
MATH 347 MIDTERM 3 SOLUTIONS

1. Let (sn) be defined as follows: s1 = 2 and sn+1 =
1
2(sn +6) for n≥ 1.

a) (10 points) Show that this sequence converges.

First, we show that sn < 6 for all n. We do this by induction. In the base case, s1 = 2 < 6. Suppose that
for some n≥ 1 we have sn < 6. Then sn+1 =

sn+6
2 < 6+6

2 = 6 as well. Hence, by induction, sn < 6 for all n.

Now we quickly prove that sn is increasing. To do this, note that sn+1− sn =
6−sn

2 > 6−6
2 = 0. Hence the

sequence is increasing and bounded above. By the monotone convergence theorem, the sequence converges.

b) (6 points) Given what you showed in part (a), find limn→∞ sn. Justify your answer.

We have from part (a) that limsn = a for some real number a. So a = limsn = limsn+1 = lim 1
2(sn + 6)

and by limit theorems we get that a = (a+6)/2 and so a = 6. Hence the limit is 6.

2. a) (8 points) Let A⊂ R be nonempty and bounded above. Let s = supA. Prove that for every n ∈ N there
exists x ∈ A such that

s− 1
n
< x≤ s.

Suppose there is some n ∈N such that there is no x ∈ A such that s− 1
n < x≤ s. But then we get that s− 1

n
is an upper bound for A, and it is smaller than s = sup(A), a contradiction. So the claim above is proved.

b) (6 points) What can you say about a nonempty subset A of real numbers for which supA = infA? Justify
your answer.

This subset contains just one element, x = supA = infA. This is because, for all a ∈ A, we have x =

infA≤ y≤ supA = x, and so y = x.

3. Decide, with justification, whether the following series converge or diverge.

a) (4 points) ∑
∞
n=1

n!(n+1)!
(3n)!

We use the ratio test:

lim
∣∣∣∣(n+1)!(n+2)!

(3n+3)!
· (3n)!

n!(n+1)!

∣∣∣∣= lim
(n+2)(n+1)

(3n+3)(3n+2)(3n+1)
= 0 < 1

and so the sequence converges.

b) (4 points) ∑
∞
n=1

n3

n5+2

We use the comparison test: ∣∣∣∣ n3

n5 +2

∣∣∣∣≤ n3

n5 =
1
n2

for all n. Since ∑
1
n2 converges, by the comparison test so does the series above.

c) (4 points) ∑
∞
n=1

1
2n+1



We use the comparison test:
1

2n+1
≥ 1

3n

for all n. Since ∑
1
n diverges, so does ∑

1
3n , and hence the series above diverges by the comparison test.

4. (2 points each) Mark each of the following as True or False. Please justify with a few words or a
counterexample (no need to write an essay, just make me believe you understand why the answer you chose
is the right one). “Proved in class” is a fine justification as long as we did indeed prove it in class (but gets
no credit if we didn’t prove it in class).

a) There is an irrational number between 300
4567 and 301

4567 .

True: this is by denseness of irrationals in R, which we proved in a homework.

b) If (an) and (an +bn) are both convergent, then (bn) is convergent.

True: by a limit theorem, we have limbn = lim(an +bn)− liman since both (an) and (an +bn) converge.

c) If (an) and (anbn) are both convergent, then (bn) is convergent.

False: Consider the sequences (n) and
(1

n

)
.

d) The sequence described in problem 1 of this midterm is a Cauchy sequence.

True: we proved that sequence converges, and convergent sequences are Cauchy.


