STATEMENT ON RESEARCH

Melissa A. Dennison

My main research interests lie in number theory. Although my dissertation research has focused
on combinatorial number theory, I have also spent time studying topics in number theory, analytic
number theory, and analysis. Additionally, my research is tied to generating functions and graph
theory.

Due to the nature of the subject, my research lends itself particularly well to undergraduate
research. I have several ideas suitable for undergraduate research projects and I look forward to
mentoring undergraduate research in the future.

1. INTRODUCTION

In 1858, the mathematician M. A. Stern [11] studied the so-called “diatomic array of integers”,
which was motivated by a function studied by Eisenstein. The diatomic array can be completely
understood by consideration of the Stern sequence. The Stern sequence is defined as follows:

(1.1) s(0)=0, s(1)=1,
s(2n) = s(n), forn > 1;
s(2n+1)=s(n)+s(n+1), forn>1.

Here is a table of the first 17 entries in the Stern sequence:

n_ |

s(n) |

0123456 789 10 11 12 13 14 15 16
01121323

14 3 5 2 5 3 4 1
TABLE 1. The Stern sequence

De Rham [3] was the first to consider the Stern sequence as defined above. He attributed the
name to Bachmann [2], who considered only the diatomic array. The related Stern-Brocot array [5]
was used in defining Minkowski’s ?-function [7], and the Stern sequence has recently been used to
understand 2-regular sequences [1] and the Tower of Hanoi graph [6].

In my research, I define a new family of sequences which have the opposite recursion as the Stern
sequence. The general bow sequence is defined as follows:

(1'4) ba,ﬂ(o) =0, ba,ﬁ(l) = aQ, ba,ﬁ(Q) =0
(1.5) ba 3(2n) = bo g(n) + bog(n+1), forn >2;
(1.6) bag(2n+1) = by g(n), formn > 1.

Here is a table of the first 10 entries in the general bow sequence:

n | 01 2 3 4 ) 6 7 8 9
bapn) | 0 a f a a+pf [ 2a+0 a a+20 a+f

TABLE 2. The general bow sequence

Many of the properties of the bow sequences are related to known properties of the Stern se-
quence. Let us first consider a few of the important properties of the Stern sequence.
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2. BACKGROUND ON THE STERN SEQUENCE
First, we consider the generating function for the Stern sequence.

Theorem 2.1. [10] The generating function for the Stern sequence is given by the following:

(2.1) S(x) = Z s(n)a" =x H(l +a2? + m2'2j).
n=0 j=0

We interpret the above statement combinatorially in the following remark.

Remark. Combinatorially, the generating function tells us that s(n) is the number of ways of
writing n — 1 as Y~ ¢;2" where ¢; € {0,1,2}.

We can also use the generating function to determine the behavior of the Stern sequence modulo
two. With a few quick calculations, we find that:

O . ) 2
(2.2) S@)=aJJ(+e¥ +22¥) =2 fig (mod 2)
7=0

Thus we have the following theorem:

Theorem 2.2. [9], [10] For n > 0, s(n) is even exactly when 3 | n.

I obtain similar results for the bow sequences.

3. SELECTED RESULTS
First, for the general bow sequence, I obtained the following generating function:

Theorem 3.1. For the general bow sequence,

00 k )
(3.1) Ba,ﬁ@) = ax + oz —{—oszZ:pZZk H(l +x2.21 +$3.2J) —|—ﬁm2 H(l +x2.2k _‘_1:3.21@)‘
k=0 Jj=0 k=0

I derived this formula by separating the sum into even and odd terms, applying the recurrence,
and applying Lebesgue’s Dominated Convergence Theorem. Thus, for the case {«, 5} = {0,1} 1
have the following formula:

(3.2) Boi(z) = 2® [[ (1 +2*% +2°%).
k=0

This statement is interpreted as:

Corollary 3.2. Combinatorially, by 1(n) is the number of ways of writing n—2 as the sum ., ¢;2"
where ¢; € {0,2,3}.

Similarly, for the case {a, G} = {1,0}, I have the following formula.

