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Split graphs

Defn. A graph is a split graph if its vertex set
can be partitioned into a clique and an inde-
pendent set.

Say d(G) = (dq, ...,dn), nonincreasing.
G is split

< G is {2Kp,Cy, Cs}-free.
[FOoldes—Hammer, 1976]

<~ 2271:1 d; = m(m — 1) + z?:m—l—l d;,
where m = max{k : d >k —1}.
[Hammer—Simeone, 1981]

Degree sequence characterization gives a linear
time recognition algorithm.



Graph classes with both charac-
terizations

There are several graph classes with both for-
bidden induced subgraph and degree sequence
characterizations.

Split [Hammer—Simeone, 1981]
{2K2, Cy, C5} -free

— Y .d; —m(m—l)—l—zZ m_|_1

Empty
{K>}-free <— di =.---=dp =0.

Complete
{2K1}-free <— dy =---=dp=n—1.



Threshold [Hammer—Ibaraki—Simeone, 1978]
{QKQ, Ca, P4}-free
= Yo _qdi=r(r—1)+ 21 min{r,d;}...

Pseudosplit [Maffray—Preissmann, 1994]
{2K5, Cy}-free

< splitor 7 ,d; =q(q¢+4)+ Syt i

Not all forbidden subgraph lists work:

'y o

(2,2,2,1,1)

P3-free



Degree-sequence-forcing sets

Let F be a set of graphs. The F-free graphs
are the graphs containing no element of F as
an induced subgraph.

Defn. A collection F of graphs is degree-

sequence-forcing (DSF) if for every graphic se-
quence T,

7w has one F-free realization
<—> every realization of « is F-free.

Can we characterize the DSF sets?



2-switches

........ I C:D_C:D
........ i

Note: no vertex degrees changed.
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Thm. Unlabeled graphs GG, H have same de-
gree sequence iff G can be transformed into H
by a sequence of 2-switches.



A requirement

Prop. Every DSF set F contains a forest.

Proof:. Suppose F contains no forest, and take
the graph F' € F with the fewest cycles.

F
O m— )
! — fewer
o cycles
¢ H Y, H/
d(H) = d(H")

H' is F-free; H is not.
. F is not degree-sequence-forcing.



More required classes

Prop. Every DSF set F must contain a graph
of each of the following types:

(1) Kl,a,l +K1,a2 + - _I_Kl,ak
(2) Ky + cKo + dK;
(3) Ke+ Ky

and the complements:

(4> (Kal + Kl) V (Kaz + Kl) ViV (Kak + Kl)
(5) Kpo..21.1
(6) Ke,f



DSF sets of small order

Thm. F is a DSF set with |F| <2 if and only
if F is one of the following sets:

(1) {K1},{K2},{2K1};

(2) {A, B}, where A is one of K1, Ko, or 2K1,
and B is arbitrary;

(3) {P3, K3}, {P3, K3+ K1}, {P3, K3+ Kb},
{P3,2K5}, {P3, Ky + K1},

(4) {K> + K1,3K1}, {K> + K1,K13}, {Ko +
K1,Ko3}, {Ko + K1,C4};

(5) {K3, 3K1};

(6) {2K>2,C4}.



Differences in order

Prop. Let G = {G1,...,G;} be a non-DSF set.
Then there exists a “G-breaking pair”’ (H, H)
on at most max{n(G;)} + 2 vertices.

Prop. If 7 is a DSF k-set with no proper
subset also DSF, and n(Fy) < --- < n(F}), then

n(Fy) —n(F1) <2(k—1).
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Differences in size

Prop. If 7 = {Fy,...,F/} is a DSF k-set with
no proper DSF subset, and e(F7) < ... < e(F}),
then

Upper bound:

e(Fy) —e(F]) <2(k—1)N + 4(k — 1)?

(2-switches);

Lower bound:

1 5
e(Fl) —e(F}) > 5N2 — N -2k+4

(forest and forest complement);

where N = min{n(F/)}.
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Inclusion-minimal DSF sets

Thm. For any k, if F = {Fy,..., F.} isany DSF
k-set with no proper DSF subset, then

min{n(F;)} < 2k + % + \/12k2 — 10k +%
< 6F;

consequently max{n(F;)} < 12k.

Cor. For any fixed k, there are finitely many
DSF sets F = {Fy, ..., Fi.} containing no proper
DSF subset.
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DSF triples

(Partial) Thm. F = {Fl,FQ,F:g} is a DSF
triple if one of the following holds:

1. {Fy,F5} is any DSF pair not {2K5, Cy};

2. {F1,F>} = {2K5,C4}, and F3 induces 2K>
or Cg4, or F3 is one of the following or their
complements:

Cys P, K, Kp—e chair

K13 K13+ Ki; paw

Y

3. No proper subset of F is DSF, and ... (?)
Examples: {3K1,2K2,DE\W}, {3K1,K3+K1,C4}.
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Future work

e Complete the classification of DSF triples.

e \What are the degree sequence characteri-
zations for the DSF sets?

e Improve the bound in the theorem about
inclusion-minimal DSF k-sets.

e Find which properties of split and/or thresh-
old graphs are shared by F-free graphs,
where F is DSF.

e Are there any infinite (non-degenerate) DSF
sets?
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