FREQUENCY-SCALE FRAMES AND THE SOLUTION OF THE
MEXICAN HAT PROBLEM

H.-Q. BUI AND R. S. LAUGESEN

ABSTRACT. We resolve a long-standing question on LP completeness of the time-
scale (or wavelet) system generated by the Mexican hat function, when p > 2.

Our main result concerns frequency-scale systems generated by modulation and
dilation of a single function. The mixed frame operator (analysis followed by syn-
thesis) is shown to be bijective from L4(R?) to itself, for 1 < ¢ < oo, so that the
frequency-scale synthesis operator is surjective. Tools include the discrete Calderén
condition and a generalization of the Daubechies frame criterion in L2.

Completeness of the Mexican hat and other wavelet systems in LP then follows
for 2 < p < o0, by Fourier imbedding of frequency-scale systems.

1. Introduction

The first wavelets constructed by Morlet [41] do not generate an orthogonal basis,
but a nonorthogonal frame. The frame theory of wavelets has subsequently grown
and matured in L? [13]. This paper significantly strengthens the LP theory, and in
the process solves a long-standing completeness problem of Meyer.

The Mexican hat function 1 is the second derivative of the negative Gaussian. In
Chapter 4 of his influential monograph on wavelets and operators, Meyer [39] stated
“we do not know whether the functions 27/*(2'x — k), j, k € Z, form a complete set
in LP(R) for 1 < p < co.” This Mexican hat spanning problem has been solved only
for p = 2, by Daubechies [19].

We will solve the Mexican hat problem when 2 < p < oo.

Our methods apply when v is replaced by considerably more general generators,
including the Morlet wavelet. The main result is Theorem 1, where we establish
bijectivity of the frequency-scale frame operator on L?. Corollary 2 derives complete-
ness of time-scale (wavelet) systems in LP, p > 2, assuming a Calderén condition and

bounded overlaps of ¥ with its translates and dilates. We verify those hypotheses for
the Mexican hat at the end of the paper, thus solving the completeness problem for
p>2

The Mexican hat problem for 1 < p < 2 is solved in the companion paper [6] by de-
veloping our frequency-scale theory in Sobolev space, that is, by constructing wavelet
frames in a weighted L? space. That construction only applies in one dimension,
though, whereas the current paper for p > 2 can handle all dimensions.
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The paper is organized as follows. Frequency-scale systems are defined in Section 2
by Fourier conjugation of time-scale systems. Frequency-scale frames are developed
in Section 3, where the literature is reviewed as well, including exactly dual frames
and the Gramian theory of Ron and Shen. Proofs are in Sections 4-9. Examples are
constructed in Sections 10 and 11, with a focus on the Mexican hat. Finally, open
problems are examined in Section 12.

Earlier work on the Mexican hat problem says for p = 2 that the system is a
time-scale frame in L%, by the Daubechies condition [19, p. 75]; hence the system is
complete. When p = 1, completeness fails in L! because the Mexican hat function and
its dilates all have integral zero. Completeness in the range 0 < p < 1 (which is not
mentioned in Meyer’s problem) was recently established by a nonlinear approximate
identity method of the second author [37, §4.4]. The only prior results that are
valid for all p assume the system is oversampled, by an unspecified amount: see the
discussion in Section 3.3.

Theorem 1 generalizes the Daubechies criterion from L? to L, in the frequency do-
main. Other motivating literature includes the phi-transform theory of band limited
dual frames by Frazier and Jawerth [23, 24, 25|, the co-orbit theory of Feichtinger
and Grochenig [21, 22, 29], the non-band limited but oversampled approximate duals
of Gilbert, Han, Hogan, Lakey, Weiland and Weiss [26], and the L? frame results
of Chui and Shi [17]. One can regard our results as relaxing the band limitation of
Frazier and Jawerth while avoiding the oversampling inherent in the approaches of
Feichtinger and Grochenig and Gilbert et al.

Our work differs conceptually from prior work on wavelet frames in which pairs of
exactly dual generators are constructed by multiresolution methods [16, 20, 44]. Our
task instead is to take a single given function v and prove it generates a frame in the
frequency domain, by finding a suitable approximately dual frame generator.

The Mexican hat problem is interesting and challenging because the synthesizing
functions ¢(2/z — k) are non-orthogonal. (For orthogonal wavelet systems, Meyer [39]
established unconditional bases in L?, hence giving completeness.) Multiresolution
analysis [20] is also not applicable here, because the Mexican hat v satisfies no scaling
or refinement equation. Further, the known completeness result for p = 2 need not
(in general) persist from L? to LP: a compelling example of such instability is due
to Tchamitchian and Lemarié [39, p. 136]. New ideas are clearly needed to solve the
Mexican hat problem.

To conclude, our approach provides an analytically checkable criterion for frequency-
scale frames in L? in terms of approximately dual generators. Completeness in time
domain LP spaces is then deduced by Fourier imbedding, and the Mexican hat prob-
lem is solved for p > 2.

Acknowledgments. Laugesen is grateful to John D’Angelo for helpful remarks, and to
the College of Engineering and the Department of Mathematics and Statistics at the
University of Canterbury, New Zealand, for travel support and warm hospitality.



2. Assumptions and definitions

First we fix our assumptions on time-scale and frequency-scale systems and the
dilation and translation matrices, and then introduce the main objects of study:
frequency-scale analysis and synthesis operators.

The dimension d € N is fixed throughout the paper. Write T¢ = [—1/2,1/2]¢ for
the unit cube in R? centered at the origin. The exponents 1 < p, g < oo are assumed
by convention to be Holder conjugate, with

1 1
-+-=1
P q

Define the Fourier transform with 27 in the exponent,

(FF)(x) = F(z) = /R P, reR,

and regard £ as a row vector and z as a column vector, so that {x is their dot product.
(Sometimes we abuse notation and apply F to a periodic function, in which case it
yields the Fourier coefficients.) With (F,G) = [,, FG d¢, Parseval’s identity says

(F,G) = (F,G).
Assume the dilation matriz a is an expansive d X d real matrix, meaning

all the eigenvalues of a are > 1 in magnitude.

Dyadic dilations arise when a = 21, for example. Take the translation matriz b to be
an invertible d x d real matrix.
Write 15 for the indicator function of a set E.

Time-scale analysis and synthesis. Take a function ¢ € LP(R?) and rescale it by
translation and dilation to obtain
Yin(x) = | det al/P(alx — bE), r € RY,

where the determinant factor normalizes the rescaling in LP. The corresponding time-
scale system, or wavelet or affine system, is the collection of functions {1; : j €
Z,k € Z%}. The time-scale synthesis operator is

s:c=A{cjr}— Z Z cikir = s(c)
JEZL keZd

where the coefficients c;; are complex numbers.
To define a corresponding analysis operator, we take a new function ¢ € L9(R?)
and rescale it to

¢jk(x) =|det a|j/qu5(ajx — bk), z e RY,

where this time we have normalized in L. (Recall p and ¢ are conjugate exponents.)
The time-scale analysis operator is then

t: f={|detb|(f,djx) }iezrezs = t(f),

acting on f € LP(R%). The factor of det b is included for later convenience.
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Ficure 1. Commutative diagrams relating frequency-scale synthesis
S and analysis T' to time-scale synthesis s and analysis ¢, via the Fourier
transform F. Here C;(§) = >, za ¢jre™*F is periodic, with Fourier
coefficients c; .

