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1. A TurorING RooM 1S OPEN
7-9 p.m, Monday, Tuesday, Wednesday, Thursday, Room 140 Lincoln Hall.

2. HOMEWORK 9 DUE TUESDAY, SEPTEMBER 26 AT 9 A.M.

Section 3.4: #24.
Section 3.5: #14, 20, 26, 28, 34, 38.
Section 3.6: #4, 8, 12, 20, 22 (give exact answers).

3. HOMEWORK 10 DUE THURSDAY, SEPTEMBER 28 AT 9 A.M.

Section 3.6: #2, 6, 38, 44, 46 (give exact answers).
Section 3.7: #8, 12, 16, 24, 36, 66, 74 (work in radians).

4. WRITTEN PROBLEM FOR THIS WEEK

A large cube of ice is decreasing in volume at a rate of 6 cm® per minute. Find the
rate of change of the edge (it should be negative) when the volume is 64 cm3? Show
all your work.

. DIFFERENTIATION OF TRIGONOMETRIC FUNCTIONS
Recall that

lim sin =1, and lim
h—o h h—0

1— h
cosh _ o

Theorem 1. The functions sin and cos are differentiable on the whole real line, and
D sinx =cosx, Dcosz = —sinz.

Proof. For small values of h # 0,

sin(z +h) —sinz | [sinz cos h + cosz sin h] —sinz

lim = lim

h—0 h h—0 h
) sin A . 1—-cosh

= lim ( coszx - —sinxy - ———— | = cos .
h—0 h h
For the result for cos, we note that
D, cosx = D, sin(z+ g) = cos(z + g) = cos(—z — g)

= sin(—z) = —sinz. O

We now have the following rules for differentiation of trigonometric functions that
follow from these two rules and the usual rules on products, quotients, etc. You
must know these. Note that the minus signs go with the “co” functions.

D,sinx =cosz, D,cosx = —sinx



MATH 220, LOEB LECTURE 14, SEPTEMBER 25, 2006 2

D,tanz = sec?z, D,cotz = —csc’z
D,secrx =secx tanx, D,cscx = —cscx cotz.

These rules hold at all points x for which the functions and corresponding derivatives
are defined.

Proofs:
. ) )
sin x cos“x +sin“x 1 9
D, tanx =D, = 5 = 5 = sec” .
cos T cos®x cos? x
. 2 2
cosx —sin“x —cos“x —1
D,cotx =D,— = —5 = — = —cscx.
sin x sin” x sin® x
1 —1 .
D,secx =D, = ———(—sinz) =secz tanz.
cosr  cos’w
1 -1
D,cscx =D, = —5— - (cosx) = —cscx cot x.

siny  sin’z
Sample Problem: Find D, sin+/z.

Solution: )

2\/1
6. INVERSE FUNCTIONS

For certain functions y = f(x), it is also true that z is a function of y, i.e., x = g(y).
That is, z = g(f(x)) and y = f(g(y)), so each function undoes the other. You may
have to limit the domains of f and g so that this works. We say that the functions
f and g are inverses of each other. We can go from the graph of f to the graph of
g, by rotating about the line y = x.

EXAMPLES:

y = 2° and x = y'/ work as inverse functions for all real values of x and y.

D, sin/z = (cos /)

y = a2 works for all real values of x, but if we want an inverse, we must either
take z > 0, or x < 0. For the first case, * = ,/y is the inverse function,and for the
second, ¥ = —,/y is the inverse function.

A simple example is y = f(z) = x4+ 1 and z = g(y) = y — 1. Another example
is y = f(z) = bz, and z = ¢g(y) = y/5. These work for all real values. An example
that works for all nonzero values is y = f(r) = 1/z, and = = g(y) = 1/y. Another
example where x must be restricted to all positive values and y can take any real
value is given by y = log,oz and z = 10Y.

Let f be a differentiable function on an interval I. We will consider two special
cases. The first is when f is strictly increasing on [; that is, for z1 < xa, f(z1) <
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f(z3). The second case is when f is strictly decreasing on I; that is, for x; < o,
f(z1) > f(x2). Since f is differentiable, it is continuous on I, so by the intermediate
value theorem, the set

J={y:y=f(z),zin I}
is also an interval. Moreover, we can find an inverse function g(y) on J.

Theorem 2. The function g is differentiable at each point of J, and if yo = f(xy),
then

1
/ o _ .
g (yO) =g (f('TO)) f/(xO)
EXAMPLE: If y = 23,
PR S 3 2 1o 2 1
D,z3 = -z~ 5 and D,y° = 3y° = 3(x3)° = 323 = >
3 v %;LﬁE

Proof. As Ax — 0, Ay — 0, and visa versa. Since

Az B
Ay

1
=&
Ax
the result follows from the limit laws for quotients.
If what follows, we will often write y = f(z) and y = f~!(z) for both the function

and its inverse.

