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1. INTRODUCTION.

Differentiation and absolute continuity are difficult topics for stu-
dents in a graduate integration course. We outline here a simplified
approach that has cut almost in half the time previously spent by the
second author in covering these topics (as developed in chapter 5 of
[7]); the time saved is used for a deeper discussion of Hilbert spaces
and Fourier analysis. Our simplified approach uses a local maximal
function. It was originally developed and employed by the authors in
2], [3], and [4] to deal with limit theorems in various settings. The
advantage gained is that many limit results can be established just by
proving them for sets where the relevant input vanishes.

2. MEASURES FROM INTEGRATORS.

We work with Lebesgue measure A on a bounded open interval
J = (=N,N). In the development of the Lebesgue integral, most
proofs establish at the same time equivalent results for a general Borel
measure /i and the pup-integral. Here, 115 is formed from an increasing,
right-continuous integrator F' by replacing the length of each interval
(a,b] with the change of F. We assume that lim, .,y F(x) and
lim, ,y_ F(z) are finite. If we start with a finite Borel measure v on
J, then F,(z) = v(—N, x| defines an integrator with v = i, .

3. LUsSIN’S THEOREM.

We need Lusin’s theorem. Here is a proof by Erik Talvila and the
second author from [5], restricted to the case of Lebesgue measure and
the real line R. It is simpler than one based on Egoroft’s theorem.

Theorem 3.1 (Lusin). Let f be a Lebesque measurable, real-valued
function on J. For each € > 0 there is a compact subset K of J with
AMJ\ K) < € such that f restricted to K is continuous.
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Proof. Let (V,, : n € N) be an enumeration of the open intervals in R
with rational endpoints. Fix compact subsets K, of f~![V,] and K/, of
J\ f71V,] for each n so that A\(J \ K) < ¢ when K = (K, UK,)).
Given z in K and an n with f(z) in V,,, we see that = belongs to the
open set O := J \ K/, and f[O N K] is contained in V,,. O

4. THE OPTIMAL COVERING THEOREM FOR R.

We also use the following optimal covering theorem for the real line
developed by J. Aldaz [1] from a lemma of T. Radé [6]. In [1], the

constant 3 is improved to 2 + ¢ for an arbitrary € > 0.

Theorem 4.1 (Radé-Aldaz). Let i be a finite Borel measure on J.
If T is an arbitrary collection of nondegenerate intervals, all contained
in J, then the set Ujerl is measurable, and there is a finite disjoint
subset {I,--- ,1;} of T such that

p(Urer]) <3~ ().
Proof. 1t is easy to see that (Urezl) \ (Urez°) is at most a countable
set. By Lindelof’s theorem we may assume that Z itself is a countable,
ordered collection {I,} with measurable union having finite measure.
Choose m in N so that

3
5 ) N(U;nzlln) > M(U?zozlln) = H(UIGII)-

We now employ the method of Radé’s lemma by discarding redundant
intervals so that each remaining interval I,, with n < m contains a point
2 not in any other remaining interval [, with & < m. We order these
points z; and reorder the corresponding intervals in the same order so
that for any indices ¢, j, and k with ¢« < j < k we have z; < x; < zy,
and thus I; C (—oo,z;) and I C (z;,+00). Since the intervals with
even indices form a disjoint collection, as do the intervals with odd
indices, the desired subset of 7 is whichever of these two families has
the greater total measure. [

5. A LOCAL MAXIMAL FUNCTION.

The principal device of our approach to differentiation is a local
maximal function defined in terms of a finite Borel measure i and
Lebesgue measure A on J = (=N, N). For example, u may be the
measure Ay generated by A and a nonnegative integrable function f on
J, where \f(A) = [, f dX for each Borel subset A of J.

We let Z(x,r) denote to the collection of all nondegenerate intervals

I containing z and contained in J with I having length A(I) < r, and
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we set

()
M, r, x sup
( ) IeI(x,r) /\<I)

Since M (p,r, x) decreases as r decreases, we can set

M(p,z) = rl—i>I(I)l+ M(p,r, x).

We call M (u,-) the local maximal function generated by p and .

Recall that the classical maximal function at = for a measure 1 takes
the value sup,-, M (u, 7, x) (see, for example, [8]). As is the case with
the classical maximal function, we have the following inequality:

Proposition 5.1. Let E be a subset of J. For each o > 0, let E, =
{r € E: M(u,x) > a}. Then the Lebesque outer measure \*(E,)
satisfies

Proof. Each point x in FE, is contained in an interval I, in Z(z,1)
such that o - A(I,) < p(I;). By Theorem 4.1 there is a finite disjoint
subcollection {I3,--- , I,} of these intervals such that

N (Ba) € MUsep, 1) <3+ S\ < “Siu(l) < = (). O

Next, we capsulize the advantage of localizing our maximal function.

Theorem 5.2. If F is a Borel subset of J with u(E) = 0, then
M(p,x) =0 for Lebesgue almost all x in E.

Proof. Fix o > 0 and an € > 0. Since pu(F) = 0, there is an open set U
with £ C U C J such that u(U) < ea/3. Let v be the finite measure
on J defined by setting v(A) = p(ANU) for each Borel subset A of J.
For each z in E, M(u,x) = lim, o, M(u,r,z) can be calculated with
values of r small enough so that all intervals in Z(z, r) lie inside U. For
these points x it follows that M (u,z) = M (v, ), whence

E,={zxeE:Mpzx)>a}={xeE: Mv,z)> a}.
Therefore,

N (B < 2uld) = u(v) <

3

a
Since ¢ is arbitrary, \*(E,) = 0.
U

Since « is arbitrary, the result follows.
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Corollary 5.3. Let \s be the finite measure on J generated by Lebesgue
measure X\ and a nonnegative integrable function f. If f(x) = 0 for
Lebesgue almost all points of a Borel subset E of J, then M(Af,x) =0
for Lebesgue almost all x in E.