Intuitively, time-scale analysis constists of filtering the signal to determine its
weighted average values near the lattice points z = a=7bk.

Frequency-scale analysis and synthesis. A frequency-scale system is the Fourier
inverse of a time-scale system, meaning it has the form {F 4, : j € Z, k € Z%} and
consists of modulations and dilations of the generator ¥ = F 1.

Frequency-scale analysis and synthesis will be defined by Fourier conjugation of
the corresponding time-scale operators. That is, we want to define operators S and
T that make Figure 1 commute.

Upper case letters are used for functions and operators in the frequency domain,
and lower case letters in the time domain. In particular, C; denotes a periodic function
on the torus T? having Fourier coefficients {c;x}reze, and ¥ and @ are functions on
R? in the frequency domain.

Motivated by Figure 1, we define the frequency-scale synthesis operator S by

SC(&) =) _Cj(éa™b)|deta] 7/"W(¢a™),  £eR?, (1)
€T
whenever C' = {C,},cz is a sequence of functions on T¢, with each C; being extended

periodically to R?.
The frequency-scale analysis operator T is defined by

TF = {(TF);}jez, j €L,
(TF);(§) = |detal/*> " F((£+)b"'a?)@((€ + 1)b1), EeR, (2

whenever F is a function on R

The commutativity of Figure 1 is justified in Section 8.

Call ¥ and @ the synthesizer/\and analyzfr, respectively, in reference to the roles
played by their transforms v = ¥ and ¢ = ® in the time-scale system.

We still need to define the concept of a frequency-scale frame, as employed in
the title of this paper. We call a frequency-scale system a frequency-scale frame it
the synthesis operator S is surjective. This statement hardly constitutes a rigorous
definition, since we have specified neither the domain nor the target space of .S, but
it is good enough for the informal use we are going to make of the concept.



Theorem 1 will construct frequency-scale frames by showing the mixed frame op-
erator ST is bijective on L4(R?), in which case S is obviously surjective onto L4(IR?).
In the special case of L2, these frequency-scale frames satisfy the usual Hilbert space
definition of a frame, as one sees by pulling back to the time-scale synthesis operator
s with the Fourier transform and then invoking a frame characterization in terms of
surjectivity [14, §5.5]; we omit the details.

Frequency-scale systems have not been much exploited, except in L? where Plancherel’s
theorem renders them equivalent to time-scale systems. The next section develops
frequency-scale theory in L9.

3. Frequency-scale frames and time-scale spanning sets

3.1. Frequency-scale frames. Our goal is to prove that the mixed frame operator

ST (analysis followed by synthesis) is bijective whenever the analyzer ® and synthe-

sizer U satisfy a discrete Calderén condition and have suitably controlled overlaps.

The frame operator here is called “mixed” because the analyzer and synthesizer need

not be the same. Sometimes we omit the word “mixed” in the interest of brevity.
First we introduce some quantities needed in the theorem. Write

U2, 0) = || ) [@(la™)T(Ea — W[ gy, L EZY, (3)
JEZ
and let
A= A((I)7 \I]) = Z Ul(q)u \I])l/q Ufl(\Ila (I))l/p7 (4)
140

recalling % + é = 1. Use the notation F'(§) < G(§) to mean F/G is bounded.

Theorem 1 (Frame operator bijectivity). Assume 1 < ¢ < co. Suppose ¥ € LI N
L®(RY) and ® € LP N L>=(R?) decay near the origin and infinity according to

€1, €l <1, €17, €l <1,
RACIRS {Iélsd/q, > 1 and  |®(¢)] < {Ifled/”, b1 (5)

for some € > 0. Assume

> 2(Ea)U(éa) =1 ae. (6)
JET
Then ||ST — I||pa—rs < A.
If A < 1 then the frame operator ST is invertible on LY(R?), and so S is surjective
onto L(R?) and the norm equivalence ||F||pagay < ||TF||ga(raray holds for all F €
Li(RY).

S and T are shown to be bounded in Section 5, by a transit time estimate and
decomposing R? into frequency bands. Then Theorem 1 is proved in Section 6.

The analyzer ® is approximately dual to the synthesizer ¥ because the mixed frame
operator (analysis followed by synthesis) is within distance A < 1 of the identity
operator, in Theorem 1. One cannot expect the analyzer and synthesizer to be always



exactly dual, with the frame operator equalling the identity and thus giving perfect
reconstruction, because it is known in L? that a time-scale frame need not possess a
dual with time-scale structure [14, §12.1],[31, §8.3].

We will further discuss exactly dual frames, and connections to the Gramian theory
of Ron and Shen, in §3.4.

Remarks on Theorem 1.

1. Assumption (6) is the discrete Calderdn condition. The discreteness refers to
the dilation scales j € Z. Note the series in (6) converges pointwise absolutely a.e. to
a bounded function of &, as shown in Section 4.

The Calderén condition is central to our work: it hints at how to construct an
approximately dual analyzer for a given synthesizer, and thus leads to our solution
of the Mexican hat problem in Sections 10 and 11.

Calderén conditions play a distinguished role in the history of the characterizations
and decompositions of function spaces [10], [8, 9, 11, 25, 33, 46]. For example, for time-
scale systems with translations drawn from R?, the Calderén condition is equivalent
to perfect reconstruction in L? (meaning analysis followed by synthesis equals the
identity). The quantity A in Theorem 1 measures the reconstruction error caused by
our use of discrete translations (in Z¢) rather than continuous ones, in the analysis
and synthesis operators.

Note the Calderén condition can be satisfied for quite general dilation groups [38].

2. The range space £9(L4(T%)) for the analysis operator T' consists of sequences of
periodic functions:

£(L9(T) = {{cj}jez I ey & (SDIC L) < oo}.
JEL
Observe that we de-emphasize wavelet coefficients and concentrate instead on the
periodic functions formed from those coefficients. Littlewood—Paley theory is unnec-
essary, in our approach. Of course, when ¢ = 2 the periodic functions C; are equiva-
lent to the Fourier coefficients c;, by Parseval, meaning, ¢*(L*(T?)) is isomorphic to
2(Z x 79).

3. Theorem 1 generalizes the Daubechies criterion [19, §3.3.2] for time-scale frames
in L?. The most significant difference is that Theorem 1 goes beyond L2, to a family
of well chosen function spaces in the frequency domain. Theorem 1 further allows
the analyzer and synthesizer to differ, as was done already in L? by Holschneider [32,
p. 170] and Gilbert, Hogan and Lakey [27, formula (10)].

