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1. CoME TO CLASS
We are now covering material in a way that is not in the book. Come to class.

2. A TurorinG Roowm 18 OPEN
7-9 p.m, Monday, Tuesday, Wednesday, Thursday, Room 140 Lincoln Hall.

3. ExaAwm, FrRIDAY OCTOBER 27, 11 A.M.

On material through antidifferentiation (homework for Thursday).

Section 4 (Liu Qi), Section 5 (Liu Qi) Section 6 (Michael Barrus), Section 8 (Scott
Weaver) will take the exam in Room 314 Altgeld Hall.

Section 2 (Isaac Goldbring), Section 7 (Isaac Goldbring), Section 9 (Timothy
LeSaulnier) will take the exam in Room 100 MSEB (Materials Science Engineering
Building, North-West corner of Green and Mathews.) People in these sections must
go to this room and not Altgeld Hall to take the exam.

Everyone should by now know their discussion section and section instructor. You
will need to enter that on your examination. Bring your U of I identity card to show
when turning in the exam.

Review Thursday October 26, Rooms 245, 443, 445 Altgeld Hall, 7-9 p.m.

4. HOMEWORK 17 DUE TUESDAY, OCTOBER 24 AT 9 A.M.

Section 4.7: #2, 8, 34, 36.
Section 4.8: #8, 22, 24, 36.
Section 4.9: #6, 10.

5. HOMEWORK 18 DUE THURSDAY, OCTOBER 26 AT 9 A.M.
Section 5.2:# 12, 14, 16, 18, 24, 36, 40, 42, 44, 48, 58, 60.

6. WRITTEN PROBLEM FOR THIS WEEK

Find the upper sum, the lower sum, the Riemann sum (evaluating at the left of each
interval) and the value of E;(Az) for the function f(x) = z* on the interval [—1,1]
using Az = 3/10. Remember, this is a sample problem for the exam in November.

7. THE RIEMANN INTEGRAL

We have shown that the limit of the Riemann sums for a continuous function f exists
and equals the signed area between the graph and the x-axis. We write fab f(z)dx
for this limit. That is we have the following definition.

Definition 1. Given a continuous function f on a closed interval [a, b],

b
JRCEER R A
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We call fab f(z)dx the (definite) integral or Riemann integral of the function f
from a to b. We call the function f the integrand for this integral, and the numbers
a and b are called, respectively, the lower and upper limits of integration.

8. LIMITS OF INTEGRATION

The following result is clear if you remember that the integral is the signed area
between the z-axis and the graph of the function.

Theorem 2. If f is continuous on [a,b] and a < ¢ < b, then

/f dx_/f da:+/f

Proof. You can prove this by considering Riemann sums with Az = <% for

positive integers n. O
2 0 2
/ x2dx:/ a:2dx+/ r2dw.
—2 -2 0

EXAMPLE:
There are times when one needs to consider limits of integration that are not in
the usual order.

Definition 3. Ifa < b, and f is continuous on |a, b], we set

/baf@s)d /f
JRCEE

This means that we have the following no matter where a, b, and ¢ are:

/ab f(x)da::/ac f(x)dm+/cb f(z)dx

The variable used for the integral is like the variable for summation; changing it

does not change the answer.
EXAMPLE: [ 2%dz = [ t2dt

Also, we set

Sample Problem. Evaluate f; et dt + f52 e **dz. Ans: 0.

Here is one more property of the integral: The bigger the function you are integrat-
ing, the bigger the integral. That is, if f < g on [a,b], then fabf(x)dx < f:g(x)dx
This is clearly true for Riemann sums, so it is true for their limits.

EXAMPLE: [} uzdr < [} 2? da.
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9. UPPER AND LOWER SUMS
We have seen that for any positive Az,

b J—
Ai(Az) < / f(x)dr < Ap(Awx).

Here is a principle that often works (but it does not always work) to show that
integrating a particular continuous function f answers a problem.

Theorem 4. Let S be a real number (for example, signed area) and let f a contin-
uous function on a closed and bounded interval [a,b]. Suppose that for each positive

Az, we know that Ap(Ax) < S < Ay(Az). Then S = f; f(z)dx.

Proof.  We know that A,(Axr) < fabf(a:) dr < Ap(Az). Since also Aj(Az) < § <
A¢(Ax) and Af(Ar) — A¢(Az) has limit 0 as Az — 0, It follows from the squeeze
law that S = [* f(z)dz. O

EXAMPLE. The signed area between the graph of a continuous function and the
part of the z-axis from a to b is an example of such a quantity S.

10. ERROR SuM PRINCIPLE
There is a principle that you can use throughout your career whenever you need to
use an integral to measure some quantity. This principle tells you when you have set
up the correct integral to make the desired measurement. It is more general than the
principle using upper and lower sums given by the last theorem. When you cut up a
quantity S into pieces S; and use a term of the Riemann sum to approximate S; you
have an error e;.

It is not enough that each error goes to 0; it is the sum of the errors that must
go to 0. For example, if you divide the interval over which you are integrating into n
pieces, and each error is 1/n, then each error will go to 0, but the sum of the errors
will always be 1.

Here is a principle that tells you when the sum of these errors goes to 0 as Az goes
to 0. It says that each error should be smaller in absolute value than Az multiplied
by a function F(Ax), where lima, o+ E(Az) = 0. Often the function E;(Az) that
we have discussed before or a sum of such functions works for the function E.