7. INVERSE TRIGONOMETRIC FUNCTIONS
We will work with the inverses of trigonometric functions. The simplest is the inverse
of tan, called arctan or tan~!. Notice the latter notation does not mean 1/ tan.
It means the function that undoes what the tangent function does. The Tangent
function is an increasing function taking the interval (—Z,Z) to (—oo, +00). It then

272
repeats itself on the interval (Z,2F), (=3¢, —2), etc. We choose to invert the function

27 2

just on the interval (—%,7). Therefore, the inverse is an increasing function taking
(—00,+00) to (—5,5). The arctanz is the angle between —% and 7 whose tangent

2
is z.

8. DERIVATIVE OF arctan
If y = arctanz, then x = tany, dr/dy = sec’y = 1 + tan?y = 1 + 22, so dy/dx =

1/(1 4+ ). This is a very nice algebraic function that is the derivative of the trig
function arctan.
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9. EXPONENTIAL FUNCTIONS AND LOGARITHMIC FUNCTIONS

We want to look at functions of the form a® where a is a constant. We will assume
that @ > 1 so that as x increases, a® increases. We know that a° = 1, that a! = a,
and for an integer n > 1, "™ = a-a - - - a where there are n factors. We also know that
for a positive rational number, =, am is the m™-root of a”, and a~m = 1 / aw. This
gives us a strictly increasing function of the rational numbers. We then can define a”
for all real numbers = by filling in the holes in the graph (that is, by taking “limits”
over the rationals numbers.)

The graph of y = a* is that of an increasing, everywhere positive function of x.
The limit as * — —o0 is 0, and the limit as * — 400 is +00. The graph is concave
up. That is, the graph is always below a straight line joining two points on the graph.

51

10

-4 2 2 4

X

The following law of exponents holds for all rational numbers, and therefore by
“taking limits”, for all real numbers r and s.

ar+s — ar A (IS, (ar)s — ars’ a—r — %7 (CL . b)r — CLT A br'
Here, we also take b > 1. (These rules, actually hold for all positive a and b.)

Common values for a are 2 and 10. For example, 23 = 8, 10% = 1000. We will
later study the number e = 2.718281828459.... This is the base for “natural logs”.

Corresponding to the function y = a” is the inverse function y = log, z. That
is, y is the power it is necessary to raise a to get x. For example, log, 8 = 3, and
log;, 1000 = 3.

The graph of y = log .z is only defined for x > 0. The graph is increasing, it is
concave down, and it crosses the z-axis at * = 1 and takes the value 1 at a. The
limit as x — 0 is —oo, and the limit as + — +o00 is +00.

logs x

1.0
0.5
0.0
-0.5 X
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Here are rules for this function, which hold for all positive x and z, and any real
number 7.
log, (x-2) =log, x +log, z, log,x" =r-log,.

The following rules are consequences of these two rules:

1
log, — = —log,z, and log, - log, z — log, 2.
x z

Sample Problem: Simplify log,, %. Ans:

5000
= log;, 5 + log,;, 1000 — log;, 2 — log;, 10 = 2 4 log 12.5.
Alternatively, you can replace log;, %80 with log,, % and go from there.

10. THE DERIVATIVE OF THE FUNCTION y = a”

To calculate the derivative, if it exists, of the function y = a”, a > 1, we look at the
following difference quotient for Az # 0:

am+Aw o
Az Ax Az

Recall that 1 = a°. For the moment, we are going to assume that the derivative exists
at x = 0, and call the derivative at 0 m(a). That is,

a?r — 1

m(a) = Alinrgo Az

It then follows that the derivative of y = a” exists at every point = and equals a”-m(a).
There is a real number e ~ 2.71828 18284 6 for which m(a) = 1. We will see later
that we can also get e as the following limit using natural numbers n:

1 n
e = lim <1 + —> .
n—oo n

Try this calculation with your calculator using increasing values of natural numbers
n.
Using the base e, we have the fact that

D,e* =e".

This fact makes the exponential function e one of the most useful functions in Sci-
ence. You will from now on see many example of this function and its inverse function
In x.
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If u is a differentiable function of x, we then have by the chain rule,

du

D, e =¢e" - —.

et =et
Example:

Dye® =e* e - ev.
Sample Question: Find the derivative of eS™*. Ans:

D, e?* = "M . cos .

11. THE FUNCTION Ilnz

The notation for log, x is Inx. This is defined only for > 0. We know that y =Inx
if and only if x = e¥. This means that

dy 1 1
DCU]' = — = — = — =
nE=—- =g

That is, the function given by y = Inz has as its derivative the function given by
1

Yy= -

If u is a differentiable function of z, then by the chain rule,

du

1
D,lnu=—--—
u dx

EXAMPLE:

| 1 |
D, 1 5) = = ,
n (Vo +5) JI4+5 27 2z +10%

D, In(sinz)) = cot z.

The function In x is only defined for positive values of x. For example, the domain
of In(z — 2) is all > 2. We do have the following formula using the absolute value.

-1
D,In|z| =D,z =— forz >0, and D,In|z| = D,In(—2) = — = — for 2 <0.
x -
That is, D, In |z] = 1 for  # 0.
Example:

D,In(|cosz|) = _Czlsn; = —tanx