Importantly, Theorem 1 requires the Calderén expression » ., ®(§a~7 YU (Ea™) to
equal 1 everywhere. (Daubechies required just that it be bounded away from zero
and infinity, when ® = W)

4. The dyadic frame criterion of Tchamitchian [19, §3.3.5], which is a variant of
Daubechies’ result, can be extended to a frequency-scale result similar to Theorem 1.
The Casazza—Christensen criterion ([12], [14, Theorem 11.2.3] and [36]) has so far
resisted our attempts at extension.



5. The general theory of approximately dual frame pairs in a Hilbert space has
been studied by Christensen and the second author [15].

3.2. Time-scale spanning sets.

Corollary 2 (Spanning LP). Assume 2 < p < oo and that U and ® satisfy the

hypotheses of Theorem 1, with A < 1. Let ¢ = .
Then the time-scale system {1, : j € Z,k € Z} spans LP(RY), meaning its linear
span 1s dense.

The corollary is proved in Section 9, using Theorem 1 and the Hausdorff-Young
imbedding F : LY — LP. Explicit examples are treated in Sections 10 and 11, where
the Mexican hat problem is resolved for p > 2.

Note the v in Corollary 2 has integral zero because ¥(0) = 0 by hypothesis. Span-
ning results for ¢) having nonzero integral can be found in [1, 2, 3, 4, 5], for Lebesgue,
Hardy and Sobolev spaces.

3.3. Motivating literature. Together with Meyer’s Mexican hat problem and Dau-
bechies’ frame condition, the main influences on our work are the papers of Frazier
and Jawerth [23, 24, 25], Gilbert, Han, Hogan, Lakey, Weiland and Weiss [26] (and
later [27]), and Bui and Paluszynski [7].

Frazier and Jawerth study homogeneous Besov and Triebel-Lizorkin spaces in the
time domain. Their ® and ¥ satisfy the discrete Calderén condition (in the frequency
domain), and vanish near the origin, and have compact support in T?. The integer
translates of ® and ¥ do not overlap, and hence A(®, ¥) = 0 when the translation
matrix b is the identity (see formula (16) below). Thus ST = I, meaning ® and ¥ are
exactly dual generators, as Frazier and Jawerth found in [25, (6.15)]. By pulling back
to the time domain, they find st = id. and hence they obtain unconditional bases and
coefficient norm characterizations for function spaces.

Their results are less satisfactory when ¢ is not band limited, that is, when ¥ is not
compactly supported: they show invertibility only of an unspecified “oversampled”
version of st (see [24, Theorem 4.2]). We now discuss two further attempts in this
direction.

Firstly, Gilbert et al. [26] investigate homogeneous Triebel-Lizorkin spaces using
generators with mild smoothness and decay in the time domain, but with no as-
sumption of compact support in frequency. They require ® and ¥ to satisfy the
“continuous” Calderén condition (which integrates over all dilation scales, rather
than summing over a discrete subset of scales). This continuous Calderén condition
ensures exact reconstruction in the time domain (st = id.) in the limiting case of
continuous families of dilations and translations. To obtain an invertible mixed frame
operator for discrete dilations and translations, they proceed to oversample both the
dilations and translations sufficiently to ensure a is close to the identity and b is close
to zero; then perturbation of the continuous case yields [id. — st|| < 1 so that st
is invertible. Thus Gilbert et al. obtain approximately dual generators in the time
domain by oversampling both translations and dilations.



The second attempt is by Bui and Paluszynski [7]. While essentially following
the approach by Frazier and Jawerth [24], they simplify the proofs by avoiding the
molecular decompositions of Triebel-Lizorkin spaces. A discrete Calderén condition
is used to ensure exact reconstruction in time domain Triebel-Lizorkin spaces, using
continuous translations and discrete dilations. Then to handle discrete translations
they oversample (taking b close to zero) to get |lid. — st|| < 1 by a perturbation of the
continuous case, so that st is invertible. In other words, Bui and Paluszynski obtain
approximately dual generators in the time domain by oversampling the translations.

These approaches do not say how much oversampling is required to get frame ex-
pansions and invertible frame operators. For example, for the Mexican hat generator
¥, Gilbert et al. [26, p. 5] prove the existence of numbers ¢ > 1 and b > 0 such
that the time-scale system {¢(a’x — bk) : j, k € Z} yields a frame operator st that
is invertible on H'(R) and L?(R),1 < p < oo. Bui and Paluszyriski [7, Theorem 3.3]
prove the same result for a = 2 and b > 0 sufficiently small. They also treat H? for
1/2<p<1.

In contrast to the two approaches above, in this paper the dilation and translation
parameters are fixed. We prove ||/ —ST'|| < 1 in the frequency domain by constructing
a “good” analyzer ® for which the quantity A can be directly estimated.

A further motivation for our work is the L9 theory of time-frequency (Gabor)
systems developed by Grochenig and Heil [30]. The range of their analysis operator is
09(L(T%)) (see [30, p. 23]), where the L?(T¢) space handles modulations and ¢7 relates
to translations. Analogously, in our Theorem 1 the ¢¢ space relates to dilations. Note
Grochenig and Heil considered only exactly dual systems, with perfect reconstruction,
rather than approximately dual systems like in this paper.

Grafakos and Lennard [28] developed a parallel version of the Gabor L? theory by
treating the frame operator rather than analysis and synthesis separately.

3.4. Exactly dual frames and the Gramian theory. This paper studies approzi-
mate duals, that is, analyzers and synthesizers for which the frame operator is close to
the identity. Such results are useful when the synthesizer is given and one is allowed
to choose the analyzer, like in the Mexican hat problem. Naturally one would prefer
to find an exactly dual analyzer, for which the frame operator equals the identity, but
that can be impossible.

Results on ezact duals are most useful when the analyzer and the synthesizer can
both be chosen. The theory of exact duals is well developed. Characterizing equations
in L? were found by Gripenberg and Wang for tight frames, and were extended to non-
tight frames, higher dimensions and arbitrary expansive dilation matrices by several
authors; references are in [35, §5]. Practical constructions of exact wavelet duals have
been achieved by multiresolution ideas [16, 20, 44].

Ron and Shen’s dual Gramian techniques uncovered a deeper meaning of wavelet
frames and the characterizing equations, by unraveling the structure of the mixed
frame operator (formula (16)) in the Fourier domain [42, 43, 45]. Consequently they
interpreted the sufficient frame condition of Daubechies in terms of bounding the



(*-norm of a self-adjoint matrix by its ¢'-norm [42, p. 411]. This insightful remark
applies also to our sufficient frame condition in Theorem 1.

It would be interesting to see a Gramian treatment of frequency scale frames and
approximate duals in L%, ¢ # 2. So far as we know, this has not been done.

4. Preliminary bound on transit times

To begin the proofs, we partition R? into “cubical annuli”
A, = 2mHiTd N\ omd, m € 7Z,
and show each annulus intersects the dilation orbit {€a7b} ez at most finitely often.
Lemma 3 (Uniform bound on transit times). There exists J € N such that
#{j€Z: Eabe Ay} < J
for all € € R m € Z.

