f, ®j k)W) k
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Time-scale (wavelet) frames

synthesis operator s({c;j«}) Z Ci.kVj k
analysis operator 1(F) = {(f, djx)}

Time-scale frame reconstruction problem

Given synthesizer 1, seek analyzer ¢ giving perfect reconstruction:

sot=id.

That is, given the synthesizer ¢, we want a dual frame analyzer ¢.
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analysis operator t(F) = {(f,djx)}

Time-scale frame reconstruction problem
Given synthesizer 1, seek analyzer ¢ giving perfect reconstruction:

sot=id.

That is, given the synthesizer ¢, we want a dual frame analyzer ¢.

Perfect reconstruction can be impossible!

So seek approximately dual frame analyzer (Christensen &
Laugesen 2008):

|sot—id.|| <1
Then s o t is bijection, hence synthesis is surjective.
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Time-scale (wavelet) frames

synthesis operator s({c;j«}) Z Ci.kVj k
analysis operator t(F) = {(f,djx)}

Time-scale frame reconstruction problem
Given synthesizer 1, seek analyzer ¢ giving perfect reconstruction:

sot=id.

That is, given the synthesizer ), we want a dual frame analyzer ¢.

Perfect reconstruction can be impossible!
So seek approximately dual frame analyzer (Christensen &
Laugesen 2008):

|sot—id.|| <1

Then s o t is bijection, hence synthesis is surjective.
Still too difficult in LP, p # 2, due to oscillations in 1, ¢.
So move to frequency domain. . .
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Frequency-scale frame notation Define modulates and dilates in
frequency domain:

C=F6, Op=F "ok V=F T V=F Yy
F—— {c} (cy - F
1k 1k
fr— {Gx} {Gk} —— f
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Frequency-scale frame notation Define modulates and dilates in
frequency domain:

O=F o, Gu=F ok W=F Ty Ve=F
F .———>T {Cj} {C]} 2 F
fl Jf fl lf
f—— (g {out —— f

Commutative diagrams for frequency-scale synthesis S, analysis T,
and time-scale synthesis s, analysis ¢, via Fourier transform 7.
Here Ci(&) = Yz k€2 K.
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Frequency-scale frames

Frequency-scale frame notation Define modulates and dilates in
frequency domain:

O=F"¢, bjx=F "k V=FT k= F
F .———>T {Cj} {C]} : F
fl Jf fl lf
f —t——> {Cj,k} {Cj’k} s f

Commutative diagrams for frequency-scale synthesis S, analysis T,
and time-scale synthesis s, analysis ¢, via Fourier transform 7.
Here Ci(&) = Yz k€2 K.

Function spaces  S: (9(L9(T)) — LI(R)
T:L9R) — (9(LYR))

are bounded if ¥, ® decay near 0 and oc and
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Frequency-scale frames

Frequency-scale frame notation Define modulates and dilates in
frequency domain:

C=F6, Op=F "ok V=F T V=F Yy
F—T> {C} {cy - F
b L
f - {cjk} {cik} — f

Commutative diagrams for frequency-scale synthesis S, analysis T,
and time-scale synthesis s, analysis ¢, via Fourier transform 7.
Here Ci(&) = Yz k€2 K.
Function spaces  S: (9(L9(T)) — LI(R)

T:L9R) — (9(LYR))

are bounded if W, ® decay near0 and cc and |1 < g < o
Littlewood—Paley not needed, because the periodic function C; is
normed, not its Fourier coefficients.



Frequency-scale frames

Frequency-scale frame reconstruction problem

Given synthesizer W, want analyzer ¢ giving approximate

reconstruction:
“SO T — /||Lq_,Lq <1

Then frequency-scale frame operator S o T is bijection, hence
synthesis is surjective onto L9 in frequency domain.
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Frequency-scale frames

Frequency-scale frame reconstruction problem

Given synthesizer W, want analyzer ¢ giving approximate

reconstruction:
“SO T — /HLq_,Lq <1

Then frequency-scale frame operator S o T is bijection, hence
synthesis is surjective onto L9 in frequency domain.

Theorem (Frequency-scale frame reconstruction estimate)

The Calderdn condition y~; W(£2/)(¢2)) = 1 implies

S0 T —|lLa—ta
<A®,W) =) > (b€ w(e2 — DL 1D o€ + ()| 1L
1£0 J

v
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Then frequency-scale frame operator S o T is bijection, hence
synthesis is surjective onto L9 in frequency domain.

Theorem (Frequency-scale frame reconstruction estimate)

The Calderdn condition y~; W(£2/)(¢2)) = 1 implies

S0 T —|lLa—ta
<A®,W) =) > (b€ w(e2 — DL 1D o€ + ()| 1L
1£0 J

v

Proof. Adapt Daubechies’ L2 method to our function spaces in
frequency domain. Terms with / = 0 yield identity /, by Calderon.
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Frequency-scale frames

Theorem (Frequency-scale frame reconstruction estimate)
The Calderdn condition Y, W(£2/)®(¢2/) = 1 implies

IS0 T — flato

<A®,W) =) | |e(e2)w(e2 — |- ||Z|¢(521 W(g2)[| 1P

I£0

V.

