
NOTES ON BASIC NUMBER THEORY

1. DIVISORS AND GREATEST COMMON DIVISORS

Definition 1.1. Let a,b be non-zero integers. We say b is divisible by a (or a divides b) if there is an

integer x such that a · x = b, and if this is the case we write a|b. Otherwise we write a 6 |b.

Example: We all know that 4872 is divisible by 2, since 2 · 2436 = 4872. Note that, in the notation

of Definition 1.1, in this example we have a = 2, b = 4872, and x = 2436. Therefore we can write

2|4872.

Another way of saying a|b is that a is a divisor of b, and we say a is a common divisor of b and c

if a|b and a|c. Note that since any nonzero integer has a finite number of divisors, any two nonzero

integers can have only a finite number of common divisors (of course, this is not true if b = c = 0). It

thus makes sense to make the following definition.

Definition 1.2. Given two integers b and c at least one of which is not 0, we say a is the greatest

common divisor of b and c if a is the greatest among all common divisors of b and c. The greatest

common divisor of b and c is denoted by gcd(b,c) or simply (b,c).

Example: gcd(154,42) = 14, gcd(23,42) = 1, and gcd(0,0) makes no sense.

If an integer b is not divisible by a, one can ask for the quotient and remainder of b divided by a.

From grade school, we “know” that there is supposed to be a unique answer to this question (otherwise

the grade school teachers’ task grading all their students’ math homework might get tedious). The

following theorem (which your grade school teacher may have forgotten to teach you) makes this

concept rigorous.

Theorem 1.3 (The Division Theorem). Let a and b be integers with a > 0. There exist unique integers

r and q such that b = qa+ r and 0≤ r < a.

Note that if a 6 |b, then r must in fact be an integer strictly between 0 and a.
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Proof. Consider the set (infinite)

S = {. . . ,b−2a,b−a,b,b+a,b+2a, . . .}

and let S+ be the intersection of S with the non-negative integers (why is this set nonempty?). By the

well ordering principle, S+ contains a smallest element. Denote this element by r. Note that 0≤ r < a.

We have r ≥ 0 by the definition of S+. We can show that r < a with a quick proof contradiction.

Suppose r ≥ a. Then r− a ≥ 0, and, given the definition of S and S+ above, we have r− a ∈ S+.

But, since a > 0, we have r−a < r, which contradicts the fact that r is the smallest element of S+. So

0≤ r < a as specified in the theorem.

Note also that r ∈ S implies r = b− qa for some q ∈ Z, and so we have found integers q and r

such that b = qa+ r and 0 ≤ r < a. It remains to show that r and q are unique given a and b as in

the theorem. Suppose then that there is another pair of integers, q′ and r′ such that b = q′a+ r′ and

0≤ r′ < a. Note that r′− r = a(q−q′), and so we have a|r− r′. Suppose r 6= r′. Then (prove it!) we

have |r− r′| ≥ a where | · | denotes absolute value. But, given 0≤ r′ < a and 0≤ r < a, we have also

that |r− r′|< a, (again, you can prove this for yourself), and we have a contradiction. So r = r′, and

q′a = qa = b− r. Dividing out by a, we get q = q′ as well, proving that r and q are unique as stated in

the theorem. �

Note that the method of finding q and r in the proof is roughly the algorithm one uses when finding

the quotient and remainder in one’s head. For this reason, Theorem 1.3 is often called the division

algorithm. Using this theorem, we can now show some nice facts about greatest common divisors and

more.

Theorem 1.4. Let g be the greatest common divisor of b and c. Then there exist integers x and y such

that g = bx+ cy.

Example: We saw that gcd(154,42) = 14, and, indeed, x = −1,y = 4 gives 154x+42y = 14. Simi-

larly, we saw that gcd(23,42) = 1, and taking x = 11,y =−6, we get 23x+42y = 1.

Proof. Consider the set S of all integer linear combinations bX + cY :

S = {bX + cY |X ,Y ∈ Z}
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and let S+ = S∩N be the intersection of S with positive integers (note this is different from our proof

of the division theorem). By the well ordering principle, there is a least element of S+, and we denote

this least element by d. By the definition of S, we have d = bx+ cy for some integers x,y. We now

show that d|b and d|c.

Suppose d 6 |b. By Theorem 1.3, there exist integers q and r such that b = dq+ r and 0 < r < d.

Therefore r = b−dq = b− (bx+ cy)q = b(1− xq)− cqy = b(1− xq)+ c(−qy), and by the definition

of S this means r ∈ S. Furthermore, since r > 0, r ∈ S+. But then r < d contradicts the fact that d is

the least element of S+, and so d|b.

The proof that d|c is identical to the above paragraph, replacing b by c throughout. So d|b and d|c.

Now, since g =gcd(b,c), we have b = gb′ and c = gc′ for some integers b′ and c′. So we may write

d = bx+ cy = g(b′x+ c′y). In other words, g|d, and so g ≤ d since d > 0. Also, g ≥ d since d is a

common divisor of b and c, and g is the greatest common divisor of b and c. Therefore g = d = bx+cy

as desired. �

Note that we have indeed proven more than just the existence of x and y above: along the way, we

gave a different characterization of the greatest common divisor:

Theorem 1.5. The greatest common divisor of b and c is the least positive value of bX + cY where X

and Y range over the integers.