If the dilations are dyadic (a = 21), then J = 1 in the lemma, simply because the
A,, are defined by a dyadic scaling.

Lemma 3 can be found in the literature, for example [48, eq. (2.1)], but we include
a proof in order to keep the paper self-contained.

Proof of Lemma 3. First,

lim ||a~7||*/? = spectral radius of ¢~
j—o0

— max{|A| : \ is an eigenvalue of ¢~}
<1

since all eigenvalues of a are assumed to be greater than 1 in magnitude (see Section 2).
Hence there exists a constant A < 1 with [[a™|| < A for all large j, say for j > j; > 0.
Choose C' > 1 large enough that |ja™|| < CN whenever 0 < j < j;. Then

ICa™?| < CKCIN, C¢eRY j>0, (7)
ICIA7 < Cl¢d?],  C(eRY j>0, (8)

where the second estimate follows from the first by the substitution ¢ — (a’. Hence
for ( # 0 we have
lim |Ca™’| =0, lim [Ca™] — oo, (9)
j—o0 Jj——00
by letting j — oo in (7) and (8) respectively.
Now we can prove the lemma. It is enough to consider m = 0, since we can replace
& with 2™¢ and use that 27 A,, = A,.
Take £ € R?, and suppose Ea=%b € Ay C [—1,1]¢ for some integer jo. Take jo to
be the smallest such integer, noting £a=7b lies outside [—1,1]? when j is sufficiently
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negative, by (9). For all j > 0,

[€a= U0 p| < Clga™ N ] by (7)
< CVd|[b~YIN ||| since £a77° € [—1,1]% 7!
1

< =

-2
whenever

-1
Jo g [los2CVaI B
log1/A

Hence a0 t)p € T4 C (Ag)¢ whenever j > J, so that if £a=U0+)ph € Ay then j < J.
The lemma now follows. 0

Next we verify that the series in the discrete Calderén condition (6) converges
absolutely.

Lemma 4 (Convergence of the discrete Calderén condition). Let 1 < ¢ < oo. If
U e LiN L2(RY) and ® € LP N L>®°(RY) decay near the origin and infinity according
to (5), then

sup > |[®(¢a™) W (Ea™)| < oo.

d
SERT ez,

Proof of Lemma 4. Fix £ € R4, € # 0. Let jo be the largest integer such that |€a=70| >
1, noting such a jy exists by (9). Then by the decay assumptions (5),

S lo(ca ) u(ea)| < O ga P+ 3 fea™ =)

Jez J>jo J<jo
= (]Z (|Jea=Got 14022 1 |gq=Uo=i)|~2e=d),
§'>0

Using next the estimates (7) and (8) with ¢ = o=+ and ¢ = £a™ respectively,
and with j’ instead of j, we deduce

S 1@(€a)W(ga)| < O3 (Jeam DN 4 g RmizCerT)

JEZ >0

<C

since [€a=WoF)| < 1 and |€a™%| > 1, and A < 1. O

5. Analysis and Synthesis

We prove boundedness of the frequency-scale synthesis and analysis operators,
assuming W and ® decay near the origin and infinity according to (5); that is, assuming

€1, €l <1,
v < 10
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and

€1, €1 <1,
()] < {,5‘_5_[1/1,’ > 1 (11)

for some ¢ > 0. We begin by estimating ¥ over the cubical annuli A,, = 2m1T9 \
2mTe,

Lemma 5 (Consequences of decay). Assume 1 < g < oo and that ¥ € LN L>®(RY)
decays near the origin and infinity according to (10). Then the quantities

By(¥) = ZH\IJHLOO(Amb*l) and B(V,q) = Z 2V W || o 4,01

m<0 m>0

are both finite.

Proof of Lemma 5. When m is sufficiently negative, A,, lies near the origin and so
the decay hypothesis (10) ensures ||¥||zoo(a,5-1) < (const.)(v/d2™[[b~)5. Summing
over m < 0 shows By(¥) is finite.

When m is sufficiently large, A, lies near infinity and so (10) gives | V|| o (a,,5-1) <
(const.)(2™=1/||b]|)~=~%9. Multiplying by 24"*1/4 and summing over m > 0 gives
that By (W, q) is finite. O

Proposition 6 (Bounded synthesis). Assume 1 < q < oo and that ¥ € LN L>®°(RY)
decays near the origin and infinity according to (10).
Then S : £4(LY(T4)) — L4(R?) is bounded and linear.

More precisely, the proof of the proposition will show that given C' € ¢4(L?(T?)), the
series (1) for SC' converges pointwise absolutely a.e. to a function in L¢(R?). Hence
when ¢ < oo, the series converges unconditionally in L(R?) to SC. Unconditional
convergence generally does not hold when ¢ = oc.

We will obtain the norm estimate

ISC | omay < Bl det ||| C lga(ra(rey)

for all ¢, with a constant B = B(b,d, q, J, V) that will be determined explicitly.

Proposition 6 is known for ¢ = 2, where Chui and Shi [17, Theorem 2| proved
boundedness under slightly weaker decay assumptions. Earlier work in L? assumed
either a stronger decay assumption in frequency space [19, (3.3.14)], or else certain
assumptions in the time domain [40, Theorem 8.2].

Our proof will exploit the transit time bound in Lemma 3, following an approach
known already in the L? case (see [18, Lemma 3.4], [32, p. 167], [48]).

Proof of Proposition 6. Observe that
1SCaqeey = | 3 Cy(6ab)] detal /9w (€a) |,

JEL

< > 1D 1C€a )| det al 114, (€a7I0) | pageay | ¥ oo a1y (12)

m=—o0 jEZ
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by writing U = Y">_ 1, ,-1¥, that is, by decomposing the synthesizer into dyadic
frequency bands. Now suppose ¢ < co. Invoking Holder’s inequality on the sum and
the transit bound from Lemma 3, we find

HSCHLq Rd)

< Y ([ 10 e mldetal a0 ) - 7 dE Y 0 i ai

m=—o00 JEZ

= > Z/ 1C5(6)|"1a,, (€) dE ) TVP| det b9 W[ oo, 01 (13)

m=—00 JEZL

by changing variable £ — £b~'a’. Note A,, C 2™+ T4, so that A,, C T¢ when m < 0,
and A,, is contained in at most 20"V disjoint translates of T¢ when m > 0. Thus
in view of the periodicity of Cj, the integral in formula (13) is bounded by ||C}][7, (T4

when m < 0, and by 2(m+14||C; HLq(Td when m > 0. Hence (13) gives

1SC| La(ray < ||C||£q(Lq(Td))Jl/p| det b|~/9(By (V) + B (¥, q)),

where By and B; are finite by Lemma 5.
When ¢ = oo, the expression in (12) can be bounded (using Lemma 3) with

[e.9]

Z SUP||OJ||L°o(1rd)J|"1’HL°°(Amb*1) < | Cllge (oo (rayy S (Bo (V) + Bi (¥, 00)).

