
MATH 113 MIDTERM 1 SOLUTIONS

1. (8 points) Let G be a group. Prove that the following is an equivalence relation on G: x∼ y if and only if
there is an element g ∈ G such that xg = gy.

(2 points) Reflexive: let e ∈ G be the identity element of G. For every x ∈ G, we have xe = ex by the definition
of identity, so x∼ x.

(3 points) Symmetric: suppose x∼ y for some x,y ∈G. Then there is an element g ∈G such that xg = gy. Since
G is a group, g has an inverse g−1 in G. We multiply both sides of the above equation by g−1 on the
left and on the right:

g−1xgg−1 = g−1gyg−1

and since gg−1 = g−1g = e this is equivalent to g−1x = yg−1, and thus y∼ x.

(3 points) Transitive: suppose x∼ y and y∼ z for x,y,z ∈ G. Thus there are elements g,h ∈ G such that xg = gy
and yh = hz. Since G is a group, h has an inverse h−1 ∈ G. Multiplying the second equation on the
right by h−1, we get yhh−1 = y = hzh−1. Plugging this into the first equation, we get xg = ghzh−1.
Now multiply both sides of this equation on the right by h to get xgh = ghzh−1h = ghz. Taking
g′ = gh ∈ G, we have xg′ = g′z and so x∼ z.



2. a) (2 points) Find two different generators for a subgroup of order 23 of Z345. FYI, 345 = 3 ·5 ·23. No
justification necessary.

For example, you can take 15 or 30 or 45 or any other element n of Z345 such that gcd(n,345) = 15. (2
points per generator)

b) (6 points) Find the (multiplicative) inverse of 113 in the group Z∗345.

This is equivalent to solving 113x≡ 1 (mod 345) and we do this using the Euclidean algorithm.

345 = 113 ·3+6

113 = 6 ·18+5

6 = 5 ·1+1

From this we get that 1 = 6− 5 = 6− 113+ 6 · 18 = (345− 113 · 3) · 19− 113 = 345 · 19− 113 · 58. Thus
113 · (−58) = 1−345 ·19≡ 1 (mod 345), so the inverse of 113 is −58 or 287. If you did this computation
and got the wrong answer, no points will be deducted.

c) (8 points) Prove that a group of order 345 is cyclic if and only if it is abelian.

(4 points) (⇒): Suppose G is a cyclic group of order 345. We know every cyclic group is abelian, regardless of
order, so G is abelian.

(4 points) (⇐): Suppose G is an abelian group of order 345. Then by the fundamental theorem of finitely
generated abelian groups we have G is isomorphic to a direct product of cyclic groups of order dividing
345, such that the product of the orders is 345. 345 can be written as a product of at most 3 factors
> 1. But any k,m,n|345 with kmn = 345 are relatively prime in pairs, so any such direct product of
cyclic groups is isomorphic to Z345. Thus G is necessarily cyclic.



3. a) (6 points) Write the following permutation in S7 as a product of transpositions and as a product of
3-cycles: (

1 2 3 4 5 6 7
2 5 6 7 1 3 4

)

Denoting the above permutation by σ , we have

σ = (1,2,5)(3,6)(4,7) = (1,5)(1,2)(3,6)(4,7) = (1,2,5)(3,6,4)(6,4,7)

Note: there is more than one right answer.

b) (5 points) Find the center of A3, the alternating group on 3 letters.

There are two ways to do this: One is to write out all 3 elements of A3 (σe,(1,2,3),(1,3,2)) and check
that the non-identity ones commute, another is to note that |A3| = 3, so it is cyclic since 3 is prime, so it is
abelian, and thus it is its own center.

c) (4 points) For a ∈ Z10, let σa : Z10→ Z10 be the map σa(x) = a+ x mod 10. Show that σa is a bijection.

(2 points) Surjective: for y∈Z10, let x≡ y−a mod 10, so x∈Z10. Note σa(x) = a+y−a= y, so σa is surjective.

(2 points) Injective: suppose σa(x) = σa(x′) for x,x′ ∈ Z10. That is, a+ x = a+ x′ where addition is mod 10.
Since Z10 is a group, we use the cancellation law to get x = x′.

d) (4 points) Prove that S40 has a non-cyclic subgroup of order 40.

Consider the non-cyclic group Z20×Z2 of order 40. By Cayley’s theorem, it is isomorphic to a subgroup
(also of order 40, also not cyclic) of S40, so S40 has a non-cyclic subgroup of order 40.



4. (1 point each) Mark each of the following as True or False. Please justify with a few words or a coun-
terexample.

a) Every group of order 6 is cyclic.

False: S3 is of order 6 but is nonabelian and thus also not cyclic.

b) Let G be a groups, let H be a subgroup of G and let K be a subgroup of H where (G : H) = 10 and
(H : K) = 2. Then the index (G : K) = 5.

False: (G : K) = (G : H)(H : K) = 20

c) There is only one abelian group of order 43 up to isomorphism.

True: 43 is prime, and so every group of order 43 is isomorphic to Z43.

d) The group H =

{(
1 3m
0 1

) ∣∣∣∣∣ m ∈ Z

}
with matrix multiplication is cyclic.

True: H is isomorphic to 3Z which is cyclic.

e) Let G be a group, and H a subgroup. Let g be some element of G. The kernel of the homomorphism
φg : H→ G where φg(x) = g−1xg is trivial.

True: If φg(x) = g−1xg = eG then xg = geG = g, and so x = eG.