Theorem 5 [Error-Sum Principle]. Let S be a number and let f be a continuous

function of x on an interval [a,b]. You know that S = f; f(z)dx if you can find a
function E(Az) of Az that has limit 0 as Ax — 0 and that also has the following
property: For each positive Ax and corresponding partition a = xg < 11 < -+ <
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z, = b of [a,b], you can write S as a sum S =Y., S; in such a way that for each i

between 1 and n,

Example: In finding the area under a curve, we saw that the absolute value of
the difference between the area A; for the interval [z;_1, x;] and the term f(z;_1)-Ax;
of the Riemann sum is at most M; - Az; —m; - Ax; < Ef(Ax) - Aw;.

Here is the proof of the Error-Sum Principle:

n

Z [Si = f(@im1)Az]

i=1

1S — RY(f,Az)| = Z Si — Z fzio1)Az;
=1 =1

n

< D IS = flrim)Az <Y B(Az) - Az = E(Az) - (b— a).

=1 =1

Since E(Az) - (b — a) has limit 0 as Az — 0, the same is true for |S — R:(f, Aa:)}
That is,
S = ilil(l)JerfAl’ /f )dx. O
11. OTHER SUMS WITH LIMIT THE INTEGRAL

Given a continuous function f on [a,b] and Az > 0, we have defined the Riemann
sum of a function using evaluation at the left of each partition interval [z;_1, z;]. That
is, RV(f,Az) = > | f(zi_1)Ax;. If we evaluate at any other point of the interval
[z;_1, 2], we still have a sum between the lower sum and the upper sum. Since the
difference between the upper sum and the lower sum for Az has limit 0 as Az — 0,
we have the following result.

Theorem 6. Let f be a continuous function on a closed interval [a,b]. For each
Ax > 0 and corresponding partition a = xo < x1 < --- < x, = b, let ¢; be a point in
the interval [x;_1,x;]. Then

b
=1 P(f,Az) = 1 JAz; = 1 )A
[ st = g s ) = i S )= i 3 ste)e.
12. FUNDAMENTAL THEOREM OF CALCULUS
We can use the last result to establish the validity of the method for exactly evaluating
integrals. This method is called the Fundamental Theorem of Calculus. It says that
to evaluate an integral, all you have to do is find an antiderivative of the integrand
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and take the change of that antiderivative on the interval. Your book also calls this
the Evaluation Theorem.

Sample Problem. Evaluate f;’ 2xdr. Ans. Since D,x?> = 2z, the answer is
32— 22 =5,

The reason the method of the Evaluation Theorem works is as follows. If Y = F(x)
is an antiderivative of f, then F'(b) — F'(a) = )  AY;, the sum of the changes of F
over the intervals of the partition for Az. We have seen that for each 7, AY; is close
to the differential dY; = f(z;_1)Ax, which is the i'" term of the Riemann sum. The
question is, is it close enough. The answer is yes because f is continuous.

Theorem 7 [Fundamental Theorem of Calculus|. Let f be a continuous function on
an interval [a, b], and assume that F' is an antiderivative of f on [a,b]. Then

/ f(z)dx = F(b) — F(a).

Proof. For each positive Az, the overall change of Y = F(x) on the interval [a, 0]
is the sum of its changes over the subintervals. That is,

n

F(b) — F(a) = ZAY;' = Z(F(%) — F(z;-1)).

=1

Since F’ = f, by the Mean Value Theorem, for each i, there is a point ¢; in (z;_1, x;)
such that AY; = F(x;) — F(x;_1) = f(¢;) - Ax;. Therefore,

n n

b
/a flz)de = AglcliréJr;f(xil)Axi = Aglgr(lpr;f(ci)Axi

n

= > (F(x;) = F(zi.1)) = F(b) — F(a). O

i=1
We will soon give a quite different proof of the Fundamental Theorem of Calculus.

EXAMPLES: Since 12® is an antiderivative of 22, the area under the graph of
y = x? for the interval [1, 3] is given by

3 3
1 1 1
2 3 3 3
dr = | = = —(3)° — =1° = 8.66066.
/lx T {Bx]l 3() 3

Notice the use of the notation [] to indicate evaluation at the upper limit of inte-
gration minus evaluation at the lower limit of integration. In the literature you often
see only this | and not [..]3.
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123 + C for some constant C, we would be

If we took the antiderivative to be 3
adding and then subtracting C, so it would not effect the final answer. Here is another
example:

s

Example: [ sinzde = [—cosz]y = —cosm — (—cos0) =141 =2.
Example:fl82 1dz = [In :1:]“132 =Ine? —Inl=2.

If we want to evaluate f; f(z)dz, the antiderivative sometimes changes in the
interval. Another possibility is the function may not be continuous at some point or
points in the interval but is continuous from the right and left of those points. In either

case, we need to break up the integral. Here is an example: f_ll rdr = [%ajﬂ 171 =0,
but

1 0 1 1 10 BRE
/ || dx :/ —xdm+/ xdr = [— 2} + {—ﬁ} = 1.
. . ; 2" T2t ],

Here is another example: We want to integrate f from —2 to 3 where f(z) = x? for
r <1and f(z) =2%+2 for z > 1. Then

3 1 3 1 1 1 3
/ flx)dr = / 22 dx + / (2”7 +2) do = {—x?’} + {—x:” + 24
—92 -2 1 3 -2 3 1

1 —8+27+6 1 2_47
3 3 3 3 37

If the antiderivative changes at a point, integrate to that point, and add as a
second integral the integral beyond that point.

Example: [' |z|dz = [° —wdz + fol vde = [SHa?]° + [327).



