
§5.2

13. Let A be an m× n matrix. Show that

a) If x ε N(AT A), then Ax is in both R(A) and N(AT ).

b) N(AT A) = N(A).

c) A and AT A have the same rank.

d) If A has linearly independent columns then AT A is nonsingular.

Solutions:

a) Note that since x ε N(AT A) we know that x ε Rn. Recall from the book
that R(A) = {b ε Rm : b = Ax for some x ε Rn}. Thus, it is clear that
Ax ε R(A) since Ax generates the elements in R(A) by the definiton. Also,
note that N(AT ) has all elemnets y such that AT y = 0. Clearly, Ax ε N(AT )
because x ε N(AT A) which implies that AT (Ax) = 0 for all Ax.

b) Consider the fact that N(A) is all x such that Ax = 0. Now let us multiply
both sides of Ax = 0 by AT . This yields AT Ax = AT 0 = 0 for all x. Since
N(AT A) is all x such that AT Ax = 0, it clearly follows that N(AT A) is a subset
of N(A). Now we must show that N(A) is a subset of N(AT A). We know that
N(AT A) is all x such that AT Ax = 0. Also form (a) we know if x ε N(AT A),
then Ax is in both R(A) and N(AT ). Since R(A) and N(AT ) are orthogonal
subspaces we know that the only element they can have in common is 0. Thus,
this implies Ax = 0. Now we have shown that N(A) is a subset of N(AT A).
Therefore it clearly follows that N(AT A) = N(A).

c) Since we know that N(AT A) = N(A) we know that dim(N(AT A)) =
dim(N(A)) = a where a is some integer. Also by the rank nullity theorem
we know rank(AT A) + dim(N(AT A)) = n. Furthermore, by the rank nullity
theorem we know rank(A) + dim(N(A)) = n. Both these equations imply
that rank(AT A) = n − dim(N(AT A)) and rank(A) = n − dim(N(A)). This
implies rank(AT A) = n−a and rank(A) = n−a. Thus rank(AT A) = rank(A).

d) If A has linearly independent columns then its rank is clearly n. In (c)
we showed that A and AT A have the same rank. This implies that if A has
rank n then AT A has rank n. Since AT A has rank n in this case its columns
must be lineraly independent, which clearly means that AT A is nonsingular
since it is a n× n matrix.
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9. Let A be an m× n matrix of rank n and let P = A(AT A)−1AT .
(a) Show that Pb = b for every b ∈ R(A). Explain this in terms of

projections.
(b) If b ∈ R(A)⊥, show that Pb = 0.
(c) Give a geometric illustration of parts (a) and (b) if R(A) is a plane

through the origin in R3.

Solution:
(a)

Pb = A(AT A)−1AT b = A(AT A)−1(AT A)x

because A is an m× n matrix of rank n, and so

A(AT A)−1(AT A)x = Ax = b

clearly, for every b ∈ R(A) The above matrix P gives us the projection of b
onto R(A). If we have that b is an element of R(A), then the projection of any
b onto R(A) will be b itself. It makes sense that Pb = b.

(b) If b ∈ R(A)⊥, then b is orthogonal to all of the vectors contained within
R(A). This tells us that the scalar product of b with every element of R(A)
will be equal to 0. Therefore, AT b = 0, and so A(AT A)−1AT b = Pb0.

(c) If R(A) is a plane through the origin in R3, we have, as geometric inter-
pretations, that:

i. In (a), each vector b is contained within the plane R(A).
ii. In (b), each vector b is orthogonal to the plane R(A).
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