M=—00 JEZ

O

Proposition 7 (Bounded analysis). Assume 1 < ¢ < oo and that ® € LP N L>®(RY)
decays near the origin and infinity according to (11).
Then T : LY(RY) — (9(L9(T?)) is bounded and linear.

Proof of Proposition 7. Write T = Ty to emphasize the dependence of the analysis
operator on the analyzer ®. Analysis is formally adjoint to synthesis, for we will show

where Sg is the synthesis operator (1) with U and ¢ replaced by ® and p. The pairing
of | det b|SeC with a function F' on R? is given by

\detb\(Sq>C F(&d¢=)> / (&) det al’/P®(£b ) F(Eb—1ad) dE,

JEL

by substituting the definition of S$C' and then changing variable with & — £b~'a/.
Periodizing the integral now yields Y-, [1a Cj(§)(TaF);(€) d€, which is exactly the
pairing of C' = {C}} with T4 F, and thus proves (14). These calculations are formal,
but become rigorous when ®, C; and I are nonnegative, because then the interchanges
of sums and integrals are valid.
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Now the proposition follows by duality from the boundedness of synthesis already
proved in Proposition 6. (Technically, one should first consider the nonnegative quan-
tity Tjg||F|. Duality shows that this quantity belongs to ¢9(L4(T)), and hence Ty F
belongs also.) O

6. Proof of Theorem 1 —
bijectivity of the frame operator L¢(RY) — L4(R%)

We first recall a sufficient condition for invertibility in the abstract setting.

Lemma 8. Suppose S: X =Y and T : Y — X are bounded linear operators on the
Banach spaces X and Y with ||ST — I|| < 1.

Then ST : Y — Y is bijective, and so S maps X onto Y. Further, |[F|y =< | TF| x
for all FF €Y, meaning T provides an equivalent norm on Y .

Proof of Lemma 8. The invertibility of ST = I —(I—ST) is immediate by a Neumann
series, and the inequalities

IFlly < I(ST)T'SINTFIx < [(ST)" ST E Iy
imply the norm equivalence ||F|ly < |[|TF||x. O

The synthesis and analysis operators S and 1" in Theorem 1 are bounded on the
spaces X = (4(L4(T?)) and Y = LI(R?), respectively, by Propositions 6 and 7. We
will show

|STF — F||paray < Al|F| pa(ray. (15)

Then ||ST — I|| < A, so that Theorem 1 follows from Lemma 8.
For almost every ¢ € R?, the definitions of S and T give

STF(¢) = Z(TF) i(€a™b)| det a| /9T (a7
_ Z SR+ b7 ) B(Ea T + )W (Ea). (16)

The terms with [ = 0 in (16) add up to F'(§), by the discrete Calderén condition (6),
and so STF — F = R(F, ®, V) where the “remainder” term is

R(F,®,9)(&)=> Y F(E+1b"'d)®(a + b 1)T(Ea™).

JEZ 140

We have
||R(F7 P, qj)”L‘l(Rd)

<D D FE+ 7 a)e(Ea + D) ¥(Ea)]| Lyga

140 jeZ

<SSR Bl + ()| U, 2 de)
1£0 jez
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by applying Holder’s inequality to the sum over j, and using the quantity U, defined
before Theorem 1. Now making the change of variable £ — ¢ — Ib~'a’ implies

HR<F7CI)7\II)”LCI(Rd)
<> (/Rd [FOIY 1®(¢a™)T(Ea™ — b)) &) U (U, @)

10 jez
<D N F oy U@, ©) V1T (8, 8)P = || F || pome) A,
1£0

giving (15) as desired.

Remark on q = oo. Theorem 1 holds also for ¢ = oo, though caution is needed
because the series (1) defining the synthesis operator S need not converge in the L
norm (as remarked after Proposition 6).

7. Extensions of Theorem 1

Theorem 1 can be extended in several directions: an error tolerance can be intro-
duced to the Calderén condition, the hypothesis A < 1 can be satisfied for generic
analyzers and synthesizers by oversampling the translations, and multiple generators
can be employed.

7.1. Relaxing the Calderén condition. If the discrete Calderén assumption (6) is
omitted from Theorem 1, then an additional term appears in our bijectivity estimate:

IST = Il passrs <A@, ) +[[1 =Y S(Ea)W(Ea)]| o gy (17)
JEL
If the righthand side here is less than 1, then the frame operator is invertible on
LY(R%). We call this observation the “relaxed” version of Theorem 1.

7.2. Oversampling the translations. If the translations are sufficiently oversam-
pled, then the frame operator is invertible.

Theorem 9 (Oversampling). Assume 1 < q < oo and that ¥ € L4 N L*(RY) and
® € LP N L=(R%) decay near the origin and infinity according to (5). Assume the
discrete Calderon condition (6). Assume the translation matriz is b = [b; where
B >0 and by is a fized, invertible, real matrizx.

Then limg_,o||ST — I||pa—rs = 0. Thus whenever the translations are sufficiently
oversampled, the frame operator ST is invertible on L4(RY) and S is surjective onto
LI(RY), and the norm equivalence ||F| pagay < ||TF|lsa(zacrayy holds for all F €
Li(RY).

We omit the proof. The restriction of the translation matrix to have the form
b = Bby, where b; is fixed, ensures that the transit time .J in Lemma 3 is the same

for all b.
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A formal proof of Theorem 9 is easy: letting b — 0 in formula (16) and using the
decay of ® at infinity, we see that only the terms with [ = 0 survive, and these terms
exactly reproduce F' due to the discrete Calderén condition.

Theorem 9 extends to frequency-scale systems the well known principle from wavelet
theory that any sufficiently oversampled time-scale system in L? should yield a frame
[14, Prop. 11.2.6], [19, Prop. 3.3.2].

A different kind of oversampling involves translating the signal rather than the
analyzer and synthesizer; see [34, Theorem 3|, [35, Theorem 4.1]. We have not inves-
tigated such signal averaging for frequency-scale systems.

7.3. Multiple generators, or voices. Theorem 1 extends readily to the case of
multiple synthesizers Wy, ..., ¥y and analyzers ®,...,Py. We leave that extension
to the reader.

8. Commutativity of analysis, synthesis and the Fourier transform

We will show the frequency-scale synthesis operator conjugates under the Fourier
transform to the time-scale synthesis operator. Hence in the next section we can
prove Corollary 2, about spanning L” with time-scale systems.

Lemma 10 (F and S commute in Figure 1). Take 1 < ¢ < 2 and ¥ € LY(R?), so
that ¢ = U € LP(RY).

(a) If C = {C;} is a finite sequence of trigonometric polynomials on T¢ then
FoS(C)=soF(C).

(b) Assume ¥ decays near the origin and infinity according to (5). If C' € £9(LI(T))
and 1 < ¢ <2 then Fo S(C)=soF(C).

In part (b), the sum over k in the operator s converges only conditionally, as formula
(18) below makes clear.

