
Math 104 Practice problems for the final

Reminder: You are allowed to bring handwritten notes on three sides of 8.5 by 11 inch

sheets of paper with you to the final, which you will turn in with your exam. The exam

will be on Friday, May 16th, 7-10PM, in 60 Evans The exam will cover everything

we did in class except for the last week of material, corresponding roughly to Sections 1-20

and 22-34 in the book, as well as some of the scanned notes in metric spaces from Rudin

on bspace (you will be responsible for what was covered in lecture).

You now have plenty of problems on metric spaces and limsup/liminf, so those are omitted

here (see the long worksheet on these topics on bspace). The amount of problems below is

not meant to reflect the number of problems which will appear on the final, and some of

the problems serve more to remind you of various things you learned than to represent the

kind of problem (difficulty-wise) that will be on the final. Furthermore, you may find that

the practice problems reflect more of what we did after the second midterm. This is for

your practicing benefit only! The exam itself will be cumulative: there will be no

bias towards the last part of the course!

1) Let 1∗ be the Dedekind cut corresponding to 1 ∈ R. Prove that (1∗)−1 = 1∗.

2) True or False:

a) A function that is continuous on [a, b] − {c} where c ∈ [a, b] is uniformly continuous

on [a, b]− {c}.

b) The set {(n− 1)/n | n ∈ N} is dense in the interval [0, 1].

c) lim sup(sn)2 = (lim sup sn)2

d) lim sup(sn)3 = (lim sup sn)3

e) A bounded function that is differentiable on [a, b] is integrable on [a, b].

f) If f(x) =
∑∞

n=0 akx
k then the choices of ak are unique.

g) If fn(x) ≤ 1/n for all x, then
∑

n fn(x) converges everywhere.

h) A function that is continuous on (a, b) is bounded on (a, b).
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3) Consider the power series

∞∑
n=1

xn

n3
,

∞∑
n=1

x3n

2n
,

∞∑
n=1

x2n!.

For each one, determine the radius of convergence as well as the exact interval of conver-

gence.

4) a) Using the ε− δ definition of continuity, prove that x4 is a continuous function on R.

b) Using the definition of a convergent sequence only, prove that if {sn} converges to

s ∈ R then {s2n} converges to s2.

5) Let f be a twice differentiable function in the interval [0, 1]. Suppose that r, s, t ∈ [0, 1]

are defined so that r < s < t and f(r) = f(s) = f(t) = 0. Show that there exists an

x ∈ (0, 1) such that f ′′(x) = 0.

6) a) Show that if
∑
a2n+1 and

∑
a2n converge, then so does

∑
an. Does the converse

hold?

b) Suppose
∑
an converges and let bn = a2n+a2n+1 for n ≥ 0. Prove that

∑
bn converges.

If the series
∑
bn as defined above converges, can you necessarily conclude that

∑
an does

as well?

7) Suppose f is a real continuous function on R, and suppose f(a)f(b) < 0 for some a, b ∈ R.

Prove that there is a real number x between a and b such that f(x) = 0.

8) Let f be a real-valued function defined on the interval [0.b] as f(x) = x if x ∈ Q, and

f(x) = 0 otherwise. Consider the partition P = {0 = t0 < t1 < · · · < tn = b} of [0, b]. What

are the upper and lower Darboux sums U(f, P ) and L(f, P ). Is f integrable on [0, b]?

9) Suppose f is differentiable on R, and that 2 ≤ f ′(x) ≤ 3 for all x ∈ R. Given that

f(0) = 0, show that 2x ≤ f(x) ≤ 3x for all x ≥ 0. (Hint: use the mean value theorem in

the interval [0, x].)

10) Show that is f is integrable on [a, b], then f is integrable on any interval [c, d] ⊂ [a, b].

You can assume f is bounded.



11) a) Suppose r is irrational. Show that r1/104 and r + 104 are irrational as well.

b) Prove that (3 +
√

2)1/104 + 104 is irrational.

12) Let {sn} be defined as follows: s1 = a and sn+1 = s2n for n ≥ 1. Show that {sn}
converges if |a| ≤ 1 and diverges otherwise.

13) Consider the sets

A = [−2,
√

3] ∩Q, B = {x2 + x− 1 | x ∈ R}, C = {x ∈ R | x2 + x− 1 < 0}.

For each set, determine the maximum and minimum if they exist, as well as the infinimum

and supremum. Justify your answers with some sort of explanation, not necessarily a

complete proof.

14) Let fn(x) = x− xn on [0, 1] for n ∈ N.

a) Prove that fn has a pointwise limit f and determine what it is.

b) Prove that fn does not converge uniformly to f .

c) Is there an interval contained in [0, 1] for which fn → f uniformly? If so, what is it?

15) Let f(x) = 1 if |x| ≤ 1, let f(x) = −2 if 1 < |x| ≤ 2, and let f(x) = 0 if |x| > 2.

a) Calculate F (x) =
∫ x
0 f(t)dt for x ∈ R.

b) Sketch f and F .

c) Compute F ′ and state the precise range over which F ′ exists.

16) Let f(x) = x2(1− x) and g(x) = |f(x)| for x ∈ R.

a) Plot f and g.

b) Using the definition of differentiability, prove that g(x) is differentiable at 0 but not

at 1.

c) Compute the derivatives g(n)(x) and write down the Taylor series for g at x = 2.

Prove that this series is equal to −f(x) for all x ∈ R.

17) a) Suppose that f is differentiable on (0,∞), and that f ′(x) → 0 as x → ∞. Define

g(x) = f(x+ 1)− f(x). Use the mean value theorem to show that g(x)→ 0 as x→∞.



b) Use the intermediate value theorem to show that for all n ∈ N the polynomial

p(x) = x2n+1 − 4x+ 1

has at least three real roots. Prove that these roots must be irrational.

18) a) Use L’Hospital’s rule to evaluate

lim
x→0

x

ex − e−x
, lim

x→0

sin2x

x2
.

b) Let f be a real-valued function defined on (a, b). Suppose that f is twice differentiable

at x ∈ (a, b). Show that the limit

lim
h→0

f(x+ h) + f(x− h)− 2f(x)

h2

exists and is equal to f ′′(x).

c) Find an example of a real-valued function defined on an interval (a, b), where the limit

above exists and is finite for some x ∈ (a, b) but f is not twice differentiable at x.

19) Consider the following sequences:

an = (−1)n, bn =
1

n
, cn = n2, dn =

6n+ 1

7n− 3
.

a) For each sequence, give an example of a monotone subsequence.

b) For each sequence, find the set of subsequential limits.

c) Which of these sequences have a convergent subsequence?


