
Math 104 Practice problems for Midterm 2

Reminder: You are allowed to bring handwritten notes on one side of an 8.5 by 11 inch

sheet of paper with you to the midterm, which you will turn in with your exam. The exam

will be on Tuesday, April 8th, 3:40-5PM, in Hearst Mining 390 The exam will cover

everything we did in class from February 18 through March 20, corresponding roughly to

Sections 12-15 and 17-20 in the book, as well as some of the scanned notes in metric spaces

from Rudin on bspace (you will be responsible for what was covered in lecture).

You now have plenty of problems on metric spaces, so those are omitted here (see the long

worksheet on metric spaces on bspace). The amount of problems below is not meant to

reflect the number of problems which will appear on the midterm, and some of the problems

serve more to remind you of various things you learned than to represent the kind of problem

(difficulty-wise) that will be on the midterm.

1) a) Prove that if
∑
xn converges, then

∑
(x2n + x2n+1) also converges.

b) Find an explicit example where the converse does not hold.

2) True or False:

a) A series which passes the ratio test (i.e. for which the ratio test confirms convergence)

also passes the root test.

b) An open set can never be compact.

c) Any uniformly continuous function is continuous.

d) A continuous function f : [1, 2]→ [1, 2] must have a fixed point.

e) f(x) is continuous at a if and only if limx→a+ f(x) = limx→a− f(x).

f) A function f that is continuous and differentiable on an interval I but has unbounded

derivative on I cannot be uniformly continuous.

3) Prove the following stronger version of the ratio test: Let
∑
xn be a series.

a) If there is an N ∈ N and a ρ < 1 such that for all n ≥ N we have |xn+1|
|xn| < ρ, then the

series converges absolutely.
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b) If there is an N ∈ N such that for all n ≥ N we have |xn+1|
|xn| ≥ 1, then the series

diverges.

4) Let f : R→ R be defined by

f(x) = x if x is rational,

f(x) = x2 if x is irrational.

Using the definition of continuity directly prove that f is continuous at 1 and discontinuous

at 2.

5) Suppose f : R → R is continuous and periodic with period P > 0. That is, f(x+ P ) =

f(x) for all x ∈ R. Show that f achieves an absolute minimum and an absolute maximum.

6) Let f : (0, 1) → R be a bounded continuous function. Show that the function g(x) :=

x(1− x)f(x) is uniformly continuous.

7) Find example functions f and g such that the limit of neither f(x) nor g(x) exists as

x→ 0, but such that the limit of f(x) + g(x) exists as x→ 0.

8) Pick your favorite limit of a function problem (of the form limx→a f(x) = L) and prove

that the limit is what it is.

Challenge for the enthusiasts: Suppose f(x) is a bounded polynomial, in other words,

there is an M such that |f(x)| ≤M for all x ∈ R. Prove that f must be a constant.


