ntegrals as General & Particular Solution
- Y~ ) .

® General Solution:

—/f(:z:)d:z:+0

o Particular Solution:

Vo f@). o) =w

® Examples: 1) ¥ = (z —2)%,y(2) = 1; 2)
B A0 =03) # = aey(0) = 1 |



tegrals as General and particular Solutiot
f # \elocity and Acceleration T

# A Swimmer’'s Problem (page 15): There is a
northword-flowing river of width w = 2a with velocity

332
VR = 10 1—;

for —a < x < a. Suppose that a swimmer swims due
east (relative to water) with constant speed vg. Find the
swimmer’s trajectory y = y(z) when he crosses the
river. (Let's assume w =1, vg = 9, and vg = 3)
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Existence and Uniqueness of Solutions

~ ® Theorem: Suppose that both function f(z,y) andits |
partial derivatives D, f(x,y) are continuous on some
rectangle R in the xy-plane that contains the point (a, b)

In its interior. Then, for some open interval I containing
the point a, the Initial value problem

Zi fz,y), y(a) =1

has one and only one solution that is defined on the
Interval 1

® Examples: 1) % =1 4(0) =0;2) & =2, /5,4(0) = 0; 3)

W— g 4) W= y2 y(0) =1

o |
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lmplicit Solutions and Singular Solutions

-

o

°

B

Implicit Solutions: the equation K (x,y) = 0 Is called an
Implicit solution of a differential equation if it is satisfies

by some solution y = y(x) of the differential equation.

dy 42z
Example: 22 = e

General Solutions
Singular Solutions: Example: (y/)? = 4y

Find all solutions of the differential equation
vy —y=2x%y, y(l)=1
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Linear First-Order Equations

o N

# Linear first-order equation:

dy

2 Pla)y = Q)

# The general solution of the linear first-order equation:

y(z) = e/ P@)de [ / (Q)el P@ ) o + C]

# Remark: We need not supply explicitly a constant of
integration when we find the integrating factor p(x).

o |
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Linear First-Order Equations

o N

# Theorem: If the functions P(z) and @Q(x) are continuous
on the open interval I containing the point zq, then the
initial value equation

dy

o T P(x)y = Q(x), (o) = Yo

has a unique solution y(x) on I, given by the formula

y(z) = ¢~ J Pl) do [/ (Q(x)efp(x) da:) da:—l—C]

with an appropriate value of C.
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o N

Chapter 1. First-Order Differential
Equations
Section 1.6: Substitution M ethods and
Exact Equations



First-Order Equations

d
ﬁ:F(am—i—by%—c)

Step 1: Let v(x) = ax + by + ¢

Step 2: ¥ = q 4 b%

Step 3: 2 = a + bF(v). This is a separable first-order
differential equation

Example: v/ = /o +y+1
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Homogeneous Fir st-Order Equations

o N

® Step 1. Letw(x) =2

.dy_ dv
9 Steoz.%_wx%

® Step 3: 22 = F(v) — v. This is a separable first-order
differential equation

® Example: 22y = zy + x2e¥/?

o Example: yy' + 2 = /a2 + 32

—-p. 37



Bernoulli Equations

dy

ot Pz)y = Q(x)y"

Step 0: If n =0, Itis alinear equation; If n =1, it Is a
separable equation.

Step 1: Let v(z) = y' =" for n # 0, 1

Step 2: g—;’; = (1 — n)y_”g—z
Step 3: % + (1 —n)P(z)v = (1 —n)Q(z). This is a linear
first-order differential equation

Example: ¢/ =y + 3°
Example: azg—i + 6y = 3xy?/3 J
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Definition

o N

A(z)y" + B(z)y' + C(z)y = F(x)

# Homogeneous linear equation: F(x) =0
# Non-Homogeneous linear equation: F'(x) # 0
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Theorems

o N

#® Theorem: Let y; and y» be two solutions of the
homogeneous linear equation

y" +pla)y +q(x)y =0

on the interval I. If ¢; and ¢, are constants, then the
linear combination

Y = C1Y1 + C2y2

IS also a solution of above equation on I

—p. 3/8



Theorems

-

# Theorem: Suppose that the functions p, ¢, and f are T
continuous on the open interval I containing the point a.
Then, given any two numbers by and b, the equation

y' +p(a)y +q(x)y = f(z)

has a unique solution on the entire interval I that
satisfies the initial conditions

y(a) =by, y'(a)=0b

—p. 4/8



Linearly Independent Solutions

o N

# Definition: Two functions defined on an open interval I
are said to be linearly independent on I provided that
neither is a constant multiple of the other.