Given this theorem, we quickly prove the following.

Theorem 1.6. For any positive integer m, we have gcd(mb,mc) = m·gcd(b,c).

Proof. Exercise (use Theorem 1.5). �

So far we have proven quite a few theorems about greatest common divisors, but the practically

minded reader might protest that none of this really helps in finding the greatest common divisor of

two integers. But we are equipped now to prove that there is an algorithm to do this which works (and

in fact usually works in about logc steps, but that is beyond the scope of these notes) to find the gcd

for any two integers b and c, provided at least one of them is nonzero.
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Theorem 1.7 (Euclidean Algorithm). Let b and c be integers with c > 0. Consider the following

repeated application of Theorem 1.3:

b = cq1 + r1, where 0 < r1 < c,

c = r1q2 + r2, where 0 < r2 < r1,

r1 = r2q3 + r3, where 0 < r3 < r2,

...
...

rn−2 = rn−1qn + rn, where 0 < rn < rn−1,

rn−1 = rnqn+1

which terminates once the remainder is 0. Note that if c|b then the process terminates at the first step.

Then we have gcd(b,c) = rn and one can obtain integers x and y such that gcd(b,c) = bx+ cy by

writing each ri as a linear combination of b and c, starting from the first line of the algorithm.

Proof. First, note that given two integers n,m which are not both 0, any common divisor d of n and m

is a divisor of gcd(n,m). Namely, let x and y be integers satisfying gcd(n,m) = nx+my (Theorem 1.4

guarantees the existence of x and y) and note that since d|n and d|m, we have d|(nx+my) =gcd(n,m).

Now note that gcd(b,c) =gcd(b−cq1,c). Namely, recall from Theorem 1.4 that there exist integers

x and y such that

gcd(b,c) = bx+ cy = (b− cq1)x+ c(y+q1x).

Since gcd(b− cq1,c) divides (b− cq1)x+ c(y+ q1x), we have that gcd(b− cq1,c)|gcd(b,c). Now,

since gcd(b,c)|b and gcd(b,c)|c, we have that gcd(b,c)|(b− cq1) as well. Therefore gcd(b,c) is a

common divisor of b−cq1 and c, and we have shown that this implies gcd(b,c)|gcd(b−cq1,c). Com-

bining this with gcd(b− cq1,c)|gcd(b,c), we have gcd(b− cq1,c) = gcd(b,c) as claimed. Therefore

we have

gcd(b,c) = gcd(b− cq1,c) = gcd(r1,c) = gcd(r1,c− r1q2) = gcd(r1,r2)

Continuing this process, we have

gcd(r1,r2)= gcd(r1−r2q3,r2)= gcd(r2,r3)= gcd(r2−r3q4,r3)= · · ·= gcd(rn−1,rn)= gcd(rn,0)= rn.
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Therefore we have gcd(b,c) = rn as desired.

Now we show that for every 1≤ i≤ n, we have ri is a linear combination of b and c by induction.

First, note that r1 = b−q1c and r2 = c− r1q2 = c−bq2 +q1q2c, so r1 and r2 are linear combinations

of b and c. Now suppose rk−1 = αb+ βc and rk = α ′b+ β ′c are linear combinations of b and c.

Since rk−1 = rkqk+1 + rk+1, we have rk+1 = αb+βc−α ′bqk+1−β ′cqk+1, and so rk+1 is also a linear

combination of b and c. Thus, by induction, every ri is a linear combination of b and c, and writing

each ri in this way will give us values x and y such that rn = bx+ cy. �

Example: To see the Euclidean algorithm in action, let’s find gcd(4572,222), as well as values x and

y such that gcd(4572,222) = 4572x+222y. As in the algorithm, we write

4572 = 222 ·20+132,

222 = 132 ·1+90,

132 = 90 ·1+42,

90 = 42 ·2+6,

42 = 6 ·7

and so we found that gcd(4572,222) = 6. Now, we have 6 = 90− 42 · 2 = 90− 2 · (132− 90) =

(222− 132)− 2 · (132− 222+ 132) = (222− 4572+ 222 · 20)− 2 · (2 · (4572− 222 · 20)− 222) =

4572 · (−5)+222 ·103, and so we have found that for x =−5,y = 103 we have

gcd(4572,222) = 4572x+222y.

2. FINDING SOLUTIONS TO CONGRUENCES

Definition 2.1. Let a,b,c be integers with c 6= 0. We say that a is congruent to b modulo c and write

a≡ b (mod c)

if and only if c|(a−b), or, equivalently, if a and b have the same remainder upon division by c.

Example: We have 56≡ 23 (mod 3) since 3|33, but 45 6≡ 10 (mod 11) since 11 6 |35.

Solving equations modulo integers c > 0 is a topic which is quite important to number theory and

beyond, but we won’t go into that here. We will merely consider when it is possible to solve the
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equation

ax≡ b (mod c)

for x, given a,b,c ∈ Z with c 6= 0. It turns out that this is related to our previous topic of greatest

common divisors.

