The Math 231 first mock exam from last year

While going through some papers and files, I found the following problems, which I put together last year
for a Math 231 merit section. The test on February 11 will cover a bit more material than this, but these
questions can get you started on studying. They’re about the level of difficulty you should expect on the
test. Solutions will be posted online shortly, and a second mock exam will be given during class on Friday,
February 8. Here you go:

Work the following practice test as if it were your actual midterm. No books, notes, or calculators are
allowed. Good luck!

1. Evaluate the integrals:
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2. Find the following integrals:

(a) / re®® dx

(b) / e?® cos 4z dx

(c) /:c3 sin z? dx



3. Find the following integrals:

(a) / sin 3z cos 5z dz

1
(b) /cos4 2x du



4. Find the integral:

5. Find the integral:
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Solutions

1. Evaluate the integrals:

t
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Solution. Noticing the t> down below and the ¢ dt up top, we make the substitution v = 1 — 9t2. This gives
us

t 1
——dt = —— -1/2 4
/\/1—9t2 8/ "

1
= —§U1/2+C

= _ém —92 4 C

sec?
(b) / 1+ tan6 d0
Solution. Noticing that sec? @ is the derivative of tan @, we make the substitution u = 1 + tan @, which gives
sec? 0 du
/ vy R v
=lnul+C
=In|l+tanf| + C

2. Find the following integrals:

(a) / re®® dx

Solution. We use integration by parts, with u = z and dv = €%* dz:

/xezx dr = 1176296 - 1 /ezx dx
2 2
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:§$62x_1621+0



(b) / e** cos4x dx

Solution. We use integration by parts, letting v = ¢2* and dv = cos4x dz. This gives us
2z 1 2z 3 1 2z ;
e“* cosdx dr = 1€ sin4x — 3 ]¢€ sin4z dx.

We apply integration by parts to the second integral, with u = €2* and dv = sin 4z. (Careful here! If you let
u = sin4z and dv = €%* dz, you'll just be undoing your previous integration by parts, and you'll get 0 = 0.)
We get

/62”” cosdx dx = ieh sindx — % /62”” sindz dzx
1 1 1 1
= Ze% sin4x — 3 [—Ze% cos4dx + 3 /621 cos4dx dw}
1 2x 4 4 1 2x 4 1 2x 4 d
= _ —e** co - = co .
46 sin 4x 86 sdzx 1 e sdx dx

Notice now that the integral we want to solve for also appears on the right. We move it over to the
left-hand side and solve for it:

5 1 1
1 /ezm cosdx dr = Zezm sin4dx + geh cosdx + C;

1 1
/ezm cosdz dx = gezm sin4z + Eeh cosdx + C.

(c) /x3 sinz? dx

Solution. Having an x° inside a sine is an ugly thing, as far as integration is concerned, so we try a

substitution first; let w = z2. We get
3 i 2 1 .
z”sinx dx=§ wsinw dw.

Now we apply integration by parts, with « = w and dv = dw:

1
/x3sinx2 dr = §/wsinwdw
1
25 —wcosw + | cosw dw

= +Lsnw+c
= 2’U}COS’U} 2Sllfl’l,U

2

1 1
= —5:1:20053:2 + §sinx2 + C.



3. Find the following integrals:

(a) / sin 3z cos 5z dz

Solution. This one can be integrated quickly by using the trig identity
1

sin Acos B = g[sin(A + B) +sin(A — B)].

However, we can also find the integral by performing integration by parts twice.
. 1. . 3 .
sin 3x cosbx dxr = 5 sin 3z sin 5z — 5 cos 3xsin bz dx
1 1
=5 sin 3z sin 5x — g [_3 cos 3x cos bx + g /sin3:z: cos bx dzx;

1 3 9
= 5 sin 3z sin 5x + % cos 3x cosbr — % /sin 3x cos bx dx;

34 1 3
% /sin3xcos5x dxr = 5 sin 3z sin 5x + % cos 3z cosbx + C;

/sin3xc055x dr = % sin 3z sin bx + % cos3x cosbx + C.

1
(b) / cos? 2z dv

Solution. Since 1/ cos@ = secf, we rewrite the integral as

/sec4 2x dx.

Now sec? ) is the derivative of tan, so we split a sec? 2z off from the integrand and use an identity on the

rest of the integral:
Ly *22d
——dx = ec
cost 22 * i v

= /se02 2z sec? 2x dx

= /(1 + tan? 2x) sec? 2z du.



We make the substitution u = tan 2z, which gives

1
/ dx = /(1 + tan? 2z) sec? 2z dx

cos? 2x
1
= —/(1 +u?) du
2
1 1
5 <u+§u3) +C

1 1
= 5tan2:1:+ gtan32x+C.

4. Find the integral:

3

T
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/x2+x—6 v

Solution. This is a rational function where the numerator has larger degree than the denominator, so we use
long division first, as follows:

x—1

x2+x—6) x3
— 2 — 22+ 6z

— 22 4 6z
22 +2—-6
Trx —6
ie.,
3 Tx —6
22+x—6 :x_1+x2—|—x—6'
We now find the partial fraction decomposition of the fraction:
Tr—6 Tr —6
2+r—6 (z+3)(r—2)
— A B .
+3 z-2

Tex — 6= A(x — 2) + B(z + 3);

—27=—-5A (using z = —3)
A =27/5;

8§ =5B (using z = 2)
B =38/5;

Tw—6  21/5 . 8/5
2+r—-6 x+3 -2




We now find the integral:

x3 27/5 8/5
" dr = -1 d
/:C2_|_;v—6 v /(I +:C+3+:v—2) v

1 2
:5172—174—gln|x+3|+§ln|x—2|+a

5. Find the integral:

/ Viax? —1
—dx
x

Solution. Because the 422 — 1 up top fits the form u? — a?, we make the substitution v = asec#; in this case

that means we set
2x = secd.

Then 2 dx = secf tan 6 df, and our integral becomes

7 20—
/@dw:/@lsecetwedﬁ
X

%sec@ 2

z/tan29d9
:/(seczﬁ—l) de
=tanf — 0+ C.

Since our original substitution was in terms of sec 6, we’ll draw a triangle to find out what the other trig
functions in the answer should equal. The original substitution was 2x = secf, so we draw the following
triangle and use the Pythagorean theorem to find the length of the side opposite 6:

2z
Var? —1
0

1

Then

drx =tanfd — 0 +C

=42 — 1 —sec *(2z) + C.
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