MATH 444 section Q13, Final Exam

You have 3 hours. There are 7 problems (100pts). Good luck.

1. (40 pts) Fill the blanks (2pts each blank. No procedure needed).

(a) S ={-1,3,4,-7,8},supS = ..... v, inf S = ... "’(
(b)Sz{B—t;lL)—n;neN},supS= ..... Z]L ..... ,inf S =z

(c) Let V(z) be the e-neighborhood of z. Then 7
sup Vi (4) UT(3) = By i VI(3) NV} (4) = .. @"E

Find the following limit/derivative/integral. Write ‘DNE’ if the limit/divrivative does
not exist or the function is not Riemann integrable.

: o 2
(d) im,_, 5 7352 = ..%:—.

(e) lim, o [sgn(z)|* +sinz = ........ / ...... Here sgn(z) = 1 for z > 0, sgn(z) = —1 for
z < 0, and sgn(0) = 0.

-XSimX~bs X

(f) f(z) = =2 — g,z # 0, the derivative f'(z) = .=~ & —'/

(g) f(z) = (sin3z)?, the derivative f'(z) = ....2..Syn 3X BUA3IX = 65;)15)( 53X
) 4 , - ,

(h) f02 2(1+8%)72dt = .= < j? X *dx :_;x:.ll" 3 -l

(i) [, tsintdt = ... T( -t tsiat

(j) Let a, = & Find the range of b such that the sequence (an) converges —3< b$ 5




1) 1)
(k) Which of the following series converges? (‘ V/ /(‘ 7

. 00 n o oo (1" o©  nsinn
(I)Z'n:1 n242n° (II)anl IV .{)_3' (111)Zn=1 S2"

(1) Consider the following functions defined on (-1, 1),

f(z) = sgn(z), g(z) = 27,

h(z) = viz|

u(z) =1 for z #0,
v(z) = cos(L) for z # 0,

w(z) = :ccoi(%) for z # 0,
and h(0) = u(0) = v(0) = w(0) = 0.

Which of these functions are continuous on (—1,1)7..... @ )...}.L.) ..... Mj,

Which of these functions are uniformly continuous on (—1, 1)‘?g‘j h j W ;
L

Which of these functions are differentiable on (—1,1)7............ )

Which of these functions are Riemann integrable on (-1, 1)‘71— )Q)AJUJW

(m) Find the Riemann sum of f(z) = 3z for the partition P = {0,0.5,0.7,1} tagged
at the left end point of each small interval. S(f,P) =..... &;.?- 5
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2. (6pts) Prove the set A of all odd integer bigger than 4 is a countable set.

M A= {5)7)7) /’)\\\3
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3. (10pts) Let a3 = 3,an41 = % + 2 for n € N. Prove by monotone convergence theorem
that a, converges. Find lim,_, Gn.
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4. (8pts) Consider f = sin(1/z) for z € (0,1). Prove that lim,_,o f(z) does not exist.
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5. (8pts) Let f be a continuous function on [0, 1]. Suppose for any = € [0, 1] there exists
another point y € [0, 1] such that |f(y)| < I_f%m_)_l Prove that there exists a point
z € [0,1] such that f(z) =0
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6. (20 pts) Consider f(z) =2,z >0
(i)(5pts) Use definition to prove that f is continuous on . CO P )

(ii)(3pts) Use definition to find the derivative of f(z X7 0
| L
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(iil) (4pts) value theorem to prove that for % > 1, |f(a) — f(b)| < |a —b].

f‘((b) j‘(a jt(c ) (b-a)

P o [ ftw)- W)f» H'co)l (b«
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(iv) (5pts)Prove that f is not uniformly continuous on (0, 1).
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) (3pts)Prove that f is uniformly continuous on [1, 00).
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7. (8 pts) Consider function f defined by f = z — 2 for z € [0,1] rational and f(z) =1
for z irrational. Prove f is not Riemann integrable on [0, 1] by Cauchy Criterion.
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