Proof of Lemma 10. (a) We have
F(SC)(x)
_ d J/p C. (D) —2rifa’ x d
> ldetd [ cxtenmere e ag

by taking the Fourier transform and changing & — &a’

=D D cjuldet @’j/p/ W(E)e M=) G since Cy(€) = D cjpe”™eH
R4

JEZ kel kezd
= Z Z ¢l det a’/Pyp(alx — bk) since 1) = U

JEZ kel
=3 > cirthin(x) = s(FCO)(x).

JEZ kel

Convergence is automatic in all these series, because only finitely many C; are nonzero
and each one has only finitely many nonzero Fourier coefficients c¢; .
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(b) Write c¢; for the Fourier coefficients of C; € LI(T?), and put Ej(§) = e*™F,
Since Fourier series converge in LY for ¢ > 1 when “square” partial sums are used, we
have

Cj = lim > cuBr  in LY(TY)
[bloo <K

where |k|oo = max(|ky|,...,|kq|). Hence C' can be expressed as a limit of finite
sequences of trigonometric polynomials:

C= hm {C’ Hil<a = hm lim { Z cj7kEk}‘j‘<J

—o00 K—o0
|k|oo <K

with convergence in £4(L?(T%)). We may pass FoS through these limits, by continuity
of F and S (using Proposition 6 for S, and the assumption ¢ < 2 for F), and then
call on the commutativity F oS = s o F proved in part (a) to arrive at

FoS(C)=lim lim Y Y ¢uthjp = s0F(C) (18)

J—o00 K—oo
171<J |k|oo <K

with convergence in LP(RY). O

Lemma 11 (F and 7' commute in Figure 1). Take 1 < ¢ <2 and ¢ € LY(RY), so
that ® = ¢ € LP(RY). If F € LI(RY) then F o T(F) = t o F(F).

Proof of Lemma 11. For each j, the function F'(£a?)®(€) is integrable on R¢, which
guarantees that the following integrals converge. By definition of T,

F(TF);(k) = / [ detal’/1> " F((&+D)ba?)B((§ + )b )e >k dg

lezd

= | det a|?/ / F(Eb™ra?)D(Eb—1)e 28k d¢

= | det b]/ €)| det a|9/P®(Ea—T)e2misa= bk d¢ by £ > £a7b
— | det b(F, ;)

by Parseval, since d = ¢, and this last expression equals the (j, k)-th element of
t(FF). O

9. Proof of Corollary 2 — spanning L” when 2 < p < o0

Since A < 1, we conclude from Theorem 1 that S maps onto LI(R?). Hence
F o S maps onto F(LI(R?)), which is dense in LP(R?) because 1 < ¢ < 2. The
commutativity relation F oS = soF in Lemma 10(b) implies that s has dense range
in LP(R?). In other words, the functions 1, span LF(R?).

Note. The proof fails when ¢ = 1 because the Fourier transform of L' is not
dense in L.
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Synthesizer W (§) 7 | Dilation a | Translation b | Notes below
£ exp(—21%€?) 47 2 0<b<236
&% exp(—2m%&?) .594 2 0<b<1.82 1
& exp(—2m2&?) .66 2 0<b< 154
& exp(—2m2€?) 2/3 2 0<b<1.35
£/(1+ £2)3/2 44 2 0<b<0.29 2
G —&) — GG (&) | .05 2 0<b<0.57 3

TABLE 1. Synthesizers considered in Section 10, for dimension d = 1.
The frame operator ST : LY(R) — L?(R) is shown numerically to be
bijective for all 1 < ¢ < oo, for the indicated values of the dilation
and translation parameters. The analyzer is ®(&) = 15(€)/¥(€) where
E={¢eR:7/4b < |£] < 7/2b}, so that ® depends on b and on the
T-value specified in the Table.

10. Examples in one dimension

For Theorem 1 to be useful, one needs a method for starting with the synthesizer
U and constructing an analyzer ® that satisfies the discrete Calderén condition and
has A(®, V) < 1. First we exhibit some examples, and then explain the method.

10.1. The examples. Table 1 summarizes our examples and numerical findings in
one dimension. We work with the dyadic dilation factor a = 2, and determine in each
example the range of b-values for which bijectivity of the frame operator ST can be
established by Theorem 1, that is, the range for which A < 1. The parameter 7 in
the analyzer ® is explained below.

From the Table we see that when the graph of ¢(x) is narrow, or the graph of
V(&) is wide, the range of translations b is small. For example, the b-range for the
synthesizer U(¢) = £™exp(—2m2€?) gets smaller as m increases from 1 to 4. Or
consider the example U(¢) = &/(1 + €2)%2, which decays slowly and thus has a
wide graph; in that example we obtain only 0 < b < 0.29. These observations are
reasonable, since when 1) has narrow graph, one must translate it by small increments
in order to have any hope of “covering” the time domain.

Three of the examples in Table 1 have been considered by other authors, in the
special case of L? with ® = U, as the following notes explain.

Note 1. The Mexican hat synthesizer W(£) = &% exp(—272€?) (see Figure 2) has
frame operator bijective on L? for 0 < b < 1.97, by numerical work of Casazza and
Christensen [14, p. 264]. This range of b-values for L? is somewhat wider than the
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(%) ¥(&é)

FIGURE 2. The Mexican hat ¢(z) = —(e="/?)" = (1—2?)e~""/2, and
its Fourier transform W(¢) = (27¢)2e~(20°¢%/2,

~1/2 12

range claimed in Table 1 for all L9. Earlier numerical work of Daubechies [19, p. 75]
showed L? bijectivity when 0 < b < 1.5.
The Mexican hat example is treated rigorously in Section 11.

Note 2. The example ¥(§) = &/(1 + £2)%/? with slow decay was considered by
Christensen [14, p. 266]. He obtained bijectivity when 0 < b < 0.24.

Note 3. In the last line of the Table, G(§) = exp(—2m%¢?) is a Gaussian and
& = 1/v/2log2. One can check that the synthesizer ¥(§) = G(€ — &) — G(§)G(—&))
is concentrated around its peak near &, and vanishes only at the origin, although ¥
is close to zero on the whole negative half-axis. In the time domain, this synthesizer
is the difference of a modulated Gaussian and a Gaussian:

U(a) = Ua) = (e72M07 — e727%) exp(—a?/2).

This modulated Gaussian example was considered by Morlet [41, p. 250] and Daubechies
[19, p. 76]. Daubechies obtained a frame only for rather small b-values, in the single-
voice setting [19, p. 987], and so she worked instead in the multi-voice setting (see
Section 7.3). In contrast, we find for the range 0 < b < 0.5 that our analyzer ®
generates almost an exact dual, with A(®, ¥) < .0001 by Table 2 below. Thus our
“approximate dual” method is sharper, in this example, than the traditional frame
conditions involving only W.

10.2. Creating Table 1. The b-values in Table 1 were found by numerically esti-
mating the infinite series for A(®, ¥) in (4), as explained below.

First we show A can be simplified under symmetry and support assumptions. Call
sets B; essentially disjoint if the intersection B; N Bj has measure zero whenever

J#7"
Lemma 12. Consider measurable functions ® and ¥ on R?, and let | € Z4,1 # 0.

