
§6.1

6. An n × n matrix is said to be idempotent if A2 = A. Show that if λ is
an eigenvalue of an idempotent matrix then λ must be either 0 or 1.

Solution: (Jeff)

By the definiton of an eigenvalue we know from the given that there is a nonzero
vector x such that Ax = λx. Multiplying A on both sides of this equation yields
A2x = A(λx). Applying the definition again we obtain A2x = λ2x. Since A is
idempotent we know that A2 = A. This means that A2x = Ax which implies
that λx = λ2x. Since x is nonzero we must have λ = λ2. This then clearly
implies that λ = 0, 1.

18. Let Q be an orthogonal matrix.
(a) Show that if λ is an eigenvalue of Q then |λ| = 1.
(b) Show that |det(Q)| = 1.

Solution: (Joe)

(a) By the definition of an eigenvalue, we have that Qx = λx. We also
know that one of the properties of orthogonal matrices is that ‖Qx‖2 = ‖x‖2.
Therefore, ‖λx‖2 = ‖x‖2, so |λ| = 1.

(b) There are two ways to go about solving this problem. The first uses
eigenvalues, and the second does not:

(i) From part (a), we know that the eigenvalues of Q all have abso-
lute value 1. Then, |λ1λ2 · · ·λn| = 1. We have defined that for a matrix A,
det(A)= λ1λ2 · · ·λn. So we have that |det(Q)| = 1.

(ii) Since Q is an orthogonal matrix, QT Q = I. Let us take the determi-
nant of QT Q:

det(QT Q) = det(I)

det(QT Q) = 1

det(QT )det(Q) = 1

So either det(QT ) = det(Q) = −1 or det(QT ) = det(Q) = 1. Therefore, we
have that |det(Q)| = 1.

27. Let λ1 and λ2 be distinct eigenvalues of A. Let x be an eigenvector of
A belonging to λ1 and let y be an eigenvector of AT belonging to λ2. Show that
x and y are orthogonal.
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Solution: (Jeff)

By the deifiniton of eigenvalue and eigenvector we know Ax = λ1x and AT y =
λ2y.

Consider xT AT y, on the one hand, it equals

xT (AT y) = xT (λ2y) = λ2xT y;

on the other hand, it equals

(xT AT )y = (Ax)T y = λ1xT y.

Therefore
λ1xT y = λ2xT y

since λ1 6= λ2, so xT y = 0, that is x and y are orthogonal.

28. Let A and B be n × n matrices. Show that
(a) If λ is a nonzero eigenvalue of AB, then it is also an eigenvalue of

BA.
(b) If λ = 0 is an eigenvalue of AB, then λ = 0 is also an eigenvalue of

BA.
Solution: (Joe)
(a) Let us start with the definition of an eigenvalue for AB.

ABx = λx

BA(Bx) = λ(Bx)

We have that λ is an eigenvalue for BA, but we must show that Bx is nonzero.
Suppose Bx = 0. Then λ = 0, but this contradicts our given information that
λ 6= 0. Therefore, Bx 6= 0. We have our desired result.

(b) Let us start once again with the definition of an eigenvalue for AB for
this case.

ABx = λx, λ = 0

ABx = 0

Then AB is singular.
det(AB) = 0

det(A)det(B) = 0

det(B)det(A) = 0

det(BA) = 0

Then BA is also singular.
BAx = 0

BAx = λx, λ = 0

Therefore, λ = 0 is an eigenvalue of BA.
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