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Chapter 3: Higher-Order Linear Diff.
Equations
Section 3.5: Non-Homogeneous Equations

and Undermined Coefflicients
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Theorem

# Theorem: Let y, be a particular solution of the

nonhomogeneous equation

g "

ylinll + Pl';-t']ym_lj + - 'Fu—l(-rjy; + F?a'ii'}y — f

on an open interval [ where each p; and f are

continuous. Let y;. 49, ..., y, be n linear independent
solutions of the homogeneous n-th -order linear
equation y'™ + py(x)y"" VY + . pu_1 (@)Y + pu(z)y = 0. If

Y Is any solution whatsoever of above
non-homogeneous equation on /, then there exist
numbers ¢y, co.. ... ¢, such that

Y(x) = cryi(z) + coyalz) + - - - + epyn(x) + yp(z)

forall zin [. —



Rule 1
- -

Ly=f
Suppose that no term appearing either in f{x) or in any of

its derivatives satisfies the associated homogeneous
equation Ly = 0. Then take as a trial solution for y,, a linear

combination of all linearly independent such terms and their
derivatives. Then determine the coefficients by substitution
of this trial solution into the nonhomogeneous equation

Ly = f(x).

Example: " + 3y + 4y = 3¢ + 2

Example: vy’ — 4y = 2¢3*

Example: " + 4y = 3z°

Example: " — 3y'+ 2U = 3¢ — 10 cos 3z with »(0) = 1 and

y'(0) =2 _J
LEKamplE: yI:E-J —+ ﬂy’r — rsinr + ‘L.QEQ;I'.

_p_l



Rule 2
Ly=f
If the function f(x) is of either form
Polx)e™ coskr or Pylr)e™ sinkr,

take as the trial solution

. .

Ypler) = x® [[f:'-lu + A+ :’-]L;;r,t'g + -+ J"].;;-;‘L'm}t"hr' cos kx
+(By + Bz + Bj‘t'g + -+ Bz )e"" sin kx|

where s is the smallest nonnegative integer such that no

term in y, duplicates a term in the complementary function

f.. Then determine the coefficients in above equation by
\_E-.uhstituting y, Into the nonhomogeneous equation. J



terms in f(x) and their derivatives yp(r)

P,=@a+ air+ Qs+ -+ anr" o (Ag+ A+ Asr+ -+ Apa™)
Acoskr + psinkx r° (Acoskz + Bsin k)
e'*(@coskr + bsinkx) '™ (Acoskx + Bsinkx)
P e™ o (Ag+ A+ Aot + -+ A T

r*[(Ap + Arr + Asz? 4o+ Apz™) coskz

P, (Acoskx + bsinkz)
—|—{Bl} + Bli.' + Bg‘trg 4o+ Bmi_.:rn] gin :EL',L']

o [(Ap + Ay + Agz® + .-+ Apz™)e"™ coskx

Py (Acoskr + psinkz )T |
+(Bg + Byz + Byx® + - - - + B,,x™)e"™ sin k]



terms in f(x) and their derivatives yp(r)

P,=@a+ air+ Qs+ -+ anr" o (Ag+ A+ Asr+ -+ Apa™)
Acoskr + psinkx r° (Acoskz + Bsin k)
e'*(@coskr + bsinkx) '™ (Acoskx + Bsinkx)
P e™ o (Ag+ A+ Aot + -+ A T

r*[(Ap + Arr + Asz? 4o+ Apz™) coskz

P, (Acoskx + bsinkz)
—|—{Bl} + Bli.' + Bg‘trg 4o+ Bmi_.:rn] gin :EL',L']

o [(Ap + Ay + Agz® + .-+ Apz™)e"™ coskx

Py (Acoskr + psinkz )T |
+(Bg + Byz + Byx® + - - - + B,,x™)e"™ sin k]



Examples

-

Determine the appropriate form for a particular solution of
Example: y'3) + ¢ = 3% + 4a°2

Example: 4" + 6y’ + 13y = e cos 2z

Example: 4" — 6y + 13y = ze* sin 2z

Example: (D — 1)3(D? —4)y = ze® + X + =2




Variation of Parameters

Consider
Ly=f
where L is a differential operator with constant coefficients.
Let y1.9y9....,y, be a linearly independent solution of
Ly =0.

Question: Whether it is possible to choose a particular
solution in such a way that the combination

yj??'[ir.] = U [ilf)'yl [;‘17_] + 'li-g[ilf)'yg[ir) T '“'?1[:17)'3;"?1[37)

IS a particular solution of Ly = f.
Example: 4" + y = tanx




Variation of Parameters

E

heorem: If the nonhomogeneous equation

y' + Px)y + Q(zx)y = f(x)

]

has complementary function y.(z) = ciyi(z) + c2y2 (), then
a particular solution is given by

5,

y [ ye(z)f(x) [y f(z)
YplT) = —,Ulf-f']/ —— dx + y2(x) — dr

Wiz) Wix)

where W = Wy, y2) is the Wronskian of the two
Independent solutions ¥, and iy of the associated
homogeneous equation.
Example: " + ¢ — 2y = 4e*
Example: 4/ +y = tanx

LExampIe: Y +y =csc?x