Theorem 2.2. Let a,b,c ∈ Z with c 6= 0. Then the equation

ax≡ b (mod c)

has a solution x if and only if gcd(a,c)|b.

Proof. If x is a solution to ax ≡ b (mod c), we have that c|(ax− b). In other words, there is some

integer y such that cy = ax− b and so b = ax− cy. Since gcd(a,c)|(ax− kc) we have gcd(a,c)|b as

claimed.

Now suppose gcd(a,c)|b, so b = k·gcd(a,c) for some integer k. Then by Theorem 1.4 there are

integers x′ and y such that b = k·gcd(a,c) = akx′+ cky. Therefore we have c|b−akx′ and so x = kx′

solves the congruence. �

Example: The congruence

145x≡ 877 (mod 29)

has no solution, since gcd(145,29) = 29, and 29 6 |877. You could also see this by plugging in values

1,2, . . . ,29 for x one by one into the equation, but of course this might take a while. On the other hand,

145x≡ 877 (mod 64)

does have a solution, since gcd(145,64) = 1, and 1|877.

Note that if gcd(a,c)|b, we may find the solution x to ax ≡ b (mod c) as follows. Write b =

k·gcd(a,c), and use the method outlined at the end of the proof of Theorem 1.7 to find x′ and y such

that gcd(a,c) = ax′+ cy. Then take x = kx′ and that solves the congruence, as we saw in the proof

above!

Example: Consider the congruence

145x≡ 877 (mod 64)
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from above, which we know has a solution. We apply the Euclidean algorithm for finding gcd(145,64):

145 = 64 ·2+17,

64 = 17 ·3+13,

17 = 13 ·1+4,

13 = 4 ·3+1,

4 = 1 ·4.

Now use the above to find x′ and y such that 145x′+ 64y = 1. Namely, we have 1 = 13− 4 · 3 =

13−3(17−13) = 64−17 ·3−3(17−64+17 ·3) = 64−3(145−64 ·2)−3(4(145−64 ·2)−64) =

145 ·(−15)+64 ·34, so taking x′=−15,y= 34 gives 145x′+64y= 1. Since 877= 877 ·gcd(145,64),

we have that x = −15 ·877 = −13155 ≡ 29 (mod 64) solves the equation (you can check that this is

true).

3. FUNDAMENTAL THEOREM OF ARITHMETIC

We end these notes with a proof of the Fundamental Theorem of Arithmetic. To prove it, we will

use the following simple fact.

Theorem 3.1. If c|ab and gcd(b,c) = 1, then c|a. In particular, if p is a prime and p|ab then p|a or

p|b.

Proof. By Theorem 1.6, we have that gcd(ab,ac) = a·gcd(b,c) = a. Recall from the proof of The-

orem 1.7 that given two integers n,m which are not both 0, any common divisor d of n and m is a

divisor of gcd(n,m). Therefore, since c|ab and c|ac, we have that c|gcd(ab,ac) = a as desired.

To see the second part of the theorem, suppose p 6 |a and p 6 |b. Then in particular gcd(b, p) = 1. But

by the first part of the theorem this implies p|a which gives the desired contradiction, and so p must

divide at least one of a or b. �

We are now ready to show the following.

Theorem 3.2 (Fundamental Theorem of Arithmetic). Any integer n > 1 has a unique factorization

into primes, apart from the order of the prime factors.
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Proof. First, we prove by induction that every integer n > 1 has a factorization into primes. Note

that n = 2 is prime, so it is its own prime factorization. Now suppose that every k < n has a prime

factorization. If n = q is prime, n = q is the prime factorization of n. Otherwise, let p be the smallest

prime such that p|n: i.e. n = n1 p for some integer n1 < n. By the induction hypothesis, n1 has a prime

factorization, n1 = q1q2 · · ·qs for primes q1, . . . ,qs. Therefore n = pq1q2 · · ·qs is a prime factorization

for n, and by induction we have that every n > 1 has a prime factorization.

We now prove uniqueness. Suppose that there is an integer n > 1 which has two different factor-

izations into primes,

n = p1 p2 · · · pr = q1q2 · · ·qs

so that there is a 1 ≤ j ≤ s such that q j 6= pi for any 1≤ i≤ r. Dividing out the expression above by

any primes common to {p1, . . . , pr} and {q1, . . . ,qs} we get

p′1 p′2 · · · p′t = q′1q′2 · · ·q′w

such that p′i 6= q′j for any 1 ≤ i ≤ t, 1 ≤ j ≤ w. But then we have p′1|q′1q′2 · · ·q′w, and by Theorem 3.1

we have p′1|q′1 or p′1|q′2 · · ·q′w. If p′1|q′1 we have p′1 = q′1 since p′1 and q′1 are primes, which is a

contradiction. Therefore p′1|q′2 · · ·q′w. Again by Theorem 3.1 we have p′1|q′2, which would lead to a

contradiction, or p′1|q′3 · · ·q′w. Continuing in this way, we get that p′1 must divide q′w−1 or qw, both

of which lead to a contradiction. Therefore every n > 1 has a unique factorization into primes as

claimed. �
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