
MATH 347 MIDTERM 2

1. In this problem we use strong induction to show that every positive integer can be written as the sum of
distinct powers of 2: for example: 10 = 23 +2, 29 = 24 +23 +22 +20, etc.

a) (2 points) Write down and prove the base case of this statement.

The base case is n = 1. We have 1 = 20, so it is true.

b) (3 points) Write down the strong inductive hypothesis for this proof.

Suppose that for some n ≥ 1, we have that for all 1 ≤ k ≤ n the number k can be expressed as a sum of
distinct powers of 2.

c) (10 points) Prove the inductive step. (Hint: Let 2k be the largest power of 2 less than or equal to n+ 1
and consider whether or not you can write n+1−2k as the sum of distinct powers of 2, using in particular
the inductive hypothesis)

Let 2k be the largest power of 2 such that 2k ≤ n+ 1. If n+ 1 = 2k then we are done. Otherwise, since
2k ≥ 20 = 1, we have 1≤ n+1−2k ≤ n+1 and hence by the inductive hypothesis n+1−2k can be written
as the sum of distinct powers of 2. Furthermore, note that 2k > n+1−2k since 2k +2k = 2k+1 > n+1 by
the way we defined k. Hence n+ 1− 2k can be written as the sum of distinct powers of 2, all less than 2k.
Thus adding 2k to this sum will yield a sum of distinct powers of 2, which is equal to n+1−2k +2k = n+1.

2. a) (6 points) Let h(x) = 1√
x+1 . Find the domain of this function in R and prove that this function is

bounded.

The domain of this function is [0,∞). The function is bounded below by 0, since
√

x+ 1 and hence its
reciprocal is always positive. The function is bounded above by 1, since

√
x+1≥ 1 and hence its reciprocal

is ≤ 1.

b) (8 points) Show that if g(x) = 1/ f (x) is defined on all of R and is bounded above and below by some
positive number, then f (x) is bounded as well. Would this be true if g(x) = 1/ f (x) were defined on all of R
and bounded above and below by some number, not necessarily positive? Explain why or why not.

If g(x) = 1/ f (x) is bounded above and below by positive numbers then m≤ 1/ f (x)≤M for some positive
numbers m and M. Since m and M are positive, we have f (x)≥ 1/M and f (x)≤ 1/m, and so f is bounded.

If we take away the requirement that m and M be positive, the claim need not be true: consider a function
g(x) = 1/ f (x) which is bounded above by 0 (without ever attaining 0) and below by −3. Then f (x) need
not be bounded below: if g(x) can get arbitrarily close to 0, then f (x) can take on arbitrarily negative values.

3. Let f : A→ B, g : B→C be functions such that we can define their composition h = g◦ f : A→C.

a) (6 points) Show that if h is not injective, then at least one of f or g must be not injective.

We prove the equivalent contrapositive: if f (x) and g(x) are injective, then so is h(x). Consider h(x) =



h(y), in other words g( f (x)) = g( f (y)). Since g is injective, we have f (x) = f (y), and since f is injective,
this means x = y. Hence h is injective.

b) (4 points) Find an example of f and g where h is not injective but one of f , g is. No justification necessary
if your example is correct.

Really, any example of an injective f and a non-injective g will work: for example, let f (x) = x and
g(x) = x2 (meaning h(x) = x2).

c) (3 points) Give an example of f and g where h is a bijection but A is a proper subset of C.

Consider A = 2N, the set of even natural numbers, and B,C = N. Let f (x) = x/2, and let g(x) = x. Then
g◦ f is a bijection from 2N to N, where the first is a proper subset of the second.

4. (2 points each) Mark each of the following as True or False. Please justify with a few words or a
counterexample (no need to write an essay, just make me believe you understand why the answer you chose
is the right one). “Proved in class” is a fine justification as long as we did indeed prove it in class (but gets
no credit if we didn’t prove it in class).

a) If f : R→ R is strictly increasing, then f is an unbounded function.

False: consider a function which is bounded above by 5 and below by 0, which are both horizontal
asymptotes of the graph of the function, such that the function increases between the two.

b) If there is an injection from A to B and an injection from B to A then A and B have the same cardinality.

True: sketched a proof in class.

c) If S is a bounded subset of R and −S is defined as −S = {−s|s ∈ S}, then sup(−S) =− inf(S).

True: proved in class.

d) Any statement which can be proven using induction can be proven using strong induction.

True: in induction one assumes less to prove the statement than in strong induction.