(i) If the sets {supp(®)a’ };ez are essentially disjoint (so that the support of ® packs
into R under dilation by powers of a), then

Ul(®, ) = | ®(§)T(& — 107 1) oo (ra)-
(ii) If the sets {(supp(®) — Ib~')a’ }jez are essentially disjoint, then
U_ (0, ®) = [|B(E)W(E = 107)|| oo (e
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(iii) If parts (i) and (ii) apply for each | # 0, then

A@,T) = [ B(E)T(E — 107" 1~ r)- (19)
10

If in addition |®| and |V| are symmetric (even) about the origin, in one dimension,
then

A(@, W) =2 [|8(E)W(E — 171w (20)

Proof of Lemma 12. For part (i), simply use that the point £éa™ can belong to the
support of ® for at most one value of j, by the packing assumption. For part (ii),
argue similarly and then translate & by (b~!. For part (iii), apply parts (i) and (ii)
to the definition (4) of A. Lastly, note that if |®| and |V| are symmetric in one
dimension, then |®(§)W(E +1b71)| = |P(—&)¥(—& — b~ 1)[, so that we can reduce to
1> 0in (19). O

Now we construct a suitable symmetric support for ®.

Proposition 13. Consider measurable functions ® and ¥ on R with dilation factor
a > 1 and translation step b > 0. Take a parameter 7 with 0 < 7 < 2(a —1)/(a +1).
If @ is supported in the symmetric double interval
E=r(T\Ta )" = 2lb (~1,—a YU (a ' 1)) (21)
then formula (19) holds for A(®, V), and formula (20) applies if in addition |®| and
|| are symmetric in the origin.

Proof of Proposition 13. Clearly E packs into R under dilation by powers of a, so
that part (i) of Lemma 12 applies.

The set £ — [b~! also packs into R under dilation by a, for each [ € Z \ {0}, as
follows. When [ < 0,

1 T T
E—Ibtc=[ll-= —1.
c 4= 2.0+ 7]

The left endpoint of this last interval dilates under multiplication by a to lie on the
right of the right endpoint, because a(|l| — 7/2) > |l| + 7/2 by our assumption that
7 < 2(a—1)/(a+1). Thus E — Ib~! packs into R under dilation by powers of a,
when [ < 0. By symmetry of F, the same result holds for [ > 0. Thus part (ii) of
Lemma 12 applies. Now call on part (iii) of Lemma 12. O

Construction of the analyzer. For the rest of the section we fix the dilation
a=2.

In each example in Table 1, U decays near the origin and infinity according to (5)
with d = 1, for each 1 < g < oo, and |V(&)| equals zero only at the origin. Thus we
may define an analyzer by

—_

= (22)

@Z:
v
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Synthesizer W (§) 7 | Dilation a | Translation b A
€ exp(—272€2) 07 P 1 6 x 1077
&% exp(—272€?) 15 2 1 2 x 107
&3 exp(—2m2€?) 23 2 1 3x 1074
& exp(—2m2€?) 32 2 1 3x 1073
E/(1+&2)3/2 18 2 1 1.1x 107!
G — &) — GG (&) | .05 2 5 1 x10™*

TABLE 2. Synthesizers considered in Section 10.3 for dimension d = 1,
with analyzer ®(&) = 1(£)/¥(§) where E = {£ € R : 7/4b < [¢] <
7/2b}. The value A controls convergence of the Neumann series for the

inverse of the mixed frame operator, by Theorem 1.

where the double interval E has the form (21) with a = 2. Note ® is bounded, and
vanishes in a neighborhood of the origin. We restrict 7 < 2/3 so that Proposition 13
applies, giving formula (20) for A in all except the final example of Table 1, with
formula (19) holding in that last example (where ¥ is not symmetric).

To verify the discrete Calderén condition, notice

o2 )w(E2) =) 1(é27) =1

JEZ JEZ

for all £ # 0 because E tiles the real line under dyadic dilations. Therefore bijectivity
of the frame operator (from L(R) to itself) follows from Theorem 1 whenever we can
show A(®, V) < 1.

Thus to justify the b-values in Table 1, one need simply use a computer to estimate
the infinite sum for A in (19) or (20). One computes straightforwardly that A < 1
in the b-ranges claimed in Table 1.

For a fully rigorous treatment of the Mexican hat example, see Section 11 below.

10.3. Almost exact duals. Table 2 estimates A for certain fized b-values. Note the
T-values are different from those in Table 1, because there we wanted to maximize the
range of b-values for which A < 1, whereas now b is fixed and we want to minimize
the A-value.

The A-values in Table 2 are small, and so the approximately dual generator ® =
15/W is almost ezactly dual to the synthesizer .

Curiously, in the last example in Table 2 the most prominent feature of the graph
of the synthesizer is irrelevant for determining the synthesizer’s viability as a frame
generator: the values of ¥ in its “hump” region .4 < ¢ < 1.3 are irrelevant when
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evaluating A(®, V), with b = 0.5 and 7 = .05, because the hump region does not
affect the | = —1 term ®(£) V(€ 4 1/b) that dominates A(P, V).

10.4. Smoother analyzers. The analyzers ¢ in this section would not be good in
practical applications, since they are defined using an indicator function 1z and hence
have jumps. Smoother analyzers that still satisfy the discrete Calderén condition can
be constructed by a standard “dyadic periodization” trick. Interestingly, the use of
a smoother analyzer makes little difference to the range of b-values for which A < 1,
for the Mexican hat example, according to numerical work we have carried out.

10.5. Shannon wavelets. Fix the dilation a = 2, and consider the prototypical
band-limited orthonormal wavelet, the Shannon wavelet. Taking ®(§) = ¥ (§) =
L1/2,1(|€]), one sees that the ¢, form an orthonormal time-scale basis of L*(R),

when b = 1. Hence the frequency-scale frame operator ST equals the identity on
L*(R). We further claim

the Shannon frame operator ST equals the identity on LI(R) for each
1 <gq<o0,when 0 <b<1/2and when b= 1.

[Proof. Suppose 0 < b < 1/2. In the expression (16) for STF, the terms with [ # 0
all vanish since b= > 2 and ® = V¥ is supported in an interval of length 2, while
the terms with [ = 0 sum to F(§) by the Calderén condition (6). Thus STF = F
as claimed. The argument is similar when b = 1, using disjointness of the integer
translates of the support of the Shannon V.|

Hence S is surjective onto L¢(RY), when b < 1/2 or b = 1. This surjectivity can
also be derived directly from the definition of S and properties of exponentials.

Surjectivity of S implies (by Fourier imbedding like in Corollary 2) that the Shan-
non time-scale system {u(2/x — bk) : j,k € Z} spans LP(R) for all 2 < p < oo,
whenever 0 < b < % or b=1.