#® Wronskian: The Wronskian of f and ¢ Is the
determinant

/g

W(f.g) = Py
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Theorems

o N

#® Theorem: Suppose that y; and y, are two solutions of
the homogeneous second-order linear equation

v+ pla)y +q(x)y =0

on an open interval I on which p and ¢ are continuous.
Then

1. If y; and y, are linearly dependent, then
Wiy, y2) =00n [

2. If y; and yo are linearly independent, then
Wy1,y2) # 0 at each point of /

—p. 6/8



Theorems

o N

# Theorem: Let y; and y» be two linear independent
solutions of the homogeneous second-order linear
equation

y" +pla)y +q(x)y =0

on an open interval I on which p and ¢ are continuous.
If Y Is any solution whatsoever of above equation on I,
then there exist numbers ¢; and ¢, such that

Y(z) = cay1(w) + coya()

forall z In I.

—-p.7/8



Theorems
B

he quadratic equation T

ar® +br + ¢ =0

IS called the characteristic equation of the homogeneous
second-order linear differential equation

ay” + by +cy = 0.

® Theorem: Let r; and r9 be real and distinct roots of the
characteristic equation, then

y(z) = c1e" + coe™”

IS the general solution of the homogeneous
L second-order linear differential equation. J

—p. 8/8



Theorems
| -

#® Theorem: Let r; be repeated root of the characteristic
equation, then

Tl

y(z) = (a1 + cox)e

IS the general solution of the homogeneous
second-order linear differential equation.

- p. 9/8



Characteristic Equation

o N

any™ + a1y 4y + agy = 0

with a,, # 0.
The characteristic function of above differential equation is

ant™ 4+ ap 17"+ cayr +ag = 0

-p. 2/7



Theorem

-

Theorem: If the roots ry,r9, ..., r, Of the characteristic
function of the differential equation with constant
coefficients are real and distinct, then

-

y(x) — Clerlx —+ 62€r2x e Cne?“na?

IS a general solution of the given equation. Thus the n
linearly independent functions {e"?* ™% ... ™"} constitute
a basis for the n-dimensional solution space.

Example: Solve the initial value problem

y® 4+ 3y” — 10y’ =0
with

-p. 37



Theorem

-

Theorem: If the characteristic function of the differential
equation with constant coefficients has a repeated root r of
multiplicity %, then the part of a general solution of the
differential equation corresponding to r Is of the form

-

(¢1 4 cox 4 c32® + - - + ¢z H)e™

Example: 9y©®) — 6y + ¢y =0
Example: y*) — 306) £ 34" — ¢/ =0
Example: v — 8" + 16y = 0
Example: y3) + ¢/ —y/ —y =

- p.5/7



nplex-Valued Functions and Euler’s Forn

o N

Euler’'s formula:
e =cosx +ising

Some Facts:

a+ib)r _

el e""(cos bx + 1 sin bx)

a=ib)T — 9% (o8 by — i sin bx)

Dy(e"") =re"™

ol



Theorem

-

Theorem: If the characteristic function of the differential
equation with constant coefficients has an unrepeated pair
of complex conjugate roots a =+ bi (with b # 0), then the
correspondence part of a general solution of the equation
has the form

-

e“"(c1 cosbx + co sin bx)

Thus the linearly independent solutions ¢%* cos bx and
e sin bx generate a 2-dimensional subspace of the solution
space of the differential equation.

Example: vy + 4y = 0
Example: y*) + 3y — 4y =0
Example: v = 16y

o |
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—
Chapter 3: Higher-Order Linear Diff.
Equations
Section 3.5: Non-Homogeneous Equations

and Undermined Coefflicients



—

Theorem

# Theorem: Let y, be a particular solution of the

nonhomogeneous equation

g "

ylinll + Pl';-t']ym_lj + - 'Fu—l(-rjy; + F?a'ii'}y — f

on an open interval [ where each p; and f are

continuous. Let y;. 49, ..., y, be n linear independent
solutions of the homogeneous n-th -order linear
equation y'™ + py(x)y"" VY + . pu_1 (@)Y + pu(z)y = 0. If

Y Is any solution whatsoever of above
non-homogeneous equation on /, then there exist
numbers ¢y, co.. ... ¢, such that

Y(x) = cryi(z) + coyalz) + - - - + epyn(x) + yp(z)

forall zin [. —



Rule 1
- -

Ly=f
Suppose that no term appearing either in f{x) or in any of

its derivatives satisfies the associated homogeneous
equation Ly = 0. Then take as a trial solution for y,, a linear

combination of all linearly independent such terms and their
derivatives. Then determine the coefficients by substitution
of this trial solution into the nonhomogeneous equation

Ly = f(x).

Example: " + 3y + 4y = 3¢ + 2

Example: vy’ — 4y = 2¢3*

Example: " + 4y = 3z°

Example: " — 3y'+ 2U = 3¢ — 10 cos 3z with »(0) = 1 and

y'(0) =2 _J
LEKamplE: yI:E-J —+ ﬂy’r — rsinr + ‘L.QEQ;I'.