Corollary (Frequency-scale frames, time-scale spanning)

If A(®, V) < 1then So T is bijection, hence {V, «} spans L9. So by
Hausdorff-Young, if1 < q <2 (2 < p < o0), then {1 x} spans LP.
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Mexican hat example

Mexican hat example — constructing good analyzer ¢
(&)

VIV

¥(&)

-1/2 1/2
® = 1g/V where
E =[-.3,—.15)U(.15,.3].

~172 172
Y(€) = (2me)2e 2
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Mexican hat example — constructing good analyzer ¢
(&)

VIV

¥(&)

-1/2 1/2
® = 1g/V where
E =[-.3,—.15)U(.15,.3].

Dyadic interval E ensures Calderén: Zj\Il(ng)cb(ng) =1.

~172 172
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Mexican hat example

Mexican hat example — constructing good analyzer ¢
(&)

VIV

¥(&)

-1/2 1/2
® = 1g/V where
E =[-.3,—.15)U(.15,.3].

Dyadic interval E ensures Calderén: Zj\Il(ng)cb(ng) =1.

~172 172
W(E) = (2n¢)2e 27

We prove A(®, W) ~ 10~* < 1. So reconstruction is almost perfect.

Corollary implies:
Mexican hat spanning problem solved for 2 < p < c
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How handle p < 2?

Want faster decay in time, i.e., more smoothness in frequency.
So develop frequency-scale frames in Sobolev space.
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So develop frequency-scale frames in Sobolev space.

More directly, obtain time-decay by working in weighted L2 space:

{fel?:V1+x2f(x)e[? and /f(x)dx:o}.
R
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How handle p < 2?

Want faster decay in time, i.e., more smoothness in frequency.
So develop frequency-scale frames in Sobolev space.

More directly, obtain time-decay by working in weighted L2 space:
{fel?:V1+x2f(x)e[? and / f(x) dx = 0}.
R

Work in progress
e Derive sufficient condition
A6, ) + 2A(x¢, ) + 2A(d, x1) < 1

for approximate time-scale reconstruction ||so t —id.|| < 1, in this
weighted space.
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How handle p < 2?

Want faster decay in time, i.e., more smoothness in frequency.
So develop frequency-scale frames in Sobolev space.

More directly, obtain time-decay by working in weighted L2 space:
{fel?:V1+x2f(x)e[? and / f(x) dx = 0}.
R
Work in progress
¢ Derive sufficient condition
A(6, ) +2A(X¢, ¥) + 2A(¢, xtb) < 1

for approximate time-scale reconstruction ||so t —id.|| < 1, in this
weighted space.

e Prove weighted space imbeds into LP,1 < p < 2, and Hardy space
HP.2/3 < p<1. (Done.)

H.-Q. Bui & R. S. Laugesen (U. of Canterbury, Frequency-scale frames March 28, 2009 10/ 11



How handle p < 2?

Want faster decay in time, i.e., more smoothness in frequency.

So develop frequency-scale frames in Sobolev space.

More directly, obtain time-decay by working in weighted L2 space:

{fel?:V1+x2f(x)e[? and /f(x)dx:o}.
R

Work in progress
e Derive sufficient condition

A(d, D) + 20X, ) + 2A(H, xib) < 1

for approximate time-scale reconstruction ||so t —id.|| < 1, in this
weighted space.

e Prove weighted space imbeds into LP,1 < p < 2, and Hardy space
HP.2/3 < p<1. (Done.)

¢ Application: verify sufficient condition for Mexican hat system.
Conclude it spans LP,1 < p < 2 and Hardy space HP,2/3 < p <1.
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Conclusions

@ We prove a sufficient condition for frequency-scale frames in
frequency domain. (Universality. . .)

@ Get approximate reconstruction in frequency domain, hence
perfect reconstruction by iteration (Neumann series).
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@ We prove a sufficient condition for frequency-scale frames in
frequency domain. (Universality. . .)

@ Get approximate reconstruction in frequency domain, hence
perfect reconstruction by iteration (Neumann series).

@ Hence get spanning by wavelet systems in time domain, for
range 2/3 < p < oo

@ Sufficient condition is computable e.g. solves Mexican hat
spanning problem!
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Conclusions

@ We prove a sufficient condition for frequency-scale frames in
frequency domain. (Universality. . .)

@ Get approximate reconstruction in frequency domain, hence
perfect reconstruction by iteration (Neumann series).

@ Hence get spanning by wavelet systems in time domain, for
range 2/3 < p < oo

@ Sufficient condition is computable e.g. solves Mexican hat
spanning problem!

Future directions

Spanning in the time domain is good.

Bijectivity of the time-scale frame operator s o t would be better, giving
reconstruction formulas in time domain.
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