When 1/2 < b < 1, the Shannon synthesis operator fails to be surjective. For
U has disjoint supports at different scales (since the sets 2/ E do not overlap), and
thus it suffices to examine scale j = 0, in the definition (1) of S, and find some
F € L(E) that cannot be written as Cy(£b)1g(€) for any Cy € LI(T) that is extended
I-periodically. To find such an F, we choose an open interval E* C (1/2,1) C E
having the property that E* — 1/b C (—1,—1/2) C E, which is possible because
1/2 <b< 1. Let F = 1p«, so that F =1 on E* and F =0 on E* — 1/b. Clearly F
cannot be written in the form Cy(£b)1g(€), since Cp(£b) would have the same value
at £ as at £ — 1/b.

One concludes the Shannon frequency-scale system is “unstable” with respect to
the translation step b, at the orthonormal case b = 1.

Interestingly, the negative dyadic dilation a = —2 yields perfect reconstruction
(ST = 1) for all 0 < b < 1 when using the asymmetric Shannon generator & = ¥V =
L(1/3.4/3), as one can deduce from expression (16) for STF.

10.6. Counterexample. Given 2 < p < oo, Tchamitchian and Lemarié [39, pp.

130,136] constructed a synthesizer 1 = ¥ in the Schwartz class with the property
that the 1, form a Riesz basis for L*(R), but do not span LP(R).
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Clearly this ¥ must not satisfy the hypotheses of Theorem 1. We speculate that its
support is too wide to allow any analyzer ® satisfying the discrete Calderén condition
to simultaneously satisfy A(®, ¥) < 1.

11. Rigorous treatment of the Mexican hat example

For the Mexican hat synthesizer ¥(£) = £2¢727°¢* we will prove the claim in Table 1
of Section 10 that A(®,¥) < 1 when a = 2,7 = .594,0 < b < 1.82 and

(€)= 1p(&)/ U, E={¢cR:7/db< e <r/2b}.

Hence by Corollary 2 with ¢ = \TJ, the Mexican hat time-scale system {¢(27z — bk) :
Jj € Z,k € Z} spans LP(R) for all 2 < p < oo. Taking b = 1 solves the Mexican hat
completeness problem (stated in the Introduction) for p > 2.

One reason for giving a rigorous treatment of the Mexican hat example, in this
section, is to show how easily it can be done with our approximate dual methods.
Previous frame conditions have been checked only numerically, for the Mexican hat

in L?; see [19, §3.3.5B], [14, §11.2].

Now we turn to the proof. Expression (20) can be used for A, as we saw in
Section 10.2. We must estimate ||®(§)W( —1b7")|| o (r) for each [ > 1. We need only
consider £ € F, the set where ® is supported. And we need only consider & > 0, as
follows. Firstly, @ is even, so that ®(§) = ®(—¢). Secondly, if £ € E with £ < 0, then
because 7 < 2/3 and b < 2 we have

21
£—lbl<—§—lb1§T/b

“2/3_ 1 _ V2

2 3 o1

Since W(¢) is strictly increasing for ¢ < —v/2/27, we deduce that 0 < ¥(¢ —[b7}) <
U(—¢ — Ib1). Thus we may suppose from now on that £ € E with £ > 0, so that
T/4b < & < 7/2b.
Define
pi(Q) = (¢ —1)exp (=272 —2/¢)), C€eR, leZ,
so that substituting ¢ = (£b)™! € [2/7,4/7] gives
(Ib~' — &)? exp ( — 272 (€ — lb_l)Q)
§2 exp(—21%¢?)
— BT~ b)),

Thus expression (20) for A becomes

A@, ) =2 |t Lo paprasn- (23)

=1
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We will begin by showing p; attains its maximum at one of the endpoints, over the
interval [2/7,4/7|. For this, we compute

Q) = 1(I¢ = 1)¢ P exp (= 2707211 — 2/))au(¢)
where the function
01(¢) = 2¢% — 4721 72( + 4n?b 2
is quadratic in ¢. Write ¢;* for the roots of o;(¢). Notice

01(3) = 18 — 127%™ 2 + 4n?h 2
< 18 — 872h 2 because | > 1
<0

since b < 2, so that the root ¢, must lie to the left of ( = 3. And 3 < 2/7 by
assumption on 7 = .594. Thus as ( increases from ( = 2/7 to ( = 4/7, the behavior
of the derivative pj falls into one of three cases: it either stays positive all the time
(if ¢;* <2/7), or changes sign once from negative to positive (if 2/7 < (" < 4/7), or
stays negative all the time (if (;* > 4/7). In each case, the maximum value of p;(¢)
on the interval ¢ € [2/7,4/7] is attained at an endpoint.

We now digress to motivate our choice of 7 = .594. Suppose we want to ensure the
[ =1 term in (23) is less than 1. It is straightforward to compute that 2p,(2/7) < 1

if and only if
2(1 —7
b <be(r)=m ( ) 5
log2 + 2log =+

and that 2p;(4/7) < 1 if and only if

2—T1
b < by = .
gt (7) 7T\/ log 2 + 2log ==

By plotting min(bief (7), byignt (7)) as a function of 7 € [0,2/3], we find its maximum
occurs at 7 ~ .594, where the value is 1.8207. That is why we choose 7 = .594 in this
section.

Returning now to our proof, for all b < 1.82 we estimate

2p1(¢) < 2(¢ —1)%exp (— 27°1.827%(1 — 2/())

so that
2p1(2/1) < 0.9970, 2p1(4/1) < 0.9967,

by direct calculation. Thus to prove A < 1 using (23), it suffices to show

o0

23" [u2/7) + p(3/7)] < 1077, (24)

=2
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We have

22@(2/7’) < 22(21/7’ —0)?exp (— 202Ul — 7))

32 _
< ) Zexp (l — 2427 (—4l 4+ 4 + Tl))
1=2

since I? < 2% exp(l — 2) and —1* < —4l + 4
32 _ .
= 5 eXp (27 —4)27%07%) /[1 —exp (1 + 270 2(17 — 4))]
<5x107°

since b < 1.82 and 7 = .594. The sum of 2p;(4/7) is similarly found to be less than
1079, and so estimate (24) follows, completing the proof.

12. Future directions

Is the mixed frame operator st(f) = [detb|> ;> (f, ¢jx)1jx bijective on LP in
the time domain, for 1 < p < oo, under suitable conditions on the analyzer and syn-
thesizer that cover the Mexican hat? If so, then each L? function can be expressed in
a series expansion using the 1); ; functions, which is much stronger than the spanning
property proved in Corollary 2.

Of course, if ¥ is an orthonormal wavelet then bijectivity holds because st(f) = f
in LP by Meyer’s unconditional basis result, but that proof breaks down when the
generators are only approximately dual (with st # id.) instead of being exactly dual
(with st = id.). Further, Tao [47] has shown that the frame operator need not be
bijective on LP(R) for 1 < p < 2, when ¢ = 9, even when the v, form a Riesz basis
and frame for L?(R).

Finally, are the large scales j < 0 really needed for spanning? When v equals
the second difference of the Gaussian with unit step size, the small scale system
{Yjr :j > 0,k € Z} already spans LP(R) by [4, §5]. Does the same result hold for
the Mexican hat, which is the negative second derivative of the Gaussian?
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