_p_l



Rule 2
Ly=f
If the function f(x) is of either form
Polx)e™ coskr or Pylr)e™ sinkr,

take as the trial solution

. .

Ypler) = x® [[f:'-lu + A+ :’-]L;;r,t'g + -+ J"].;;-;‘L'm}t"hr' cos kx
+(By + Bz + Bj‘t'g + -+ Bz )e"" sin kx|

where s is the smallest nonnegative integer such that no

term in y, duplicates a term in the complementary function

f.. Then determine the coefficients in above equation by
\_E-.uhstituting y, Into the nonhomogeneous equation. J



terms in f(x) and their derivatives yp(r)

P,=@a+ air+ Qs+ -+ anr" o (Ag+ A+ Asr+ -+ Apa™)
Acoskr + psinkx r° (Acoskz + Bsin k)
e'*(@coskr + bsinkx) '™ (Acoskx + Bsinkx)
P e™ o (Ag+ A+ Aot + -+ A T

r*[(Ap + Arr + Asz? 4o+ Apz™) coskz

P, (Acoskx + bsinkz)
—|—{Bl} + Bli.' + Bg‘trg 4o+ Bmi_.:rn] gin :EL',L']

o [(Ap + Ay + Agz® + .-+ Apz™)e"™ coskx

Py (Acoskr + psinkz )T |
+(Bg + Byz + Byx® + - - - + B,,x™)e"™ sin k]



Variation of Parameters

E

heorem: If the nonhomogeneous equation

y' + Px)y + Q(zx)y = f(x)

]

has complementary function y.(z) = ciyi(z) + c2y2 (), then
a particular solution is given by

5,

y [ ye(z)f(x) [y f(z)
YplT) = —,Ulf-f']/ —— dx + y2(x) — dr

Wiz) Wix)

where W = Wy, y2) is the Wronskian of the two
Independent solutions ¥, and iy of the associated
homogeneous equation.
Example: " + ¢ — 2y = 4e*
Example: 4/ +y = tanx

LExampIe: Y +y =csc?x




Chapter 9

Ordinary differential equations
Solve

y' +ky = f(x)
for f(x) a piecewise continuous function
with period 2L.

Heat conduction

ur = kugr, (la)
w(0,t) = u(L,t) =0, (1b)
w(xz,0) = f(x),0<z < L,t >0; (lec)
ur = kugr, (2a)
uz(0,t) = ug(L,t) =0, (2b)

w(z,0) = f(x),0<z < L,t >0; (2¢)

(1a)-(1c) is listed on textbook page 608;
Solution is given by Theorem 1 on page
613




with b, the fourier sine coefficients of f(x).

(2a)-(2c) is listed on textbook page 615,
the solution is given as Theorem 2 on page
616.

o0 2_2
ao n<m<kt NI
t) = — exp(— CoSs —.
v(ot) = 54 Y anexp(-— ) cos T
with a,, the fourier cosine coefficients of
f(x).
Vibrating strings
2
Ytt — A" Yxx, (3&)
y(0,t) = y(L,t) =0, (3b)
y(z,0) = f(x),0 <z < L,t >0 (3c)
yt(z,0) =0 (3d)
Ytt — azyxx, (4a)
y(0,t) = y(L,t) =0, (4b)

y(z,0) =0,0<x < L,t >0 (4¢)
ye(z,0) = g(z). (4d)



(3a)-(3d) is listed as “Problem A” on page
623. The solution is given as (22) and (23)
on page 625 of the textbook.

s nmwa NI
y(z,t) = ) bncos%tsin%

n=1

with b, the fourier sine coefficient of f(x).

(4a)-(4d) is listed as “Problem B” on page
623. The solution is given as (33) and (35)
on page 629 of the textbook.

< by nwat . nmrx

x,t) = ——sin Sin ——
y(@. 1) nzzzl nmwa L L

with b, the fourier sine coefficient of g(x).



Uxx +Uyy =0
U(o,y) =U(a)y) = U(x,b) =0

U(x,0) = f(x)

i - "'-_.. , T . nwilh— vl
ulx, v|l= X — 31N sinh '

i - g, & &

i" ) s B

Uxx +Uyy =0
U(o,y) =U(a)y) = U(x,0) =0

U(x,b) = f(x)

{ k
! L b . nmwxro NIy
My v|i=X — sin ™ sinh
| * g e il
Il__ ) S B
Uxx +Uyy =0
U(x,b) = U(a,y) =U(x,0) =0
U(oy) = g(x)
II/ ) h {
| - L . BTy . nmla—x)
uix,y|= X———sin JJL' sinh——
L) sinh— g
Uxx +Uyy =0
U(x,b) =U(o,y) = U(x,0)=0
U(a,y) = g(x)
{ k )
' B 7y aoommyo nwx
i x, p| = X———sin——sinh—
L snh ' '
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