
Math 113 Midterm 2 Solutions

1. a) (7 points) Show that φ : Z×Z→ Z×Z2 where φ(a,b) = (3b−5a,2a−b) is a homomorphism, and
that the kernel of φ is the group 〈(6,10)〉.

We have φ((a,b))+φ((c,d)) = (3b−5a,2a−b)+ (3d−5c,2c−d) = (3(b+d)−5(a+ c),2(a+ c)−
(b+d)) = φ((a,b)+ (c,d)), so this is a homomorphism. Its kernel consists of pairs of integers (a,b) with
3b−5a = 0 and 2a−b≡ 0 mod 2. The latter holds iff b is even, so b = 2k for some integer k. Then we have
6k = 5a, so k = 5a/6, meaning that k is also divisible by 5. So k = 5k′ (i.e. b = 10k′) and a = 6k′. Thus the
kernel consists of pairs of integers (6k′,10k′) where k′ ∈ Z, which is precisely what we need.

b) (7 points) Classify the group Z×Z/〈(6,10)〉 up to the fundamental theorem of finitely generated abelian
groups. (Hint: use part (a))

Given part (a), we have that this is isomorphic to the image of φ , which is simply all of Z×Z2. To show
that this is indeed the image, consider an arbitrary element of Z×Z2. It is either of the form (x,0) or (x,1)
for some integer x. We have that φ((1,2)) = (1,0), and φ((3,5)) = (0,1), so φ((x,2x)+ r(3,5)) = (x,r).
Taking r = 0 or 1 gives us any of the elements of Z×Z2, so this is indeed the image.



2. Given a polynomial f (x) = xn + an−1xn−1 + · · ·+ a0 ∈ Z[x], one can obtain a polynomial f (x) ∈ Zp[x]
by reducing every coefficient mod p, where p is a prime. We showed on the practice exam that if f (x) is
irreducible in Zp[x], then f (x) is irreducible in Z[x] as well. You may use this fact in this problem.

a) (7 points) Show that f (x) = x3− x2 +7x+3001 is irreducible in Z[x].

Consider this polynomial mod 3. It is simply x3− x2 + x+ 1. We can show it’s irreducible over Z3 by
using the fact that a polynomial of degree 3 or 2 over a field is irreducible iff it has no zeroes. Namely, we
quickly check that 03−02+0+1 6= 0, 13−12+1+1 = 2 6= 0, and 23−22+2+1 = 1 6= 0 in Z3. Thus this
polynomial is irreducible over Z3 and thus also over Z.

b) (7 points) In this problem we show that the converse of the statement above does not hold in general.
Show that f (x) = x4−21x3+9x2+63x+6 is irreducible over Z, but that it is reducible over Z7. (Hint: find
a zero of f (x) in Z7 and say why this implies reducibility)

This polynomial is irreducible over Z by the Eisenstein criterion with p = 3. Modulo 7, this polynomial
reduces to x4 + 2x2− 1. Note that this polynomial is 0 when evaluated at 3 in Z7, and thus it factors as
(x−3)g(x) for some polynomial g(x) of degree 3. So it is reducible over Z7.



3. a) (7 points) Show that every finite field has prime characteristic.

On our homework we showed that every integral domain whose characteristic is > 0 has prime charac-
teristic. Since every finite field is in particular an integral domain, we have that if its characteristic is > 0 it
must be prime. Also, a finite field cannot have characteristic 0, since if this were the case then n · 1 6= k · 1
for any n 6= k ∈ Z>0 which would give us infinitely many elements. To see that this is true, note that
n ·1− k ·1 = (n− k) ·1 6= 0 if the field is of characteristic 0.

b) (7 points) Let p be a prime, let Fp denote a field consisting of p elements, and let 1 be the unity in this
field. Show that xp−1 = 1 for every unit x ∈ Fp, where xk denotes x · x · · · · · x multiplied k times. (Hint:
consider the multiplicative group of units in Fp)

The multiplicative group of units in Fp consists of all p−1 non-zero elements (units) in Fp. It has identity
1. The order of any element in this group is a divisor of the order of the group (i.e. of p− 1). Therefore
xp−1 = 1 for every x in this group: i.e. for every unit in Fp.



4. (2 points each) Mark each of the following as True or False. Please justify with a few words or a
counterexample (no need to write an essay, just make me believe you understand why the answer you chose
is the right one). “Proved in class” is a fine justification as long as we did indeed prove it in class (but gets
no credit if we didn’t prove it in class).

a) If F is a field, then F [x] has the same characteristic as F .

True: F [x] has the same unity as F , so the characteristic must also be the same.

b) There are no simple abelian groups of order 60.

True: Any simple abelian group has prime order.

c) If X is a G-set (G acts of X) and G is a finite group, then X is a finite set.

False: consider any infinite set X , any finite group G, and the trivial action gx = x for every g ∈ G and
every x ∈ X .

d) If F is a field with k+1 elements, then F∗, or the group of units in F , is isomorphic to Zk.

True: proved in class.