0 k
(3.3) Bio(a) =z +a® +a° Y ¥ J[ (1422 4+2°2).
k=0 =0

We can interpret this statement as:

_ 2k+1

Corollary 3.3. Combinatorially, by o(n) is the number of ways of writing n — 2 as the sum

Zf:o ;2" where ¢; € {0,2,3} and k € N.

Remark. By rearranging, I also found that by o(n) is also the number of ways of writing n — 2 as
the sum Zf:o c;i2 where k € N, ¢; € {0,2,3} fori <k —1 and ¢}, € {2,4,5}.
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We would also like to consider the bow sequences modulo two. First, note from the recursion
that b, g(n) is linear in o and . Accordingly, we can write:

(3.4) ba,ﬁ(n) = abyo(n) + Bbo1(n).
Thus it is enough to consider by o(n) and b 1(n) modulo two. Define v, g(n) as follows:
(3.5) vaﬁ(n) = (ba’g('?n), baﬂ(7n +1), baﬂ(’hl +2),..., ba’g(’?n + 6)) (mod 2).

Interestingly, there is only one case for vg 1(n).
Theorem 3.4. For by 1(n) and all n,
(3.6) vo1(n) = v%(n) :=(0,0,1,0,1,1,1) (mod 2).

I show this is true by proving the following;:
22 + 2t + 25 4 2b
1— a7

(3.7) By 1(z) = x* H(l + 222 4 :z:3'2k) = (mod 2).
k=0

However, for by g(n) the cases are more complicated. Define J,, as follows:
(3.8) T 1= (%(2’” — 1), 3(2mt - 1)} Nz
Then I have the following theorem.

Theorem 3.5. For by g(n) we have four cases modulo two:

vi(n)=(0, 1, 0, 1, 1, 1, 0) forn € Jam42\ {%(23”3 - 1)}7 forr >0,
v(n) = (0, 1, 0, 1, 1, 0, 0) forn=2(2% —1), forr >0,

( (1, 0, 1, 1, 1, 0, 0) form € J3,, forr >1,

vl,o(n) = 'UZ
v3( (1, 1, 1, 0, 0, 1, 0) forn € J341, forr > 0.

n) =
n) =
In general, T found that % of the terms are even for a given pair {«, 3} where ged(«, 3) is odd.

Clearly, in the case where ged(a, 3) is even, all of the terms in the bow sequence are even.

Theorem 3.4 and Theorem 3.5 lead to another very nice theorem. Define m to be purely even if
bo,1(m) and by o(m) are both even.

Theorem 3.6. Each 7-tuple {Tn, Tn+ 1, ..., Tn+ 6} contains ezxactly one purely even term.

I prove this theorem by examining the cases in Theorems 3.4 and 3.5, and then go on to state
exactly where these purely even terms occur.

4. FUTURE WORK

The previous discussion provokes several questions:

Question 1. Given A C 7Z, what can we say about the function which counts the number of ways
. k i
you can write n =y - 4c;2', forc¢; € A?

We have already seen that the subsets Ay = {0,1,2}, A1 = {0, 2,3} correspond to s(n + 1), and
bo,1(n + 2), respectively. I have also proven that by o(n + 3) is the number of ways of writing n as
the sum Zf:o c;2!, for ¢; € Ay = {1,3,4}. Additionally, the sets Ay = {0,1,---d — 1} have been
studied by Euler (d=2) [4] and Reznick [8]. By studying another related generating function, I
have discovered and proved a similar relation for Az = {0, 1,3}, but I hope to prove many more
such relations by considering generating functions of the following form:

(o)
(4.1) GO102:8300m (1) = g H(l popm y gaa® xam'QJ)
=0



Question 2. When is bo g =0, 1, ---k —1 modulo k for k > 37

I have numerical evidence for a conjecture for the distribution of terms equivalent to m modulo
k with ged{e, 8} = 1, and k < 10. Thus far, applying graph theory to triples has yielded good
results with £ = 2 and 3, and I hope to generalize these results for higher values of k.
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