6. DIFFERENTIATION.

Our next, and principal, result shows the need to consider coverings
for which each point of the set that is covered may be an endpoint of
the corresponding covering interval.

Theorem 6.1 (Lebesgue Differentiation Theorem). For every
Lebesque integrable function f on R, each of the following equalities
holds Lebesgue almost everywhere on R:

1
lim oo [ fan = fa)
[x—r,z+7]

r—0+ 21
1
lim — d\ =
rir(l),lJr’f‘ [x,erT]f f(x)’
1
fm o) = @

Proof. We need only prove the result when f > 0 and for points of
J = (=N, N). By Lusin’s theorem, for each £ > 0, there is a compact
subset K of J with A(J\ K) < ¢ such that f|K is continuous on K. We
can extend f|K with a nonnegative, bounded function g that vanishes
on K so that h:= f - xx + ¢ is continuous on J. Now on J,

f=h=g9g+f Xnk

By Corollary 5.3 and the continuity of A, each limit result holds almost
everywhere on K for h, g, and f - X, g, and thus for f. Since ¢ is
arbitrary, the limit results are established for almost all points of J. [J

Corollary 6.2. If f is A-integrable on [a,b] and F : [a,b] — R is
defined by F(x) = [ f d\+C where C is a constant, then F'(x) = f(x)

for X-almost all x in [a,b].

To differentiate general integrators, we need the following result for

a finite measure v on J = (—N, N) and integrator F,, where F,(x) =
v((—=N,z]) at each z in J.

Theorem 6.3. If v is a finite Borel measure on J and E is a Borel
subset of J with v(E) = 0, then F, has a zero derivative Lebesque
almost everywhere on E.
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Proof. Since v(E) =0, v({a}) = 0 for each point a of E. Moreover, by
Theorem 5.2, M(v,a) = 0 for A-almost all points a in E. Given such a
point a and small Az > 0, we have

F,(a+Az)—F,(a)  v(a,a+Azx]  vie,a+ Ax]
Az B Az B Az ’
F,(a —Az) - F,(a)  F,(a)—F,(a —Az) v(a— Ax,a
—Ax B Az B Az '

Since both ratios have limit 0 as Az — 0, F)(a) exists and is 0. O

7. ABSOLUTE CONTINUITY.

In the development of absolute continuity, we apply the Radon-
Nikodym derivative theorem and its corollary, the Lebesgue decom-
position theorem, but the proofs are postponed until the assignment of
exercises on Hilbert spaces (see [7, p. 280]). The treatment of functions
of bounded variation is the usual one, except almost everywhere differ-
entiability is established somewhat later. Similarly, the introduction of
absolutely continuous functions is standard.

That introduction leads to the relationship between absolute conti-
nuity of functions and the absolute continuity of measures with respect
to Lebesgue measure. Because we are working with finite measures on a
bounded interval J = (—N, N), a Borel measure p is absolutely contin-
uous with respect to A (in symbols << A) if and only if for each £ > 0
there is a 0 > 0 such that A\E < ¢ implies that uF < . Moreover, for
the Borel measure p, obtained from an integrator F' on J, pup << A
if and only if F' is absolutely continuous. In this case, it follows from
the Radon-Nikodym derivative theorem that there is a nonnegative
Lebesgue integrable function f on J such that F(x) = f(f N f d\ for
each z in J, whence by Theorem 6.1 F’(x) exists and equals f(z) for
almost all x in J.

It is easy to show that an absolutely continuous function f on an
interval [a,b] is of bounded variation, and its total variation 77 f ,
positive variation P7f, and negative variation N7 f are all absolutely
continuous on [a, b]. It follows that any such f is the difference of two
nonnegative, increasing (by this we mean nondecreasing) absolutely
continuous functions on [a,b]. Moreover, we can always extend f so
that it is constant above b and below a, and thus absolutely continuous

on J. We therefore have the following result:
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Theorem 7.1. If F' is absolutely continuous on |a,b|, then its deriva-
tive F' exists Lebesgue almost everywhere on [a,b], and

F(a:):F(a)—i-/xF’ d\

for XA-almost all x in [a,b].

Finally, to show that any increasing real-valued function (hence any
function of bounded variation) has a derivative Lebesgue almost every-
where, we consider an increasing function F': J — R. We assume that
F has finite limits at the endpoints —N and N of J. It is an interesting
exercise to show that if GG is an increasing function equal to F except
at points where F' jumps, then F' = G’ at points where either deriv-
ative exists. We may assume, therefore, that F' is a right-continuous
integrator generating a finite measure. By the Lebesgue decomposition
theorem that measure is the sum of a measure y such that © << A\ and
a measure v for which there is a Lebesgue null set A contained in J
with v(J \ A) = 0. It follows from Theorem 6.3 that the cumulative
distribution function F, has a zero derivative Lebesgue almost every-
where in J. Since F), has a derivative Lebesgue almost everywhere in
J, the same is true for F' = F), + F,,. Thus, with the inequality proved
as in [7, p. 101], we have the following result:

Theorem 7.2. An increasing real-valued function F' on an interval
[a, b] has a derivative f Lebesque almost everywhere on |a, b], and fab fdx<
F(b) — F(a). The inequality can be replaced with equality if and only if

F' is absolutely continuous on |a, b].
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