A Few Review Problems for Chapters 5 & 6

Math 225
December 9, 2008

1. Let A be the matrix below. Which of 1, 2, -1 are eigenvalues for A? Which
of (1,1, 1, )T, (2, 1, 2, 1)T, (0, 0, 0, 0)T are eigenvectors for A?

31 11
1 3 11
A_1131
1 1 1 3

2 is an eigenvalue, (1, 1, 1, 1)7 is an eigenvector.

2. Suppose that A is a 3x3 matrix whose eigenvalues are -7, 1, 2. Find, if
possible, eigenvalues of A 4 513.

det(A — AI)=0 if and only if A\ = -7, 1, 2.
thus det(A — (A —5)I)=0 if and only if A =5 = -7, 1, 2.
so A = —2, 6, 7 are the eigenvalues for A + 51.

3. Let A2 = 0, where A is an nxn matrix. Show that if X is an eigenvalue of
A, then A = 0.

If Ax = Ax for some x# 0 then A?x=A(Ax)=A(Mx)= Ax = \?x.
But A%x=0 since 4% = 0. So A\?>x=0.
But x# 0, so A = 0.

4. Diagonalize A, if possible. That is, find matrices P and D (diagonal) so
that A= PDP~1L.

30 1 10 1 01 0
A1:02O] A2:021] A3=[0 0} A= |0
01 1 00 0 0

Ay and A, are diagonalizable. An example of each diagonalization is be-
low. A3 and A, are not diagonalizable, since the eigenspaces corresponding



to A = 0 have dimension 1, not 2.

1 -1 1 100
0 1 o], Dlzlo 2 o]; P, =

2 10

P =

. Find the orthogonal projection of (1, 2, 2, 2)7 onto (3, 2, 1, 2)T.

y=103212)7"

. Determine if the set of vectors is orthonormal. If the set is only orthogonal,
normalize the vectors to produce an orthonormal set.

-2/3 1/3
Uy = [1/3 ] U = lQ/S]
2/3 0

The set is orthogonal since u;-us = 0, u;-uz = 0, and us-uz = 0.

The set is not orthonormal since even though u;-u; = 0, we have us-uy #
0. So we must normalize ug. Let y= 3up. Then |ly|| = v/5. So let the
new us be ﬁy = (%7 %7 0)7.

. Show that {uj, us, uz} is an orthogonal basis for R3. Then express x as
a linear combination of the u’s.

B ) el

The set is orthogonal since u;-us = 0, u;-us = 0, and us-ug = 0. Thus,
by theorem, the set is linearly independent, and hence a basis for R? (since

3 vectors). Then, recall x = cju; + cous + cgug where ¢; = . So:
T T

4
X = §U1+§UQ+§U3

. Write y as the sum of two orthogonal vectors, one in Span{u} and one
orthogonal to u.



which is in span{u}.
z=y—y=(-.8, 24)7

which is orthogonal tou Soy =y +z = (1.8, .6)T + (-.8, 2.4)T.



